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Spin-one Haldane chain

Duncan Haldane

AKLT state

S=1 chain

Due to Berry phase effect, spin-1/2 chain is  
gapless, spin-1 Heisenberg chain is gapped.

Building degree of freedom is S=1, but at there is S=1/2 edge state.
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Symmetry Protected Topological Phase

Xiao-Gang Wen

Symmetry-Protected Topological
Orders in Interacting Bosonic Systems
Xie Chen,1,2 Zheng-Cheng Gu,3 Zheng-Xin Liu,4,2 Xiao-Gang Wen5,2,4*

Symmetry-protected topological (SPT) phases are bulk-gapped quantum phases with symmetries,
which have gapless or degenerate boundary states as long as the symmetries are not broken.
The SPT phases in free fermion systems, such as topological insulators, can be classified; however,
it is not known what SPT phases exist in general interacting systems. We present a systematic
way to construct SPT phases in interacting bosonic systems. Just as group theory allows us to
construct 230 crystal structures in three-dimensional space, we use group cohomology theory
to systematically construct different interacting bosonic SPT phases in any dimension and with
any symmetry, leading to the discovery of bosonic topological insulators and superconductors.

For many years, the defining characteristic
of a phase of matter was thought to be its
symmetry, with different phases necessarily

having different symmetries (1). However, through
the study of high-temperature superconductors
and the fractional quantum Hall (FQH) effect,
it was discovered that there can be distinct quan-
tum phases—topologically ordered phases—that
cannot be distinguished by symmetry (2). A deep
connection between quantum phases and quantum
entanglement (3–5) indicates that topological or-
ders are characterized by patterns of long-range
entanglement (5). Recently, it was discovered that
even short-range entangled states with the same
symmetry can belong to different phases. These
symmetric short-range entangled states are said
to contain a new kind of order called symmetry-
protected topological (SPT) order, (6) which is
characterized by symmetry-protected gapless or
degenerate edge states despite the bulk gap. Just
like symmetry-breaking orders are described by
group theory, we show here that SPT orders are
described by group cohomology theory. This dis-
covery expands our original understanding of pos-
sible phases in many-body systems.

A central issue is to understand what SPT
phases exist. The first system known to have
SPT order was the spin-1 chain with antiferro-
magnetic Heisenberg interactions (the so-called
Haldane chains) (7, 8). This model has been gen-
eralized, leading to a complete classification of
SPT orders in one-dimensional (1D) bosonic/
fermionic systems (9–12). Topological insula-
tors (13–17) with gapless edge modes protected
by time-reversal symmetry and particle-number

conservation provided the first example of an
SPT order in higher dimensions. The noninter-
acting nature of fermions in these systems allows
a classification of this kind of SPT order (18, 19),
whereas no SPT order exists in noninteracting
bosonic systems.

However, understanding SPT orders in non-
interacting systems is not sufficient, because par-
ticles in real materials do interact. In this paper,
we present a systematic construction of SPT phases
for interacting bosonic systems in any dimen-
sion and with any symmetry. Our construction
leads to the discovery of many SPT phases in 2
and higher dimensions (see Table 1). For sim-
plicity, we are going to first present in detail the
case of the 1D Haldane chain and demonstrate
the emergence of its SPT order using the group
cohomology theory for time reversal symmetry.
The group cohomology approach allows us to
generalize the construction to higher dimensions
and to all other symmetries.

The fixed-point ground-state wave function of
the Haldane chain (6) takes a simple dimer form
(Fig. 1), where each site contains two spin 1/2’s
connected into singlet pairs j↑ri ↓liþ1〉 − j↓ri↑liþ1〉
between neighboring sites (20). Time-reversal

symmetry acts asM(T ) = isyK on each spin 1/2,
where K is complex conjugation and sy is the y
component of the spin operator. The wave func-
tion is invariant under the symmetry action. For
each spin 1/2, M(T )2 = −I, whereas on each site
with two spins, [M(T ) ⊗ M(T )]2 = I. So the
states on each site form a representation of ZT

2 ,
the symmetry group generated by time reversal
symmetry.

The wave function on a closed chain is the
gapped ground state of the Hamiltonian H ¼
∑is r

i ⋅ sl
iþ1, with antiferromagnetic Heisenberg

interactions between each pair of spin 1/2’s on
neighboring sites where s l

i and s r
i are spin op-

erators for the left and right spin 1/2 on each
site, respectively. The Hamiltonian is invariant
under time-reversal symmetry; the ground state
does not break any symmetry of the system, yet
the system is far from a trivial phase, which be-
comes evident when we put the system on an open
chain. When the chain is open, the dangling
spin 1/2 at each end forms a nontrivial projec-
tive representation of ZT

2 with M(T)2 = −I,
which does not allow a 1D representation (21).
Therefore, the degeneracy of the edge state is
robust under any perturbation as long as time-
reversal symmetry is preserved.

The ground-state structure giving rise to SPT
order in the Haldane chain can be generalized to
an arbitrary symmetry group after we relabel the
spin states with group elements and express sym-
metry actions using group cocycles. The time-
reversal symmetry group contains two elements:
ZT
2 ¼ fE,Tg with T ◦ T = E. For the left spin 1/2

on each site, label j↑〉=j↓〉 as jE 〉=jT 〉 , and for the
right one, label j↑〉=j↓〉 as jE〉= − jT 〉. The total
wave function becomes

jF〉 ¼ ∏
i
(jTr

i T
l
iþ1〉 þ jEr

i E
l
iþ1〉)

¼ ∏
i
∑
gi
jgri ¼ gi, gliþ1 ¼ gi〉 ð1Þ

wheregi ∈ ZT
2 . Time-reversal symmetry then acts

on the right/left spins on each site as M (T )jE〉 ¼
−jT 〉 and M (T )jT 〉 ¼ jE〉, which takes the form
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Table 1. SPT phases in d spatial dimensions protected by some simple symmetries (represented by the
symmetry groups). Z1 means that our construction only gives rise to the trivial phase. Zmn means that the
constructed nontrivial SPT phases plus the trivial phase are labeled by m elements in Zn. Z means that
the constructed nontrivial SPT phases are labeled by nonzero integers, whereas the trivial one is labeled
by 0. ZT2 represents time-reversal symmetry, U (1) represents boson number–conservation symmetry, SO(3)
represents rotation symmetry, Zn represents cyclic symmetry of order n, and D2 represents the Klein
four-group symmetry. The first row corresponds to bosonic topological insulators and the second row to
bosonic topological superconductors.

Symmetry d = 0 d = 1 d = 2 d = 3
U(1) ⋊ ZT2 Z Z2 Z2 Z22
ZT2 Z1 Z2 Z1 Z2
U(1) Z Z1 Z Z1
SO(3) Z1 Z2 Z Z1
SO(3) % ZT2 Z1 Z22 Z2 Z32
Zn Zn Z1 Zn Z1
ZT2 % D2 ¼ D2h Z22 Z42 Z62 Z92
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Table for boson SPTs
classified with group cohomology from symmetry and dimension.

It turns out, the well-known topological insulator is a fermion SPT that is protected  
by time reversal symmetry. Boson SPT must be stabilized by interaction. 

Important question: understand the mechanism of SPT, 
which physical system can realize SPTs.
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Topological Paramagnetism in Frustrated Spin-One Mott Insulators

Chong Wang, Adam Nahum, and T. Senthil
Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

(Dated: January 7, 2015)

Time reversal protected three dimensional (3D) topological paramagnets are magnetic analogs of
the celebrated 3D topological insulators. Such paramagnets have a bulk gap, no exotic bulk exci-
tations, but non-trivial surface states protected by symmetry. We propose that frustrated spin-1
quantum magnets are a natural setting for realising such states in 3D. We describe a physical picture
of the ground state wavefunction for such a spin-1 topological paramagnet in terms of loops of fluc-
tuating Haldane chains with non-trivial linking phases. We illustrate some aspects of such loop gases
with simple exactly solvable models. We also show how 3D topological paramagnets can be very
naturally accessed within a slave particle description of a spin-1 magnet. Specifically we construct
slave particle mean field states which are naturally driven into the topological paramagnet upon
including fluctuations. We propose bulk projected wave functions for the topological paramagnet
based on this slave particle description. An alternate slave particle construction leads to a stable
U(1) quantum spin liquid from which a topological paramagnet may be accessed by condensing the
emergent magnetic monopole excitation of the spin liquid.

Frustrated quantum magnets display a rich variety of
many–body phenomena. Some such magnets show long–
range magnetic order at low temperature, often selected
out of a manifold of degenerate classical ground states
by quantum fluctuations. A very interesting alternative
possibility — known as quantum paramagnetism — is
the avoidance of such ordering even at zero tempera-
ture. Quantum paramagnets may be of various types.
A fascinating and intensely–studied class is the quan-
tum spin liquids: these display many novel phenomena,
for instance fractionalization of quantum numbers and
topological order, or gapless excitations that are robust
despite the absence of broken symmetries [1–3].

Recently there has been much progress in understand-
ing a di↵erent type of remarkable quantum paramagnet.
These are phases which have a bulk gap and no fractional
quantum numbers or topological order. Despite this,
they have nontrivial surface states that are protected
by global symmetries. These properties are reminiscent
of the celebrated electronic topological band insulators.
Hence they have been called topological paramagnets [4].
Topological paramagnets and topological band insulators
are both examples of what are known as Symmetry Pro-
tected Topological (SPT) phases [5–7]. A classic example
of a topological paramagnet is the Haldane/AKLT spin-1
chain: though this has a bulk gap and no bulk fraction-
alization, it has dangling spin-1/2 moments at the edge
which are protected by symmetry, for instance time re-
versal. In the last few years tremendous progress has
been made in understanding such SPT phases and their
physical properties in diverse dimensions (for reviews, see
Refs. 8 and 9).

The main focus of the present paper is on three-
dimensional topological paramagnets that are protected
by time reversal (we also briefly discuss topological para-
magnets protected by other symmetries, notably conser-
vation of at least one spin component). These are inter-
esting for a number of reasons. First, time reversal is a
robust symmetry of typical physical spin Hamiltonians.

In 1D the familiar Haldane/AKLT chain is the only time
reversal protected topological paramagnet while in 2D
there are no time reversal protected topological param-
agnets. In 3D however there are three distinct non-trivial
phases [4, 10, 11] (corresponding to a classification by
the group Z 2

2

). Second, regarded as an electronic insu-
lator, unlike the 1D Haldane chain [12], these 3D topo-
logical paramagnets survive as distinct interacting SPT
insulators [13]. The properties and experimental finger-
prints of such topological paramagnets were described in
Refs. [4, 10, 11, 13]. However there is currently very lit-
tle understanding of where such phases might actually be
found. In this paper we propose that frustrated spin-1
Mott insulators may be good places to look for an exam-
ple of such phases.

Already in the familiar 1D example it is the spin-1 anti-
ferromagnetic chain, rather than the spin-1/2 chain, that
naturally becomes a topological paramagnet. In 3D for
one of the topological paramagnets we provide a phys-
ical picture and a parton construction which are both
very natural for the spin-1 case. We hope that our ob-
servations inspire experimental and numerical studies of
frustrated spin-1 quantum magnetism in the future. To-
wards the end of the paper we remark on materials that
may form such interesting frustrated magnets.

The three 3D topological paramagnets that are pro-
tected by time reversal symmetry alone [4, 10, 11] all
allow for a gapped surface with Z

2

topological order (i.e.
a gapped surface Z

2

quantum spin liquid) even though
the bulk itself is not topologically ordered. The prop-
erties of this surface theory give a useful way to label
the bulk phases. The surface has gapped quasiparticle
excitations — labelled ‘e’ and ‘m’ — which are mutual
semions. These may be thought of as the electric charge
and magnetic flux of a deconfined Z

2

gauge theory (like
the vertex and plaquette defects of Kitaev’s toric code
[14]). At the SPT surfaces these particles have properties
— self-statistics or time reversal transformation proper-
ties — that are impossible in a strictly 2D system, and
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Section III C 2 suggests (at leading order of the strong
coupling expansion in the resulting U(1) gauge theory)
an interesting frustrated spin-1 model: the “J

1

–J
2

” an-
tiferromagnet on the diamond lattice9:

H = J
1

X

hrr0i

~S
r

· ~S
r

0 + J
2

X

hhrr0ii

~S
r

· ~S
r

0 (51)

The next-nearest neighbour coupling J
2

introduces frus-
tration. Indeed classically once J

2

> J1
8

there are an
infinite number of degenerate ground states [56] that are
not related by global spin rotation. For large spin, it
has been argued that the ground state is magnetically
ordered as a result of quantum order by disorder [57].
The ground state for S = 1 (or S = 1/2) is not known.
The SPT paramagnet discussed in this paper is a candi-
date. The various descriptions we have provided should
be a useful guide in future numerical studies should a
paramagnetic ground state be found for this model.

It is interesting to note that since the diamond lat-
tice is 4–fold coordinated classical 2-sublattice Neel or-
der is likely to be more easily destabilized by frus-
tration/quantum fluctuations than in the cubic lattice.
Thus the J

1

–J
2

diamond magnet for low spin (S = 1/2
or 1) may be an excellent candidate to find an interesting
quantum paramagnetic ground state.

The frustrated diamond lattice model appears to de-
scribe well [56] the physics of the spinel oxide materials
MnAl

2

O
4

and CoAl
2

O
4

[58] which belong to a general
family of materials of the form AB

2

O
4

. The A site forms

the diamond lattice and is magnetic. The Mn and Co
compounds have S = 5

2

and S = 3

2

respectively. In
searching for a material that realizes the S = 1 model
it is natural then to consider NiAl

2

O
4

. Here Ni is ex-
pected to be in a d8 Ni2+ configuration and have spin-1.
However the A site is tetrahedrally coordinated, and in
the resulting crystal field, the Ni2+ ion will have orbital
degeneracy in addition to spin-1. Further spin-orbit cou-
pling will split the resulting spin-orbital Hilbert space
and the physics of the lattice will be determined by its
competition with inter-site spin/orbital exchange. Thus
NiAl

2

O
4

will not be simply described by a spin-1 dia-
mond lattice model. Work toward obtaining an appro-
priate ‘spin-orbital’ model for NiAl

2

O
4

is currently in
progress [59]. It remains to be seen whether the pres-
ence of the orbital degrees of freedom aids or hinders the
formation of paramagnetic states.

In any case we hope that these considerations motivate
an experimental search for and study of frustrated spin-1
magnets.
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Phys. Rev. B 84, 165139, (2011).

[6] L. Fidkowski and A. Kitaev, Phys. Rev. B 83, 075103
(2011)

[7] X. Chen, Z.-C. Gu, Z.-X. Liu, X.-G. Wen, Science 338,
1604 (2012); Phys. Rev. B 87, 155114 (2013).

[8] A. M. Turner and A. Vishwanath, arXiv:1301.0330
(2013).

[9] T. Senthil, arXiv:1405.4015 (2014).
[10] C. Wang and T. Senthil, Phys. Rev. B 87, 235122 (2013).

9 Strictly speaking, the J2-coupling obtained from the previous
mean-field ansatz should be anisotropic. It is not clear whether
this anisotropy is in reality essential for realizing the topological
paramagnet.

[11] F. J. Burnell, X. Chen, L. Fidkowski, A. Vishwanath,
arXiv:1302.7072 (2013).

[12] F. Anfuso and A. Rosch, Phys. Rev. B 75, 144420 (2007).
[13] C. Wang, A. C. Potter, and T. Senthil, Science 343, 6171

(2014).
[14] A. Y. Kitaev, Ann. Phys. 303, 2 (2003).
[15] The same model has also been independently studied by

S. Geraedts and O. Motrunich (private communication).
[16] C. Xu, F. Wang, Y. Qi, L. Balents and M. P. A. Fisher,

Phys. Rev. Lett. 108, 087204 (2012).
[17] I. A✏eck, T. Kennedy, E. H. Lieb, and H. Tasaki, Phys.

Rev. Lett. 59, 799 (1987); Commun. Math. Phys. 115,
477 (1988).

[18] A. Kapustin and R. Thorngren, arXiv: 1309.4721 (2013).
[19] F. J. Burnell, C. W. von Keyserlingk, and S. H. Simon,

Phys. Rev. B 88 235120 (2013).
[20] K. Walker and Z. Wang, Front. Phys. 7, 150 (2012).
[21] C. W. von Keyserlingk, F. J. Burnell, and S. H. Simon,

Phys. Rev. B 87, 045107 (2013).
[22] X. Chen, F. Burnell, A. Vishwanath, and L. Fidkowski,

arXiv:1403.6491 (2014).
[23] H. Yao, L. Fu, and X.-L. Qi, arXiv:1012.4470 (2010).
[24] C. Y. Huang, X. Chen, and F. Pollmann, Phys. Rev. B

90, 045142 (2014).
[25] W. Li, S. Yang, M. Cheng, Z.-X. Liu, and H.-H. Tu, Phys.

Rev. B 89, 174411 (2014).

There is no sharp question in 1D any more. So
what is the 3D analogue of Haldane spin-1 phase? 
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Experimental facts from the abstract 

1. A S=1 magnet with diamond structure and Ni 
ion  

2. The system remains disordered down to 0.1K 

3. There is a cubic to tetragonal structure 
transition at 380K.
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the role of single-ion anisotropy
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Minimal spin model

Quantum Paramagnet and Frustrated Quantum Criticality in a Spin-One Diamond
Lattice Antiferromagnet

Gang Chen1,2⇤
1

State Key Laboratory of Surface Physics, Department of Physics,

Center for Field Theory & Particle Physics, Fudan University, Shanghai, 200433, P.R.China and

2

Collaborative Innovation Center of Advanced Microstructures, Nanjing, 210093, P.R.China

(Dated: January 24, 2017)

Motivated by the very recent proposal of topological quantum paramagnet in the diamond lattice
antiferromagnet NiRh

2

O
4

, we propose a minimal model to describe the magnetic interaction and
properties of the diamond material with the spin-one local moments. The minimal model includes
the first and second neighbor Heisenberg interactions as well as a local single-ion spin anisotropy that
is allowed by the spin-one nature of the local moment and the tetragonal symmetry of NiRh

2

O
4

below 380K. We point out that there exists a quantum phase transition from a trivial quantum

paramagnet when the single-ion spin anisotropy is dominant to the magnetic ordered states when the
exchange is dominant. Due to the frustrated spin interaction, the magnetic excitation in the quantum
paramagnetic state supports extensively degenerate band minima in the spectra. As the system
approaches the transition, extensively degenerate bosonic modes become critical at the criticality,
giving rise to unusual magnetic properties. Our phase diagram and experimental predictions for
di↵erent phases provide a guildline for the identification of the ground state for NiRh

2

O
4

. Although
our results are fundamentally di↵erent from the proposal of topological quantum paramagnet for
NiRh

2

O
4

, it represents interesting possibilities for spin-one diamond lattice antiferromagnets.

Introduction.—The recent theoretical proposal of sym-
metry protected topological (SPT) ordered states has
sparked a wide interest in the theoretical community [1–
25]. The well-known topological insulator, that was pro-
posed and discovered earlier, is a non-interacting fermion
SPT protected by time reversal symmetry [26, 27]. In
contrast, the SPTs in bosonic systems must be stabilized
by the interactions [11]. The spin degrees of freedom with
exchange interactions seem to be a natural candidate for
realizing the boson SPTs [10]. In fact, the Haldane spin-
one chain is a 1D boson SPT and is protected by the
SO(3) spin rotational symmetry [1, 2, 28]. The realiza-
tion of boson SPTs in high dimensions is still missing.
It was suggested that, the spin-one diamond lattice anti-
ferromagnet with frustrated spin interactions may host a
topological quantum paramagnet that is a spin analogue
of topological insulator and protected by time reversal
symmetry [29]. Quite recently, a diamond lattice anti-
ferromagnet NiRh

2

O
4

with Ni2+ spin-one local moments
was proposed to fit into the early suggestion [30].

NiRh
2

O
4

is a tetragonal spinel and experiences a
structural phase transition from cubic to tetragonal at
T = 380K [30]. As we show in Fig. 1, the magnetic ion
Ni2+ has a 3d8 electron configuration, forming a spin
S = 1 local moment and occupying the tetrahedral di-
amond lattice site. No signature of magnetic order was
observed down to 0.1K in the magnetic susceptibility and
specific heat measurements. Although this might fulfill
the basic requirement of the absence of magnetic order
in a topological quantum paramagnet, alternative state,
that is distinct from topological quantum paramagnet,
may also provide a consistent experimental prediction
with the current experiments. In this Letter, we pro-
pose a minimal spin model for NiRh

2

O
4

and study the

full phase diagram and the phase transition of our model.
We do not find the presence of the topological quantum
paramagnet in our phase diagram. Instead, due to the
strong spin frustration, the ordered state in our phase
diagram can be easily destabilized and converted into
a trivial quantum paramagnet by a moderate single-ion
spin anisotropy. We predict that this seemingly trivial
quantum paramagnetic state in a large parameter regime
supports gapped magnetic excitation that develops ex-

tensively degenerate band minima in the spectrum. As

FIG. 1. (Color online.) The diamond lattice formed by the
Ni2+ ions. The J

1

and J
2

interactions are indicated by (red)
dashed arrows. Due to the tetragonal symmetry of the lattice,
the a and b directions are not equivalent to the c direction.
The Ni2+ ion is in a tetrahedral environment, so the e

g

or-
bitals are lower in energy than the t

2g

levels. The tetragonal
distortion further splits the two e

g

orbitals and the three t
2g

orbitals. But the degeneracy of the xz and yz orbitals re-
mains intact under the tetragonal distortion. To avoid the
orbital degree of freedom, we here place the xz and yz or-
bitals above the xy orbitals. The opposite case is discussed
in the Supplementary information.

2

the quantum paramagnet approaches the phase transi-
tion to the proximate ordered state, the extensively de-
generate low-energy modes become gapless and are re-
sponsible for the unusual magnetic properties such as the
linear-T heat capacity at low temperatures in the vicin-
ity of the transition. In the proximate ordered phases,
we further show that the spin spiral orders are actually
induced by quantum fluctuations via quantum order by
disorder.

The microscopic spin model.—To understand the in-
teresting behaviors of NiRh

2

O
4

, we propose the following
microscopic spin model,

H = J
1

X

hrr0i

Sr ·Sr0+J
2

X

hhrr0ii

Sr ·Sr0+D
z

X

r

(Sz

r)
2, (1)

where J
1

and J
2

are the first neighbor and second neigh-
bor Heisenberg exchange interactions, respectively. Al-
though the tetragonal lattice symmetry allows inequiv-
alent bonds [31], in this minimal model we assume all
the bonds are equivalent. Since the diamond lattice is a
bipartite lattice, the first neighbor J

1

interaction alone
is unfrustrated, and would favor a simple Néel state if
J
1

is antiferromagnetic. The second neighbor interaction
J
2

is an interaction within each FCC sublattice of the
diamond lattice. Due to the large numbers of second
neighbor bonds, the J

2

interaction would cause a spin
frustration even when it is small compared to J

1

. Pre-
vious classical treatment of the J

1

-J
2

spin model on a
diamond lattice and the analysis of thermal fluctuation
have led to the interesting discovery of the spiral spin liq-
uid [32–35]. A quantum treatment of J

1

-J
2

model used
an exotic SP(N) parton construction for the spins [36]. In
our context, we will largely treat spins and interactions
quantum mechanically with a more conventional means
that is appropriate for the J

1

-J
2

-D
z

model. Moreover, an
additional single-ion spin anisotropy is further introduced
on top of the spin exchange interactions for NiRh

2

O
4

.
NiRh

2

O
4

has a tetragonal lattice symmetry, so the three
spin directions are not equivalent. The spin anisotropy
is naturally allowed by the lattice symmetry and is the
only term occuring for a spin-one local moment like the
Ni2+ ion.

Due to this single-ion spin anisotropy, the magnetic
susceptibilities along di↵erent directions should reveal
such spin anisotropy. In particular, we carry out the high
temperature series expansion and find that the Curie-
Weiss temperatures for the magnetic field parallel and
normal to the z direction are given as [37]

⇥z

CW

= �D
z

3
� S(S + 1)

3
(z

1

J
1

+ z
2

J
2

), (2)

⇥?
CW

= +
D

z

6
� S(S + 1)

3
(z

1

J
1

+ z
2

J
2

), (3)

where z
1

= 4 and z
2

= 12 are the numbers of first neigh-
bor and second neighbor bonds, respectively. The above

FIG. 2. (Color online.) The phase diagram of the J
1

-J
2

-D
z

spin model. Because the powder sample Curie-Weiss tem-
perature ⇥Powder

CW

= �8(J
1

+ 3J
2

)/3, we set the energy unit
of the spin anisotropy D

z

to J
1

+ 3J
2

in the plot. The tran-
sition from the quantum paramagnet to the ordered regions
is continuous at the mean-field theory. On the left of the
(red) dashed line, the band mininum of the magnetic exci-
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where g is the Lande factor. Again, this result is a con-
sequence of the single-ion anisotropy and can be used to
detect the quantum paramagnetic state.
As we turn on the exchange interaction, the spin exci-

tation would develop dispersion in the momentum space.
With a su�cient exchange interaction, we expect the
minimum of the dispersion to touch the zero energy that
would lead to magnetic orderings. To describe the mag-
netic ordering transition out of the quantum paramag-
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Figure 1 Spin–spiral state on the diamond lattice. The diamond lattice,
composed of two interpenetrating f.c.c. sublattices (coloured orange and green).
Second-neighbour antiferromagnetic exchange, J2, generates strong frustration,
which the competition from J1 can significantly enhance. For J2/J1 > 1/8, this
results in a large ground-state degeneracy consisting of spin spirals whose
propagation wavevectors lie on a two-dimensional surface in momentum space. The
blue arrows above denote the orientations of spins in the shaded planes for one such
spiral with wavevector q= 2π (1/4,0,0), shown for ferromagnetic J1 for clarity.

among these degenerate spirals. Although the small corrections
(which we describe) inevitably determine specific ground states
at the lowest temperatures, entropy washes these out at higher
temperatures, allowing the spiral spin-liquid and/or order-by-
disorder physics inherent to the parent hamiltonian to become
visible. This energy–entropy competition is thus manifest as an
interesting multistage ordering behaviour.

Superficially, the strong frustration inherent in materials such
as MnSc2S4 seems rather puzzling. Indeed, the diamond lattice is
bipartite, and accordingly a model with only nearest-neighbour
spin coupling, J1, whether ferromagnetic or antiferromagnetic,
exhibits no frustration. Additional interactions must therefore be
incorporated to account for the observed frustration. We first
consider the simplest modification that achieves this, and assume a
hamiltonian with additional second-neighbour antiferromagnetic
exchange, J2:

H = J1

∑

⟨ij⟩
Si ·Sj + J2

∑

⟨⟨ij⟩⟩
Si ·Sj . (1)

Here, the spins Si are modelled as classical three-component
unit vectors (absorbing a factor of S(S + 1) into the definition
of Ji), appropriate to the large spin values (S = 3/2,5/2) for
these materials. Throughout, we set the lattice constant a = 1
and consider J2 > 0 appropriate for antiferromagnetic exchange.
Although the sign of J1 can always be changed by sending Si →−Si

on one of the two diamond sublattices, for ease of discussion we
will assume antiferromagnetic J1 > 0 unless specified otherwise.
Additional interactions such as further-neighbour exchange may
also be present, but will be assumed small and returned to
only at the end of the paper. As we will see, the parent
hamiltonian, equation (1), leads to a rich theoretical picture, which
we argue captures the essential physics operating in these strongly
frustrated materials.

To appreciate the frustration in H , it is convenient to view
the diamond lattice as being composed of two interpenetrating

f.c.c. sublattices (coloured orange and green in Fig. 1). From
this perspective, J1 couples the two f.c.c. sublattices, whereas
J2 couples nearest-neighbours within each f.c.c. sublattice. The
f.c.c. antiferromagnet is known to be highly frustrated20, in
the sense that it has a rather large frustration parameter,
f ≈ 8 (refs 14,21–23), and hence J2 generates strong frustration,
which the competition from J1 can significantly enhance.
Furthermore, although further-neighbour exchanges are typically
assumed to be weak, the complexity of exchange paths in
such materials19,24,25 suggests that J1 and J2 may indeed have
comparable strengths.

We begin by discussing the zero-temperature properties of
equation (1). Using the Luttinger–Tisza method26–29, exact ground
states can be obtained for arbitrary J2/J1. The derivation is shown
in Supplementary Information, Section I A. In the weakly frustrated
limit with 0 ≤ J2/J1 ≤ 1/8, the ground state is the Néel phase,
with each spin anti-aligned with those of its nearest neighbours.
For larger J2, the simple Néel phase is supplanted by a massively
degenerate set of coplanar spin spirals. As shown schematically
in Fig. 1, each spiral ground state is characterized by a single
wavevector, q, lying on a two-dimensional ‘spiral surface’. This
surface possesses a nearly spherical geometry for coupling strengths
1/8 < J2/J1 < 1/4, and exhibits an open topology for J2/J1 > 1/4
where it develops ‘holes’ centred around the (111) directions (see
Fig. 2). In the limit J2/J1 → ∞, the surface collapses into one-
dimensional lines, which are known to characterize the ground
states of the nearest-neighbour-coupled f.c.c. antiferromagnet20.
Other systems such as the rhombohedral antiferromagnet of
refs 10,30 also exhibit degenerate spirals characterized by lines
in momentum space. Our model, with a spiral surface, provides
an interesting intermediate case between these examples and the
more highly frustrated pyrochlore antiferromagnet. Whether this
degeneracy is severe enough to suppress long-range order down to
zero temperature, as in the pyrochlore model, will be determined
by our analysis that follows.

At small but non-zero temperature, we must consider both
the local stability and the global selection amongst these ground
states. The stability issue is quite delicate, as at T = 0 the spins
can smoothly distort from one ground state to any other at no
energy cost. More formally, for any ground state at T = 0 there
is a fluctuation stiffness, κ0(q), that has an infinite number of
zeros, vanishing for any q on the spiral surface. The spin-wave
frequencies for the associated branch of normal modes around
a spiral state also vanish at these momenta, and are given by
ω2

0(q) = c(q)κ0(q), where c(q) is non-vanishing for q on the
spiral surface (see the Supplementary Information). This leads
to a divergence in a naı̈ve low-temperature expansion in small
fluctuations. To illustrate, let us start from an arbitrary ground state
ordered at wavevector Q, with a corresponding spin configuration,
Si, and expand the hamiltonian in fluctuations δSi = Si − Si. To
leading order in temperature, the thermally averaged fluctuation
amplitude, by equipartition, is given by

⟨δS2
i ⟩ ∼ T

∫
d3q

κ0(q)
→ ∞, (2)

which diverges owing to the infinite number of zeros in κ0(q).
However, as only a finite number of these zeros, related to the
‘Goldstone modes’ in this model, are guaranteed by symmetry,
thermal fluctuations can lift the remaining ‘accidental’ zeros,
potentially stabilizing an ordered state.

This stabilization indeed occurs. Interestingly, modifications to
κ0(q) by thermal fluctuations are non-perturbative in temperature.
We therefore obtain the leading corrections for T ≪ ΘCW within
a self-consistent treatment as described in the Supplementary

488 nature physics VOL 3 JULY 2007 www.nature.com/naturephysics

Untitled-1   2 20/6/07, 12:21:45 pm

ARTICLES

Order-by-disorder and spiral spin-liquid in
frustrated diamond-lattice antiferromagnets
DORON BERGMAN1*, JASON ALICEA1, EMANUEL GULL2, SIMON TREBST3 AND LEON BALENTS1

1Department of Physics, University of California, Santa Barbara, California 93106-9530, USA
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Frustration refers to competition between different interactions that cannot be simultaneously satisfied—a familiar feature in many
magnetic solids. Strong frustration leads to highly degenerate ground states and a large suppression of ordering by fluctuations.
Key challenges in frustrated magnetism include the characterization of the fluctuating spin-liquid regime and determination of the
mechanism of eventual order at lower temperature. Here, we study a model of a diamond-lattice antiferromagnet appropriate for
numerous spinel materials. With sufficiently strong frustration, a massive ground-state degeneracy develops amongst spirals whose
propagation wavevectors reside on a continuous two-dimensional ‘spiral surface’ in momentum space. We argue that an important
ordering mechanism is entropic splitting of the degenerate ground states, an elusive phenomenon called ‘order by disorder’. A broad
spiral spin-liquid regime emerges at higher temperatures, where the underlying spiral surface can be directly revealed through spin
correlations. We discuss the agreement between these predictions and the well-characterized spinel MnSc2S4.

When microscopic interactions in a material conspire to
‘accidentally’ produce many nearly degenerate low-energy states,
otherwise weak residual effects can give rise to remarkable emergent
behaviour. This theme recurs throughout modern condensed-
matter physics. Quintessential examples include the cuprates, with
several competing orders including high-Tc superconductivity, and
exotic quantum (Hall) liquids in two-dimensional electron systems,
arising from partial Landau-level occupation. Insulating magnets
constitute a particularly abundant source of such phenomena,
as in numerous cases frustration generated by the competition
between different exchange interactions leads to large classical
ground-state degeneracies. An important experimental signature
of such degeneracies is an anomalously low ordering temperature,
Tc, relative to the Curie–Weiss temperature, ΘCW; indeed, values
of the ‘frustration parameter’ f = |ΘCW|/Tc larger than 5–10 are
typically taken as empirical evidence of a highly frustrated magnet1.
This sharp suppression of Tc opens up a broad ‘spin-liquid’ regime
for temperatures Tc ∼< T ∼< |ΘCW|, where the system fluctuates
amongst the many low-energy configurations but evades long-
range order. Highly non-trivial physics can emerge here, as attested
for instance in pyrochlore antiferromagnets by the experimental
observation of hexagonal loop correlations in neutron scattering on
the spinel ZnCr2O4 (ref. 2), and theoretically by the establishment
of ‘dipolar’ correlations3–5.

Low-temperature ordering in highly frustrated magnets
often exhibits an exquisite sensitivity to degeneracy-breaking
perturbations, notably dipolar interactions and minimal disorder
in the spin-ice pyrochlores6, spin-lattice coupling in various
spinels7 and Dzyaloshinskii–Moriya interactions in Cs2CuCl4

(ref. 8). However, the lifting of degeneracy need not require the
presence of such explicit perturbations. This can be achieved,
rather remarkably, by fluctuations—a process commonly referred

to as ‘order-by-disorder’9. Here, degeneracy in the free energy is
lifted entropically, resulting in ordering that counter-intuitively is
enhanced by increasing temperature. An analogous phenomenon
occurs in quantum spin models at T = 0, where quantum
fluctuations provide the degeneracy-breaking mechanism10–12.
Whether or not order-by-disorder transpires depends crucially on
the degree of degeneracy: for instance, it is known to occur in
various face-centred-cubic (f.c.c.) antiferromagnets13,14, but not
in the more severely degenerate nearest-neighbour pyrochlore
antiferromagnet15,16, where instead a classical spin-liquid regime
extends down to T = 0. Although these ideas have existed for
decades and enjoy broad acceptance in the theoretical community,
compelling experimental evidence for order-by-disorder in even
one example is currently lacking.

Here, we argue that entropic effects may play a key role
in the physics of insulating normal spinels, with the generic
chemical formula AB2X4, that comprise antiferromagnets on a
diamond lattice formed by magnetic, orbitally non-degenerate A
sites (see Fig. 1). Numerous strongly frustrated materials in this
class have been recent subjects of intensive experimental study; in
particular, CoAl2O4 and MnSc2S4 for which f > 10–20 (refs 17,18)
and f ≈ 10 (ref. 19), respectively, are expected to provide ideal
test grounds for the physics that we describe. We introduce a
simple classical model for these materials, consisting of a basic
‘parent’ hamiltonian supplemented by small corrections, that
exhibits complex behaviour in accord with numerous experimental
observations. Remarkably, ground states of the parent theory are
(for most of its phase space) highly degenerate coplanar spirals,
whose propagation wavevectors form a continuous surface in
momentum space. Within our parent theory, order-by-disorder
occurs with a dramatically suppressed Tc relative to ΘCW, and above
Tc a ‘spiral spin-liquid’ regime emerges where the system fluctuates
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Figure 2 Spiral surfaces. a–c, ‘Spiral surfaces’ comprising the degenerate spiral ground-state wavevectors for coupling strengths J2/J1 of 0.2 (a), 0.4 (b) and 0.85 (c),
where the last value is appropriate for MnSc2S4. Order-by-disorder occurs at finite temperature, as thermal fluctuations lift the degeneracy in the free energy. The surfaces
are colour-coded according to the resulting low-temperature free energy at each wavevector, with high values being blue, low values being red, and green being the
absolute minima.

Information. Provided J1 ̸= 0, we find that for q near the spiral
surface the stiffness becomes

κT(q) = κ0(q)+T 2/3Σ (q), (3)

where Σ (q) is temperature independent and generically vanishes
only at the spiral wavevectors ±Q, which are precisely the
locations of the Goldstone modes. Thus, entropy indeed lifts the
surface degeneracy, which cures the divergence in equation (2) and
stabilizes long-range order. Nevertheless, the order is in a sense
‘unconventional’ in that anomalies in thermodynamic quantities
appear owing to the non-analytic temperature dependence in
equation (3). In particular, the classical specific heat at low
temperatures scales as

Cclassical
v (T) = A+BT1/3,

where A and B are constants. A crude quantum treatment,
obtaining the magnon spectrum, h̄ω0(q) ∼√

κT(q), by quantizing
the classical spin-wave modes, predicts the fractional power
law, Cquantum

v (T) ∼ T7/3. This is intriguingly reminiscent of the
approximately T 2.5 behaviour observed in CoAl2O4 (ref. 18) and
related materials19.

We now address which state thermal fluctuations select.
Although the energy, E, associated with each wavevector on the
spiral surface is identical, their entropy, S, and hence free energy,
F = E − TS, generally differ. Typically, entropy favours states with
the highest density of nearby low-energy excitations. To compute
the free energy at low temperatures, it suffices to retain terms in
the hamiltonian that are quadratic in fluctuations about a state
ordered at wavevector Q. The free energy can then be computed
numerically for each Q on the surface. The results for select J2/J1

are shown in Fig. 2, where the surface is coloured according to
the magnitude of the free energy (blue is high, red is low and the
global minima are green). As indicated in Fig. 3, the free-energy
minima occur at the following locations as J2/J1 varies: (1) along
the (q,q,q) directions for 1/8 < J2/J1 ≤ 1/4 as in Fig. 2a; (2) at
the six wavevectors shown in Fig. 2b located around each ‘hole’ in
the surface for 1/4 < J2/J1 ∼< 1/2; (3) along the (q,q,0) directions
when 1/2 ∼< J2/J1 ∼< 2/3; and (4) at four points centred around each
(q,0,0) direction as in Fig. 2c for larger J2. Eventually the latter
points converge precisely onto the (q,0,0) directions, where the
nearest-neighbour f.c.c. antiferromagnet is known to order14.

Next, we turn to the evolution with increasing temperature, for
which we rely on extensive Monte Carlo simulations and analytic
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Figure 3 Phase diagram. Numerical results for the ordering temperature, Tc,
versus the coupling strength, J2/J1, for systems with up to N= 8× L3 = 4,096
spins. The ordering temperature rapidly diminishes in the Néel phase on adding J2,
and remains finite for J2/J1 > 1/8 where the spiral surface occurs in agreement
with our order-by-disorder analysis. The entropically selected ordering at low
temperatures is shown along the horizontal axis; 111∗ and 100∗ refer respectively to
the green points in Fig. 2b and c. The ‘bumpy’ modulations in Tc originate from an
unusual finite size effect, namely variations in the number of momenta in the
Brillouin zone that for the finite system approximate the spiral surface.

arguments. As we introduce frustration via J2, it is natural to
expect a sharply reduced transition temperature, Tc, relative to
ΘCW, and this is indeed borne out in our simulations. Figure 3
shows Tc/J1 versus J2/J1 computed numerically for systems with up
to N = 4,096 = 8×83 spins. In the Néel phase, a sharp decrease in
Tc is evident on increasing J2. As an interesting aside, for J2/J1 just
above 1/8 two ordering transitions appear below the paramagnetic
phase. This occurs due to thermal stabilization of the Néel phase
slightly beyond the value of J2/J1 = 1/8; the re-entrant Néel order
appears below the dashed black line in Fig. 3. More interestingly,
Tc clearly remains non-zero for J2/J1 > 1/8, in agreement with the
preceding order-by-disorder analysis. Throughout this region, the
transition is strongly first order.

Owing to the strong suppression of Tc when J2/J1 > 1/8, we can
explore a broad range of the spin-liquid regime in the paramagnetic
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where the last value is appropriate for MnSc2S4. Order-by-disorder occurs at finite temperature, as thermal fluctuations lift the degeneracy in the free energy. The surfaces
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where Σ (q) is temperature independent and generically vanishes
only at the spiral wavevectors ±Q, which are precisely the
locations of the Goldstone modes. Thus, entropy indeed lifts the
surface degeneracy, which cures the divergence in equation (2) and
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appear owing to the non-analytic temperature dependence in
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the classical spin-wave modes, predicts the fractional power
law, Cquantum
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We now address which state thermal fluctuations select.
Although the energy, E, associated with each wavevector on the
spiral surface is identical, their entropy, S, and hence free energy,
F = E − TS, generally differ. Typically, entropy favours states with
the highest density of nearby low-energy excitations. To compute
the free energy at low temperatures, it suffices to retain terms in
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ordered at wavevector Q. The free energy can then be computed
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arguments. As we introduce frustration via J2, it is natural to
expect a sharply reduced transition temperature, Tc, relative to
ΘCW, and this is indeed borne out in our simulations. Figure 3
shows Tc/J1 versus J2/J1 computed numerically for systems with up
to N = 4,096 = 8×83 spins. In the Néel phase, a sharp decrease in
Tc is evident on increasing J2. As an interesting aside, for J2/J1 just
above 1/8 two ordering transitions appear below the paramagnetic
phase. This occurs due to thermal stabilization of the Néel phase
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Owing to the strong suppression of Tc when J2/J1 > 1/8, we can
explore a broad range of the spin-liquid regime in the paramagnetic
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the quantum paramagnet approaches the phase transi-
tion to the proximate ordered state, the extensively de-
generate low-energy modes become gapless and are re-
sponsible for the unusual magnetic properties such as the
linear-T heat capacity at low temperatures in the vicin-
ity of the transition. In the proximate ordered phases,
we further show that the spin spiral orders are actually
induced by quantum fluctuations via quantum order by
disorder.

The microscopic spin model.—To understand the in-
teresting behaviors of NiRh
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and J
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are the first neighbor and second neigh-
bor Heisenberg exchange interactions, respectively. Al-
though the tetragonal lattice symmetry allows inequiv-
alent bonds [31], in this minimal model we assume all
the bonds are equivalent. Since the diamond lattice is a
bipartite lattice, the first neighbor J
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interaction alone
is unfrustrated, and would favor a simple Néel state if
J
1

is antiferromagnetic. The second neighbor interaction
J
2

is an interaction within each FCC sublattice of the
diamond lattice. Due to the large numbers of second
neighbor bonds, the J

2

interaction would cause a spin
frustration even when it is small compared to J
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. Pre-
vious classical treatment of the J

1

-J
2

spin model on a
diamond lattice and the analysis of thermal fluctuation
have led to the interesting discovery of the spiral spin liq-
uid [32–35]. A quantum treatment of J
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model used
an exotic SP(N) parton construction for the spins [36]. In
our context, we will largely treat spins and interactions
quantum mechanically with a more conventional means
that is appropriate for the J
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-D
z

model. Moreover, an
additional single-ion spin anisotropy is further introduced
on top of the spin exchange interactions for NiRh

2

O
4

.
NiRh

2

O
4

has a tetragonal lattice symmetry, so the three
spin directions are not equivalent. The spin anisotropy
is naturally allowed by the lattice symmetry and is the
only term occuring for a spin-one local moment like the
Ni2+ ion.

Due to this single-ion spin anisotropy, the magnetic
susceptibilities along di↵erent directions should reveal
such spin anisotropy. In particular, we carry out the high
temperature series expansion and find that the Curie-
Weiss temperatures for the magnetic field parallel and
normal to the z direction are given as [37]
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the magnetic susceptibility at zero temperature for the
field along the z direction is zero with �

z

(T = 0) = 0.
However, if the field is applied in the xy plane, the spin
rotational symmetry is broken by the in-plane field and
the magnetic susceptibility is a constant with

�?(T = 0) =
2µ

0

(gµ
B

)2

D
z

+ 2(z
1

J
1

+ z
2

J
2

)
, (4)

where g is the Lande factor. Again, this result is a con-
sequence of the single-ion anisotropy and can be used to
detect the quantum paramagnetic state.
As we turn on the exchange interaction, the spin exci-

tation would develop dispersion in the momentum space.
With a su�cient exchange interaction, we expect the
minimum of the dispersion to touch the zero energy that
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where g is the Lande factor. Again, this result is a con-
sequence of the single-ion anisotropy and can be used to
detect the quantum paramagnetic state.
As we turn on the exchange interaction, the spin exci-

tation would develop dispersion in the momentum space.
With a su�cient exchange interaction, we expect the
minimum of the dispersion to touch the zero energy that
would lead to magnetic orderings. To describe the mag-
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ordered phases, we further show that the spin spiral orders are
actually induced by quantum fluctuations via quantum order
by disorder.

The microscopic spin model. We here propose the following
microscopic spin model that describes the interaction between
the spin-1 local moments with the tetragonal symmetry,

H = J1

∑

⟨r r ′⟩
Sr · Sr ′ + J2

∑

⟨⟨r r ′⟩⟩
Sr · Sr ′ + Dz

∑

r

(
Sz

r

)2
, (1)

where J1 and J2 are the first-neighbor and second-neighbor
Heisenberg exchange interactions, respectively. Although the
tetragonal lattice symmetry allows inequivalent bonds [33], in
this minimal model we assume all bonds are equivalent. Since
the diamond lattice is a bipartite lattice, the first-neighbor J1
interaction alone is unfrustrated, and would favor a simple
Néel state if J1 is antiferromagnetic. The second-neighbor
interaction J2 is an interaction within each fcc sublattice of the
diamond lattice. Due to the large numbers of second-neighbor
bonds, the J2 interaction would cause a spin frustration even
when it is small compared to J1. Moreover, additional single-
ion spin anisotropy is further introduced on top of the spin
exchange interactions, and is not included in the model in
Ref. [33]. Spin anisotropy is naturally allowed by tetragonal
lattice symmetry and is the only term occurring for a spin-
one local moment such as the Ni2+ ion. Previous classical
treatments of the J1-J2 spin model on a diamond lattice and
the analysis of thermal fluctuation have led to the interesting
discovery of a spiral spin liquid [34–37]. A quantum treatment
of the J1-J2 model used an exotic SP(N ) parton construction
for the spins [38] and again worked in the ordered regime.
In our context, we will largely treat spins and interactions
quantum mechanically by a more conventional means that is
appropriate for the J1-J2-Dz model.

Due to this single-ion spin anisotropy, the magnetic sus-
ceptibilities along different directions should reveal such spin
anisotropy. In particular, we carry out a high-temperature series
expansion and find that the Curie-Weiss temperatures for the
magnetic field parallel and normal to the z direction are given
as [31]
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where z1 = 4 and z2 = 12 are the numbers of first-neighbor
and second-neighbor bonds, respectively. The above pre-
diction can be used to extract single-ion spin anisotropy.
Note for a powder sample, the Curie-Weiss temperature is
!

powder
CW = − S(S+1)

3 (z1J1 + z2J2) and is thus independent of
spin anisotropy.

Quantum paramagnet and phase diagram. To obtain a
full phase diagram of the J1-J2-Dz model, we start from
the parameter regime where single-ion spin anisotropy is
dominant. We consider an easy-plane anisotropy with Dz > 0,
since easy-axis spin anisotropy would stabilize the Néel state
and enlarge its parameter regime. In the large and positive
Dz limit, the ground state is a trivial quantum paramagnet
with Sz = 0 on every site, |"⟩ =

∏
r |Sz

r = 0⟩. For this simple

FIG. 2. The phase diagram of the J1-J2-Dz model. Because the
powder sample Curie-Weiss temperature !

powder
CW = −8(J1 + 3J2)/3,

we set the energy unit of the spin anisotropy Dz to J1 + 3J2 in the plot.
The transition from a quantum paramagnet to the ordered regions is
continuous in mean-field theory. On the left of the (red) dashed line,
the band minimum of the magnetic exciton is unique and appears at
the # point. On the right side, the band minima form a degenerate
surface in reciprocal space. Please refer to the main text for details.

state, there is no magnetic order and all the spin excitations are
fully gapped. Since the global U(1) spin rotational symmetry
around the z direction is preserved, the magnetic susceptibility
at zero temperature for the field along the z direction is zero
with χz(T = 0) = 0. However, if the field is applied in the xy
plane, spin rotational symmetry is broken by the in-plane field
and the magnetic susceptibility is a constant with

χ⊥(T = 0) = 2µ0(gµB)2

Dz + 2(z1J1 + z2J2)
, (4)

where g is the Landé factor. Again, this result is a consequence
of single-ion anisotropy and can be used to detect the quantum
paramagnetic state.

As we turn on the exchange interaction, the spin excita-
tion would develop dispersion in momentum space. With a
sufficient exchange interaction, we expect the minimum of the
dispersion to touch the zero energy that would lead to magnetic
orderings. To describe the magnetic ordering transition out
of the quantum paramagnetic phase, we substitute the spin
operators with rotor variables such that [39]

Sz
r = nr , S±

r =
√

2e±iφr , (5)

where φr is a 2π -periodic phase variable and nr is integer
valued. This substitution has enlarged the physical Hilbert
space by allowing Sz or n to take values beyond 0 and ±1. We,
however, do not expect this approximation to cause significant
effects since the nonphysical values of nr have been energeti-
cally suppressed by large single-ion spin anisotropy. Moreover,
the substitution preserves global U(1) spin rotational symmetry
around the z direction of the original spin model. Finally,
to preserve the spin commutation relation, we impose the
commutation for φr and nr with [φr ,nr ′ ] = iδr r ′ .
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the band minimum of the magnetic exciton is unique and appears at
the # point. On the right side, the band minima form a degenerate
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state, there is no magnetic order and all the spin excitations are
fully gapped. Since the global U(1) spin rotational symmetry
around the z direction is preserved, the magnetic susceptibility
at zero temperature for the field along the z direction is zero
with χz(T = 0) = 0. However, if the field is applied in the xy
plane, spin rotational symmetry is broken by the in-plane field
and the magnetic susceptibility is a constant with

χ⊥(T = 0) = 2µ0(gµB)2

Dz + 2(z1J1 + z2J2)
, (4)

where g is the Landé factor. Again, this result is a consequence
of single-ion anisotropy and can be used to detect the quantum
paramagnetic state.

As we turn on the exchange interaction, the spin excita-
tion would develop dispersion in momentum space. With a
sufficient exchange interaction, we expect the minimum of the
dispersion to touch the zero energy that would lead to magnetic
orderings. To describe the magnetic ordering transition out
of the quantum paramagnetic phase, we substitute the spin
operators with rotor variables such that [39]

Sz
r = nr , S±

r =
√

2e±iφr , (5)

where φr is a 2π -periodic phase variable and nr is integer
valued. This substitution has enlarged the physical Hilbert
space by allowing Sz or n to take values beyond 0 and ±1. We,
however, do not expect this approximation to cause significant
effects since the nonphysical values of nr have been energeti-
cally suppressed by large single-ion spin anisotropy. Moreover,
the substitution preserves global U(1) spin rotational symmetry
around the z direction of the original spin model. Finally,
to preserve the spin commutation relation, we impose the
commutation for φr and nr with [φr ,nr ′ ] = iδr r ′ .
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With the rotor variables, the J1-J2-Dz spin model takes the
form

H =
∑

⟨r r ′⟩
J1[2 cos(φr − φr ′) + nrnr ′]

+
∑

⟨⟨r r ′⟩⟩
J2[2 cos(φr − φr ′) + nrnr ′]

+
∑

r

Dzn
2
r . (6)

From the symmetry point of view, the above model has the
same symmetry as a standard boson Hubbard model, except it
has an extra intersite boson interaction. To make this analogy
a bit further, the quantum paramagnetic state is analogous
to a boson Mott insulator with nr = 0 at every site, and the
proximate magnetic order is as a superfluid of bosons. Despite
the seeming similarity, we show below the intrinsic spin
frustration brings a rather interesting dispersion of magnetic
excitation in the quantum paramagnet and thus leads to unusual
properties at the analogous “superfluid-Mott” transition [40].

The primary operators that are responsible for the magnetic
transition out of the quantum paramagnet are the S±

r spin
operators that create the gapped spin excitations in the quantum
paramagnet but take finite values in the ordered states. We here
carry out a coherent state path integral and integrate out the
number operator nr . The resulting partition function is

Z =
∫

D"rDλr exp

[

−S − i
∑

r

λr (|"r |2 − 1)

]

, (7)

where the effective action for the rotor variable is

S =
∫

dτ
∑

k∈BZ

(2Dz12×2 + Jk)−1
ij ∂τ"

†
i,k∂τ"j,k

+
∑

⟨r r ′⟩
J1"

†
r"r ′ +

∑

⟨⟨r r ′⟩⟩
J2"

†
r"r ′ , (8)

where we have introduced the variable "r ≡ eiφr . To impose
the unimodular condition for "r , we have introduced a
Lagrange multiplier λr on each site to impose the unimodular
condition |"r | = 1 in Eq. (7). To solve for the dispersion of the
excitation, we take a saddle-point approximation and choose
a uniform mean-field ansatz such that iλr ≡ β'(T ), where
β = (kBT )−1. We integrate out the "r field and obtain the
saddle-point equation for '(T ) in the quantum paramagnetic
phase,

∑

i=1,2

∑

k∈BZ

2Dz + ξi,k

ωi,k
coth

(
βωi,k

2

)
= 2, (9)

where ω1,k and ω2,k are the two modes of the magnetic
excitations in the paramagnetic phase and are given by

ωi,k = [(4Dz + 2ξi,k)('(T ) + ξi,k)]
1
2 , (10)

and ξ1,k and ξ2,k are the two eigenvalues of the exchange
matrix Jk [31]. As one decreases single-ion spin anisotropy,
the gap of the magnetic excitation decreases steadily. At the
transition, the gap is closed and induces a magnetic order, and
this phase transition is continuous within this treatment. In the
phase diagram that is depicted in Fig. 2, the phase boundary

FIG. 3. The magnetic excitation ω2,k in the kx-ky plane of the
quantum paramagnet. We have chosen the following parameters: (a)
J2 = 0.05J1, Dz = 3J1; (b) J2 = 0.18J1, Dz = 1.5J1; (c) J2 = 0.4J1,
Dz = 1.5J1; (d) J2 = 0.8J1, Dz = 2J1. In the figure, we set kz = 0,
and an extended zone with kx ∈ [−4π,4π ],ky ∈ [−4π,4π ] is used.
Degenerate minima are marked with contours. One can observe the
evolution of the band minima.

between the quantum paramagnet and the magnetic order is
then determined by examining the gap of the excitations in
Eq. (10). In Fig. 2, the ordered region of the phase diagram
is further split into several subregions with distinct magnetic
orders from the quantum order by the disorder effect. This will
be explained later.

Frustrated quantum criticality. Here, we point out nontrivial
magnetic excitation in the quantum paramagnetic state and the
resulting frustrated quantum criticality. When J2 < J1/8, the
band minimum of the lower excitation ω2,k is at the + point.
As we increase J2 beyond J1/8, the dispersion minima are
obtained by minimizing ξ2,k. We find that the minima of ω2,k
are extensively degenerate [41,42] and form a two-dimensional
surface in three-dimensional reciprocal space that is defined
by

cos
kx

2
cos

ky

2
+ cos

kx

2
cos

kz

2
+ cos

ky

2
cos

kz

2
= J 2

1

16J 2
2

− 1,

(11)

where we have set the lattice constant to unity. This relation
coincides with the degenerate spiral surface that was obtained
in the classical treatment of the J1-J2 model [34,43]. In Fig. 3,
we depict the band ω2,k in the kx-ky plane with kz = 0.

Now we explain how the behaviors of the heat capacity
in the vicinity of the magnetic critical point are modified by
the large density of the low-energy excitations near the band
minima. For J2 < J1/8, only a single bosonic mode becomes
critical [see Fig. 3(a)] and leads to the usual Cv ∝ T 3 up
to a logarithmic correction from the quantum fluctuation at
the criticality. For J2 > J1/8, however, a degenerate surface
of bosonic modes becomes critical at the transition [see
Figs. 3(b)–3(d)]. To understand the consequence of this
unusual phenomena, we return to the saddle-point equation
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With the rotor variables, the J1-J2-Dz spin model takes the
form

H =
∑

⟨r r ′⟩
J1[2 cos(φr − φr ′) + nrnr ′]

+
∑

⟨⟨r r ′⟩⟩
J2[2 cos(φr − φr ′) + nrnr ′]

+
∑

r

Dzn
2
r . (6)

From the symmetry point of view, the above model has the
same symmetry as a standard boson Hubbard model, except it
has an extra intersite boson interaction. To make this analogy
a bit further, the quantum paramagnetic state is analogous
to a boson Mott insulator with nr = 0 at every site, and the
proximate magnetic order is as a superfluid of bosons. Despite
the seeming similarity, we show below the intrinsic spin
frustration brings a rather interesting dispersion of magnetic
excitation in the quantum paramagnet and thus leads to unusual
properties at the analogous “superfluid-Mott” transition [40].

The primary operators that are responsible for the magnetic
transition out of the quantum paramagnet are the S±

r spin
operators that create the gapped spin excitations in the quantum
paramagnet but take finite values in the ordered states. We here
carry out a coherent state path integral and integrate out the
number operator nr . The resulting partition function is

Z =
∫

D"rDλr exp

[

−S − i
∑

r

λr (|"r |2 − 1)

]

, (7)

where the effective action for the rotor variable is

S =
∫

dτ
∑

k∈BZ

(2Dz12×2 + Jk)−1
ij ∂τ"

†
i,k∂τ"j,k

+
∑

⟨r r ′⟩
J1"

†
r"r ′ +

∑

⟨⟨r r ′⟩⟩
J2"

†
r"r ′ , (8)

where we have introduced the variable "r ≡ eiφr . To impose
the unimodular condition for "r , we have introduced a
Lagrange multiplier λr on each site to impose the unimodular
condition |"r | = 1 in Eq. (7). To solve for the dispersion of the
excitation, we take a saddle-point approximation and choose
a uniform mean-field ansatz such that iλr ≡ β'(T ), where
β = (kBT )−1. We integrate out the "r field and obtain the
saddle-point equation for '(T ) in the quantum paramagnetic
phase,

∑

i=1,2

∑

k∈BZ

2Dz + ξi,k

ωi,k
coth

(
βωi,k

2

)
= 2, (9)

where ω1,k and ω2,k are the two modes of the magnetic
excitations in the paramagnetic phase and are given by

ωi,k = [(4Dz + 2ξi,k)('(T ) + ξi,k)]
1
2 , (10)

and ξ1,k and ξ2,k are the two eigenvalues of the exchange
matrix Jk [31]. As one decreases single-ion spin anisotropy,
the gap of the magnetic excitation decreases steadily. At the
transition, the gap is closed and induces a magnetic order, and
this phase transition is continuous within this treatment. In the
phase diagram that is depicted in Fig. 2, the phase boundary

FIG. 3. The magnetic excitation ω2,k in the kx-ky plane of the
quantum paramagnet. We have chosen the following parameters: (a)
J2 = 0.05J1, Dz = 3J1; (b) J2 = 0.18J1, Dz = 1.5J1; (c) J2 = 0.4J1,
Dz = 1.5J1; (d) J2 = 0.8J1, Dz = 2J1. In the figure, we set kz = 0,
and an extended zone with kx ∈ [−4π,4π ],ky ∈ [−4π,4π ] is used.
Degenerate minima are marked with contours. One can observe the
evolution of the band minima.

between the quantum paramagnet and the magnetic order is
then determined by examining the gap of the excitations in
Eq. (10). In Fig. 2, the ordered region of the phase diagram
is further split into several subregions with distinct magnetic
orders from the quantum order by the disorder effect. This will
be explained later.

Frustrated quantum criticality. Here, we point out nontrivial
magnetic excitation in the quantum paramagnetic state and the
resulting frustrated quantum criticality. When J2 < J1/8, the
band minimum of the lower excitation ω2,k is at the + point.
As we increase J2 beyond J1/8, the dispersion minima are
obtained by minimizing ξ2,k. We find that the minima of ω2,k
are extensively degenerate [41,42] and form a two-dimensional
surface in three-dimensional reciprocal space that is defined
by

cos
kx

2
cos

ky

2
+ cos

kx

2
cos

kz

2
+ cos

ky

2
cos

kz

2
= J 2

1

16J 2
2

− 1,

(11)

where we have set the lattice constant to unity. This relation
coincides with the degenerate spiral surface that was obtained
in the classical treatment of the J1-J2 model [34,43]. In Fig. 3,
we depict the band ω2,k in the kx-ky plane with kz = 0.

Now we explain how the behaviors of the heat capacity
in the vicinity of the magnetic critical point are modified by
the large density of the low-energy excitations near the band
minima. For J2 < J1/8, only a single bosonic mode becomes
critical [see Fig. 3(a)] and leads to the usual Cv ∝ T 3 up
to a logarithmic correction from the quantum fluctuation at
the criticality. For J2 > J1/8, however, a degenerate surface
of bosonic modes becomes critical at the transition [see
Figs. 3(b)–3(d)]. To understand the consequence of this
unusual phenomena, we return to the saddle-point equation
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netic phase, we substitute the spin operators with the
rotor variables such that [38]

Sz

r = nr, S±
r =

p
2e±i�r , (5)

where �r is a 2⇡-periodic phase variable and nr is integer-
valued. This substitution has enlarged the physical
Hilbert space by allowing Sz or n to take the values
beyond 0 and ±1. We, however, do not expect this ap-
proximation to cause significant e↵ects since the the non-
physical values of nr has been energetically suppressed by
the large single-ion spin anisotropy. Moreover, the substi-
tition preserves the global U(1) spin rotational symmetry
around the z direction of the original spin model. Finally,
to preserve the spin commutation relation, we impose the
commutation for �r and nr with [�r, nr0 ] = i�rr0 .

With the rotor variables, the J
1

-J
2

-D
z

spin model
takes the form

H = J
1

X

hrr0i

⇥
2 cos(�r � �r0) + nrnr0

⇤

+ J
2

X

hhrr0ii

⇥
2 cos(�r � �r0) + nrnr0

⇤

+ D
z

X

r

n2

r. (6)

From the symmetry point of view, the above model has
the same symmetry as a standard boson Hubbard model
except having an extra inter-site boson interaction. To
make this analogy a little further, the quantum param-
agnetic state is analogous to a boson Mott insulator with
nr = 0 at every site, and the proximate magnetic order
is like a superfluid of bosons. Despite the seemingly sim-
ilarity, we will show below the intrinsic spin frustration
brings rather interesting dispersion of magnetic excita-
tion in the quantum paramagnet and thus leads to un-
usual properties at the analogous “superfluid-Mott” tran-
sition [39].

The primary operators that are responsible for the
magnetic transition out of the quantum paramagnet are
the S±

r spin operators that create the gapped spin excita-
tions in the quantum paramagnet but take finite values in
the ordered states. We here carry out the coherent state
path integral and integrate out the number operator nr.
The resulting partition function is

Z =

Z
D�rD�r exp

⇥
�S � i

X

r

�r(|�r|2 � 1)
⇤
, (7)

where the e↵ective action for the rotor variable is

S =

Z
d⌧

X

k2BZ

(2D
z

1
2⇥2

+ Jk)
�1

ij

@
⌧

�†
i,k@⌧�j,k

+
X

hrr0i

J
1

�†
r�r0 +

X

hhrr0ii

J
2

�†
r�r0 , (8)

where we have introduced the variable �r ⌘ ei�r . To
impose the unimodular condition for �r, we have intro-
duced a Lagrange multiplier �r on each site to impose the

FIG. 3. (Color online.) The magnetic excitation !
2,k in

the k
x

-k
y

plane of in the quantum paramagnet. We have
chosen the following parameters (a) J

2

= 0.05J
1

, D
z

= 3J
1

;
(b) J

2

= 0.18J
1

, D
z

= 1.5J
1

; (c) J
2

= 0.4J
1

, D
z

= 1.5J
1

; (d)
J
2

= 0.8J
1

, D
z

= 2J
1

. In the figure, we set k
z

= 0, and an ex-
tended zone with k

x

2 [�4⇡, 4⇡], k
y

2 [�4⇡, 4⇡] is used. The
degenerate minima are marked with contours. One can ob-
serve the evolution of the band minima.

unimodular condition |�r| = 1 in Eq. (7). To solve for
the dispersion of the excitation, we take a saddle point
approximation and choose a uniform mean-field ansatz
such that i�r ⌘ ��(T ) where � = (k

B

T )�1. We inte-
grate out the �r field and obtain the saddle-point equa-
tion for �(T ) in the quantum paramagnetic phase

X

i=1,2

X

k2BZ

2D
z

+ ⇠
i,k

!
i,k

coth(
�!

i,k

2
) = 2, (9)

where !
1,k and !

2,k are the two modes of the magnetic
excitations in the paramagnetic phase and are given by

!
i,k =

⇥
(4D

z

+ 2⇠
i,k)(�(T ) + ⇠

i,k)
⇤ 1

2 , (10)

and ⇠
1,k and ⇠

2,k are the two eigenvalues of the exchange
matrix Jk [37]. As one decreases the single-ion spin
anisotropy, the gap of the magnetic excitation decreases
steadily. At the transition, the gap is closed and in-
duces the magnetic order, and this phase transition is
continuous within this treatment. In the phase diagram
that is depicted in Fig. 2, the phase boundary between
the quantum paramagnet and the magnetic order is then
determined by examining the gap of the excitations in
Eq. (10). In Fig. 2, the ordered region of the phase
diagram is further splited into several sub-regions with
distinct magnetic orders from the quantum order by dis-
order e↵ect. This will be explained below very soon.
Frustrated quantum criticality.—Here we point out the

nontrivial magnetic excitation in the quantum paramag-
netic state and the resulting frustrated quantum critical-
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With the rotor variables, the J1-J2-Dz spin model takes the
form

H =
∑

⟨r r ′⟩
J1[2 cos(φr − φr ′) + nrnr ′]

+
∑

⟨⟨r r ′⟩⟩
J2[2 cos(φr − φr ′) + nrnr ′]

+
∑

r

Dzn
2
r . (6)

From the symmetry point of view, the above model has the
same symmetry as a standard boson Hubbard model, except it
has an extra intersite boson interaction. To make this analogy
a bit further, the quantum paramagnetic state is analogous
to a boson Mott insulator with nr = 0 at every site, and the
proximate magnetic order is as a superfluid of bosons. Despite
the seeming similarity, we show below the intrinsic spin
frustration brings a rather interesting dispersion of magnetic
excitation in the quantum paramagnet and thus leads to unusual
properties at the analogous “superfluid-Mott” transition [40].

The primary operators that are responsible for the magnetic
transition out of the quantum paramagnet are the S±

r spin
operators that create the gapped spin excitations in the quantum
paramagnet but take finite values in the ordered states. We here
carry out a coherent state path integral and integrate out the
number operator nr . The resulting partition function is

Z =
∫

D"rDλr exp

[

−S − i
∑

r

λr (|"r |2 − 1)

]

, (7)

where the effective action for the rotor variable is

S =
∫

dτ
∑

k∈BZ

(2Dz12×2 + Jk)−1
ij ∂τ"

†
i,k∂τ"j,k

+
∑

⟨r r ′⟩
J1"

†
r"r ′ +

∑

⟨⟨r r ′⟩⟩
J2"

†
r"r ′ , (8)

where we have introduced the variable "r ≡ eiφr . To impose
the unimodular condition for "r , we have introduced a
Lagrange multiplier λr on each site to impose the unimodular
condition |"r | = 1 in Eq. (7). To solve for the dispersion of the
excitation, we take a saddle-point approximation and choose
a uniform mean-field ansatz such that iλr ≡ β'(T ), where
β = (kBT )−1. We integrate out the "r field and obtain the
saddle-point equation for '(T ) in the quantum paramagnetic
phase,

∑

i=1,2

∑

k∈BZ

2Dz + ξi,k

ωi,k
coth

(
βωi,k

2

)
= 2, (9)

where ω1,k and ω2,k are the two modes of the magnetic
excitations in the paramagnetic phase and are given by

ωi,k = [(4Dz + 2ξi,k)('(T ) + ξi,k)]
1
2 , (10)

and ξ1,k and ξ2,k are the two eigenvalues of the exchange
matrix Jk [31]. As one decreases single-ion spin anisotropy,
the gap of the magnetic excitation decreases steadily. At the
transition, the gap is closed and induces a magnetic order, and
this phase transition is continuous within this treatment. In the
phase diagram that is depicted in Fig. 2, the phase boundary

FIG. 3. The magnetic excitation ω2,k in the kx-ky plane of the
quantum paramagnet. We have chosen the following parameters: (a)
J2 = 0.05J1, Dz = 3J1; (b) J2 = 0.18J1, Dz = 1.5J1; (c) J2 = 0.4J1,
Dz = 1.5J1; (d) J2 = 0.8J1, Dz = 2J1. In the figure, we set kz = 0,
and an extended zone with kx ∈ [−4π,4π ],ky ∈ [−4π,4π ] is used.
Degenerate minima are marked with contours. One can observe the
evolution of the band minima.

between the quantum paramagnet and the magnetic order is
then determined by examining the gap of the excitations in
Eq. (10). In Fig. 2, the ordered region of the phase diagram
is further split into several subregions with distinct magnetic
orders from the quantum order by the disorder effect. This will
be explained later.

Frustrated quantum criticality. Here, we point out nontrivial
magnetic excitation in the quantum paramagnetic state and the
resulting frustrated quantum criticality. When J2 < J1/8, the
band minimum of the lower excitation ω2,k is at the + point.
As we increase J2 beyond J1/8, the dispersion minima are
obtained by minimizing ξ2,k. We find that the minima of ω2,k
are extensively degenerate [41,42] and form a two-dimensional
surface in three-dimensional reciprocal space that is defined
by

cos
kx

2
cos

ky

2
+ cos

kx

2
cos

kz

2
+ cos

ky

2
cos

kz

2
= J 2

1

16J 2
2

− 1,

(11)

where we have set the lattice constant to unity. This relation
coincides with the degenerate spiral surface that was obtained
in the classical treatment of the J1-J2 model [34,43]. In Fig. 3,
we depict the band ω2,k in the kx-ky plane with kz = 0.

Now we explain how the behaviors of the heat capacity
in the vicinity of the magnetic critical point are modified by
the large density of the low-energy excitations near the band
minima. For J2 < J1/8, only a single bosonic mode becomes
critical [see Fig. 3(a)] and leads to the usual Cv ∝ T 3 up
to a logarithmic correction from the quantum fluctuation at
the criticality. For J2 > J1/8, however, a degenerate surface
of bosonic modes becomes critical at the transition [see
Figs. 3(b)–3(d)]. To understand the consequence of this
unusual phenomena, we return to the saddle-point equation
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Unconventional magnetic excitation
4

ity. When J
2

< J
1

/8, the band minimum of the lower ex-
citation !

2,k is at the � point. As we increase J
2

beyond
J
1

/8, the dispersion minima are obtained by minimizing
⇠
2,k. We find that the minima of !

2,k are extensively
degenerate and form a two-dimensional surface in the
three-dimensional reciprocal space that is defined by

cos
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2
cos
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2
+cos
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2
cos

k
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2
+cos

k
y

2
cos

k
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2
=

J2

1

16J2

2

�1,

(11)
where we have set the lattice constant to unity. This
relation coincides with the degenerate spiral surface that
was obtained in the classical treatment of the J

1

-J
2

model
in Ref. 32. In Fig. 3, we depict the band !

2,k in the k
x

-k
y

plane with k
z

= 0.
Now we explain how the behavior of the heat capacity

in the vicinity of the magnetic critical point are modified
by the large density of the low-energy excitations near
the band minima. For J

2

< J
1

/8, only a single bosonic
mode becomes critical (see Fig. 3a) and leads to the usual
C

v

/ T 3 up to a logarithmic correction from the quantum
fluctuation at the criticality. For J

2

> J
1

/8, however, a
degenerate surface of bosonic modes become critical at
the transition (see Fig. 3b,c,d). To understand the con-
sequence of this unusual phenomena, we return to the
saddle point equation in Eq. (9) that reduces to

A

Z
⇤

0

dk?

Z

⌃

d2k
t

coth[�
2

(m2 + v2k2?)
1
2 ]

(m2 + v2k2?)
1
2

+ c = 2, (12)

where we have singled out the contribution from the crit-
ical modes as the first term in Eq. (12), A is an unim-
portant prefactor of the integration, and c is approxi-
mately T -independent contribution from the remaining
part of the excitations. In Eq. (12), we have chosen the
coordinate basis (k

t

, k?) such that k
t

(k?) refer to the
components of the momentum tange tangential to (nor-
mal to) the degenerate surface ⌃ (see Fig. 4), and ⇤ is
the momentum cuto↵. Here the critical mode behaves
!
2,k ' (m2 + v2k2?)

1
2 in which m is the thermally gen-

erated mass term and v is the velocity normal to the
degenerate surface. At low temperatures (T ⌧ ⇤), the
temperature dependent part of the integral becomes in-
dependent of the cuto↵ ⇤, and only depends on T via
the dimensionless parameter m2/T 2. In order for the
equality in Eq. (12) to hold, we expect m / T .

From the scaling form of m, we obtain a remarkable
result for the low-temperature heat capacity that behaves
as C

v

/ T at the criticality. This linear-T heat capacity
is like the one in a Fermi liquid metal, except that this
is a pure bosonic system! This unusual behavior simply
arises from the frustrated spin interaction.

Quantum order by disorder.—When the extensively
degenerate modes are condensed at the critical point
for J

2

> J
1

/8, extensively degenerate candidate ordered
states are available, and it is the quantum fluctuation

FIG. 4. (Color online.) The degenerate surface of the band
minima at (a) J

2

= 0.18J
1

and (b) J
2

= J
1

/3. The (k
t1 , kt2)

are the two tangential momenta and k? is the component
normal to the degenerate surface.

of the spins that selects the the particular orders in the
phase diagram of Fig. 2.
To explain this phenomenon, we first realize that the

easy-plane spin anisotropy favors the magnetic order in
the xy plane with

r 2 A, Sr = S Re[(x̂� iŷ)eiq·r], (13)

r 2 B, Sr = S Re[(x̂� iŷ)eiq·r+i✓q ], (14)

where q is the propagating wavevector of the spin spiral,
and ✓q is the phase shift between A and B sublattices of
the diamond lattice. Both q and ✓q can be obtained by
a Weiss mean-field theory that is like the early classical
treatment [32]. The quantum fluctuation with respect
to the candidate spin spiral state is analyzed by a lin-
ear spin-wave theory and is discussed in the detail in the
Supplementary information. As we plot in Fig. 2, quan-
tum fluctation favors the spiral wavevector to be either
along [001] or [111] direction. For J

2

> J
1

/4, the degen-
erate surface has expanded to the Brillouin zone bound-
ary, and the [111] direction no longer intersects with the
degenerate surface (see Fig. 4b as an example), the six
points around the [111] direction are selected, and the
resulting ordering states are labeled by [111⇤] in Fig. 2.
Discussion.—In contrary to the proposal of a topologi-

cal quantum paramagnet in NiRh
2

O
4

[30], our theoretical
prediction does not support topological quantum param-
agnet in our minimal J

1

-J
2

-D
z

spin model. Instead, due
to the strong frustrated spin interaction, a large region
of trivial quantum paramagnet state is stabilized in the
phase diagram. Although the trivial quantum param-
agnet does not represent any new state of matter, the
magnetic excitation is rather unusual and supports a de-
generate surface of band minima in the spectrum. As
the system is driven into a magnetic ordered state, ex-
tensively degenerate critical modes from the degenerate
surface are condensed, leading to an unconventional crit-
ical properties at the transition.
To di↵erentiate the proposal of topological quantum

paramagnet and our proposal, we propose the following

These are bosonic excitations. What is relevant for bosons is the lowest energy mode. 
Usually, the lowest energy modes occur at certain discrete momenta. But here, the lowest 
energy modes occur at a surface in the reciprocal space. 
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Frustrated Quantum Criticality: collapse of boson surface 
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where we have set the lattice constant to unity. This
relation coincides with the degenerate spiral surface that
was obtained in the classical treatment of the J

1

-J
2

model
in Ref. 32. In Fig. 3, we depict the band !

2,k in the k
x

-k
y

plane with k
z

= 0.
Now we explain how the behavior of the heat capacity

in the vicinity of the magnetic critical point are modified
by the large density of the low-energy excitations near
the band minima. For J

2

< J
1

/8, only a single bosonic
mode becomes critical (see Fig. 3a) and leads to the usual
C

v

/ T 3 up to a logarithmic correction from the quantum
fluctuation at the criticality. For J

2

> J
1

/8, however, a
degenerate surface of bosonic modes become critical at
the transition (see Fig. 3b,c,d). To understand the con-
sequence of this unusual phenomena, we return to the
saddle point equation in Eq. (9) that reduces to

A

Z
⇤

0

dk?

Z

⌃

d2k
t

coth[�
2

(m2 + v2k2?)
1
2 ]
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where we have singled out the contribution from the crit-
ical modes as the first term in Eq. (12), A is an unim-
portant prefactor of the integration, and c is approxi-
mately T -independent contribution from the remaining
part of the excitations. In Eq. (12), we have chosen the
coordinate basis (k

t

, k?) such that k
t

(k?) refer to the
components of the momentum tange tangential to (nor-
mal to) the degenerate surface ⌃ (see Fig. 4), and ⇤ is
the momentum cuto↵. Here the critical mode behaves
!
2,k ' (m2 + v2k2?)

1
2 in which m is the thermally gen-

erated mass term and v is the velocity normal to the
degenerate surface. At low temperatures (T ⌧ ⇤), the
temperature dependent part of the integral becomes in-
dependent of the cuto↵ ⇤, and only depends on T via
the dimensionless parameter m2/T 2. In order for the
equality in Eq. (12) to hold, we expect m / T .

From the scaling form of m, we obtain a remarkable
result for the low-temperature heat capacity that behaves
as C

v

/ T at the criticality. This linear-T heat capacity
is like the one in a Fermi liquid metal, except that this
is a pure bosonic system! This unusual behavior simply
arises from the frustrated spin interaction.

Quantum order by disorder.—When the extensively
degenerate modes are condensed at the critical point
for J

2

> J
1

/8, extensively degenerate candidate ordered
states are available, and it is the quantum fluctuation

FIG. 4. (Color online.) The degenerate surface of the band
minima at (a) J

2

= 0.18J
1

and (b) J
2

= J
1

/3. The (k
t1 , kt2)

are the two tangential momenta and k? is the component
normal to the degenerate surface.

of the spins that selects the the particular orders in the
phase diagram of Fig. 2.
To explain this phenomenon, we first realize that the

easy-plane spin anisotropy favors the magnetic order in
the xy plane with

r 2 A, Sr = S Re[(x̂� iŷ)eiq·r], (13)

r 2 B, Sr = S Re[(x̂� iŷ)eiq·r+i✓q ], (14)

where q is the propagating wavevector of the spin spiral,
and ✓q is the phase shift between A and B sublattices of
the diamond lattice. Both q and ✓q can be obtained by
a Weiss mean-field theory that is like the early classical
treatment [32]. The quantum fluctuation with respect
to the candidate spin spiral state is analyzed by a lin-
ear spin-wave theory and is discussed in the detail in the
Supplementary information. As we plot in Fig. 2, quan-
tum fluctation favors the spiral wavevector to be either
along [001] or [111] direction. For J

2

> J
1

/4, the degen-
erate surface has expanded to the Brillouin zone bound-
ary, and the [111] direction no longer intersects with the
degenerate surface (see Fig. 4b as an example), the six
points around the [111] direction are selected, and the
resulting ordering states are labeled by [111⇤] in Fig. 2.
Discussion.—In contrary to the proposal of a topologi-

cal quantum paramagnet in NiRh
2

O
4

[30], our theoretical
prediction does not support topological quantum param-
agnet in our minimal J

1

-J
2

-D
z

spin model. Instead, due
to the strong frustrated spin interaction, a large region
of trivial quantum paramagnet state is stabilized in the
phase diagram. Although the trivial quantum param-
agnet does not represent any new state of matter, the
magnetic excitation is rather unusual and supports a de-
generate surface of band minima in the spectrum. As
the system is driven into a magnetic ordered state, ex-
tensively degenerate critical modes from the degenerate
surface are condensed, leading to an unconventional crit-
ical properties at the transition.
To di↵erentiate the proposal of topological quantum

paramagnet and our proposal, we propose the following

These degenerate surfaces are NOT Fermi surface !  

But at low temperature, the fluctuation of the system is governed by 
the surface, i.e. low-energy fluctuations are near the 2D surface.  
We obtain a linear-T heat capacity Cv ~ T, which is like a Fermi surface. 

4

ity. When J
2

< J
1

/8, the band minimum of the lower ex-
citation !

2,k is at the � point. As we increase J
2

beyond
J
1

/8, the dispersion minima are obtained by minimizing
⇠
2,k. We find that the minima of !

2,k are extensively
degenerate and form a two-dimensional surface in the
three-dimensional reciprocal space that is defined by
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(11)
where we have set the lattice constant to unity. This
relation coincides with the degenerate spiral surface that
was obtained in the classical treatment of the J

1

-J
2

model
in Ref. 32. In Fig. 3, we depict the band !

2,k in the k
x

-k
y

plane with k
z

= 0.
Now we explain how the behavior of the heat capacity

in the vicinity of the magnetic critical point are modified
by the large density of the low-energy excitations near
the band minima. For J

2

< J
1

/8, only a single bosonic
mode becomes critical (see Fig. 3a) and leads to the usual
C

v

/ T 3 up to a logarithmic correction from the quantum
fluctuation at the criticality. For J

2

> J
1

/8, however, a
degenerate surface of bosonic modes become critical at
the transition (see Fig. 3b,c,d). To understand the con-
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A

Z
⇤

0

dk?

Z

⌃

d2k
t

coth[�
2

(m2 + v2k2?)
1
2 ]

(m2 + v2k2?)
1
2

+ c = 2, (12)

where we have singled out the contribution from the crit-
ical modes as the first term in Eq. (12), A is an unim-
portant prefactor of the integration, and c is approxi-
mately T -independent contribution from the remaining
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coordinate basis (k

t

, k?) such that k
t

(k?) refer to the
components of the momentum tange tangential to (nor-
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the momentum cuto↵. Here the critical mode behaves
!
2,k ' (m2 + v2k2?)

1
2 in which m is the thermally gen-

erated mass term and v is the velocity normal to the
degenerate surface. At low temperatures (T ⌧ ⇤), the
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v
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2

> J
1
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FIG. 4. (Color online.) The degenerate surface of the band
minima at (a) J

2

= 0.18J
1

and (b) J
2

= J
1

/3. The (k
t1 , kt2)

are the two tangential momenta and k? is the component
normal to the degenerate surface.

of the spins that selects the the particular orders in the
phase diagram of Fig. 2.
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and ✓q is the phase shift between A and B sublattices of
the diamond lattice. Both q and ✓q can be obtained by
a Weiss mean-field theory that is like the early classical
treatment [32]. The quantum fluctuation with respect
to the candidate spin spiral state is analyzed by a lin-
ear spin-wave theory and is discussed in the detail in the
Supplementary information. As we plot in Fig. 2, quan-
tum fluctation favors the spiral wavevector to be either
along [001] or [111] direction. For J
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/4, the degen-
erate surface has expanded to the Brillouin zone bound-
ary, and the [111] direction no longer intersects with the
degenerate surface (see Fig. 4b as an example), the six
points around the [111] direction are selected, and the
resulting ordering states are labeled by [111⇤] in Fig. 2.
Discussion.—In contrary to the proposal of a topologi-

cal quantum paramagnet in NiRh
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4

[30], our theoretical
prediction does not support topological quantum param-
agnet in our minimal J
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-D
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spin model. Instead, due
to the strong frustrated spin interaction, a large region
of trivial quantum paramagnet state is stabilized in the
phase diagram. Although the trivial quantum param-
agnet does not represent any new state of matter, the
magnetic excitation is rather unusual and supports a de-
generate surface of band minima in the spectrum. As
the system is driven into a magnetic ordered state, ex-
tensively degenerate critical modes from the degenerate
surface are condensed, leading to an unconventional crit-
ical properties at the transition.
To di↵erentiate the proposal of topological quantum

paramagnet and our proposal, we propose the following
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Degeneracy breaking in the ordered side
2

the quantum paramagnet approaches the phase transi-
tion to the proximate ordered state, the extensively de-
generate low-energy modes become gapless and are re-
sponsible for the unusual magnetic properties such as the
linear-T heat capacity at low temperatures in the vicin-
ity of the transition. In the proximate ordered phases,
we further show that the spin spiral orders are actually
induced by quantum fluctuations via quantum order by
disorder.

The microscopic spin model.—To understand the in-
teresting behaviors of NiRh

2

O
4

, we propose the following
microscopic spin model,

H = J
1

X

hrr0i

Sr ·Sr0+J
2

X

hhrr0ii

Sr ·Sr0+D
z

X

r

(Sz

r)
2, (1)

where J
1

and J
2

are the first neighbor and second neigh-
bor Heisenberg exchange interactions, respectively. Al-
though the tetragonal lattice symmetry allows inequiv-
alent bonds [31], in this minimal model we assume all
the bonds are equivalent. Since the diamond lattice is a
bipartite lattice, the first neighbor J

1

interaction alone
is unfrustrated, and would favor a simple Néel state if
J
1

is antiferromagnetic. The second neighbor interaction
J
2

is an interaction within each FCC sublattice of the
diamond lattice. Due to the large numbers of second
neighbor bonds, the J

2

interaction would cause a spin
frustration even when it is small compared to J

1

. Pre-
vious classical treatment of the J

1

-J
2

spin model on a
diamond lattice and the analysis of thermal fluctuation
have led to the interesting discovery of the spiral spin liq-
uid [32–35]. A quantum treatment of J

1

-J
2

model used
an exotic SP(N) parton construction for the spins [36]. In
our context, we will largely treat spins and interactions
quantum mechanically with a more conventional means
that is appropriate for the J

1

-J
2

-D
z

model. Moreover, an
additional single-ion spin anisotropy is further introduced
on top of the spin exchange interactions for NiRh

2

O
4

.
NiRh

2

O
4

has a tetragonal lattice symmetry, so the three
spin directions are not equivalent. The spin anisotropy
is naturally allowed by the lattice symmetry and is the
only term occuring for a spin-one local moment like the
Ni2+ ion.

Due to this single-ion spin anisotropy, the magnetic
susceptibilities along di↵erent directions should reveal
such spin anisotropy. In particular, we carry out the high
temperature series expansion and find that the Curie-
Weiss temperatures for the magnetic field parallel and
normal to the z direction are given as [37]

⇥z

CW

= �D
z

3
� S(S + 1)

3
(z

1

J
1

+ z
2

J
2

), (2)

⇥?
CW

= +
D

z

6
� S(S + 1)

3
(z

1

J
1

+ z
2

J
2

), (3)

where z
1

= 4 and z
2

= 12 are the numbers of first neigh-
bor and second neighbor bonds, respectively. The above

FIG. 2. (Color online.) The phase diagram of the J
1

-J
2

-D
z

spin model. Because the powder sample Curie-Weiss tem-
perature ⇥Powder

CW

= �8(J
1

+ 3J
2

)/3, we set the energy unit
of the spin anisotropy D

z

to J
1

+ 3J
2

in the plot. The tran-
sition from the quantum paramagnet to the ordered regions
is continuous at the mean-field theory. On the left of the
(red) dashed line, the band mininum of the magnetic exci-
tion is unique and appears at � point. On the right side,
the band minima form a degenerate surface in the reciprocal
space. Please refer the main text for detailed discussion.

prediction can be used to extract the single-ion spin
anisotropy. Note for a powder sample, the Curie-Weiss
temperature is ⇥Powder

CW

= �S(S+1)

3

(z
1

J
1

+ z
2

J
2

) and is
thus independent of the spin anisotropy.
Quantum paramagnet and phase diagram.—To ob-

tain the full phase diagram of the J
1

-J
2

-D
z

model, we
start from the parameter regime where the single-ion
spin anisotropy is dominant. We consider the easy-
plane anisotropy with D

z

> 0, since the easy-axis spin
anisotropy would stabilize the Néel state and enlarge its
parameter regime. In the large and positive D

z

limit,
the ground state is a trivial quantum paramagnet with
Sz = 0 on every site, | i =

Q
r |Sz

r = 0i. For this sim-
ple state, there is no magnetic order and all the spin
excitations are fully gapped. Since the global U(1) spin
rotational symmetry around the z direction is preserved,
the magnetic susceptibility at zero temperature for the
field along the z direction is zero with �

z

(T = 0) = 0.
However, if the field is applied in the xy plane, the spin
rotational symmetry is broken by the in-plane field and
the magnetic susceptibility is a constant with

�?(T = 0) =
2µ

0

(gµ
B

)2

D
z

+ 2(z
1

J
1

+ z
2

J
2

)
, (4)

where g is the Lande factor. Again, this result is a con-
sequence of the single-ion anisotropy and can be used to
detect the quantum paramagnetic state.
As we turn on the exchange interaction, the spin exci-

tation would develop dispersion in the momentum space.
With a su�cient exchange interaction, we expect the
minimum of the dispersion to touch the zero energy that
would lead to magnetic orderings. To describe the mag-
netic ordering transition out of the quantum paramag-

Here, because infinite number of 
boson modes are condensed, the 
system does not know which order  
to select. 

So quantum fluctuation will pick 
up the order that gives the lowest  
quantum zero-point energy. 
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FIG. 3. Curie-Weiss analysis of magnetization measurements
done on tetragonal NiRh

2

O
4

and Ni
0.96

(Rh
1.90

Ni
0.10

)O
4

. The
extracted e↵ective moment for NiRh

2

O
4

per Ni2+ ion is
greater than the spin only value of 2.83, unlike that for
Ni

0.96

(Rh
1.90

Ni
0.10

)O
4

which is e↵ectively spin only. A Weiss
temperature of �11.3(7) K implies net antiferromagnetic in-
teractions in NiRh

2

O
4

, and 24.3 K for Ni
0.96

(Rh
1.90

Ni
0.10

)O
4

implies ferromagnetic interactions. The inset shows the mag-
netization of NiRh

2

O
4

, which shows no di↵erence in the zero
field cooled (ZFC) and field cooled (FC) measurements.

culating the integral of the phonon-subtracted C/T, as
shown in Fig. 4b. The entropy crosses �S = Rln(3) at
T = 90 K, and plateaus near�S = Rln(6) at T = 250 K.
This analysis is robust, with the total integrated entropy
always remaining between Rln(5) and Rln(6) indepen-
dent of the scaling method for the diamagnetic ZnRh2O4

analog. This exceeds the expected spin only entropy of
Rln(3). On the other hand, the magnetic entropy of
Ni0.96(Rh1.90Ni0.10)O4 does not reach Rln(6) and instead
plateaus near Rln(3).

The entropy is not recovered uniformly, however, for
either compound. For stoichiometric NiRh2O4, there
are three ranges: a low temperature hump that has a
maxima at T = 1.77 K, a higher temperature hump at
T = 33.7 K, and a continuum from 120  T  300 K.
The hump at T = 1.77 K recovers an entropy of �S =
0.051R, equivalent to ⇠ 1% of free S = 1/2 spins. This
is too small to arise from a bulk phase transition and
instead likely originates from vacancies, defect sites, or
surface states. This could also originate from a nuclear
contribution, such as that seen in other Ni compounds
at similar temperature ranges [52]. This is further sup-
ported by a field dependence at a level commensurate
with isolated spins (not shown). The hump at T = 33.7
K, present in both NiRh2O4 and Ni0.96(Rh1.90Ni0.10)O4,
can be semi-quantitatively modeled as a two-level Schot-
tky anomaly, given by:
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FIG. 4. (a) Specific heat over temperature for NiRh
2

O
4

(cir-
cles) and Ni

0.96

(Rh
1.90

Ni
0.10

)O
4

( from T = 0.1 to 300 K. The
phonon contribution (hexagons) is estimated from ZnRh

2

O
4

and removed to leave the magnetic contribution for both (di-
amonds and squares, respectively). No sharp anomalies in-
dicative of a phase transition are observed down to T = 0.1
K. Inset shows the absence of the low temperature hump at T
= 1.77 K in Ni

0.96

(Rh
1.90

Ni
0.10

)O
4

. (b) Integration of C/T
yields the entropy of the magnetic component, which far ex-
ceeds the expected Rln(3) spin only value for NiRh

2

O
4

, but
not for Ni

0.96

(Rh
1.90

Ni
0.10

)O
4

.

C
Schottky

T
= OSF ·

⇣
�

T

⌘
2 e

�

T
"
1 + e

�

T

#
2

· T�1 (1)

Which, for NiRh2O4, corresponds to a di↵erence be-
tween two energy levels of � = 116(3) K and an overall
scale factor OSF = 1.87(7), corresponding to an entropy
of �S=1.87(7)Rln(2) = 1.3R. This is ⇠ 75% of the total
excess entropy, leaving ⇠ 22% (0.4R) in the broad con-
tinuum from T = 120 to 300 K. The �S = 1.3R entropy
contained in the T = 33.7 K hump is somewhat larger
than the �S = Rln(2S+1) = Rln(3) = 1.1R spin entropy
expected for spin one in the absence of orbital degrees of
freedom. This is even excluding the excess entropy in the
T = 120�300K range, and indicates a contribution from
either orbital or phonon degrees of freedom (or both).
The inelastic neutron scattering (INS) experiment on

Ni0.96(Rh1.90Ni0.10)O4 was carried out using the Fine-
Resolution Fermi Chopper Spectrometer (SEQUOIA) at
Oak Ridge National Laboratory’s Spallation Neutron
Source. Four grams of powder sample were held in an alu-
minum can and measured at various temperatures from
4 K to 300 K with incident neutron energy E

i

= 80 meV.
The contribution from the empty can was removed dur-
ing data reduction.
The INS intensity I(Q,E) is presented in Fig. 5 as a

Mcqueen, etc,  
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Supplementary Information for “Quantum Paramagnet and Frustrated Quantum
Criticality in a Spin-One Diamond Lattice Antiferromagnet”

I. Energy level of orbitals
II. The magnetic susceptibility.
III. Weiss mean-field theory in the quantum paramagnetic phase.
IV. Exchange matrix.
V. Quantum order by disorder.

I. ENERGY LEVEL OF ORBITALS

In the main text, we assume that the degenerate xz
and yz orbitals are above the xy orbital such that the
orbital degree of freedom is fully quenched and we obtain
the spin-only local moment with S = 1 for the Ni2+ ion.
Therefore, the atomic spin-orbit coupling is quenched at
the linear order, and we can ignore the e↵ect of the spin-
orbit coupling if the crystal field splitting within the t

2g

shell is larger than the spin-orbit coupling45. Under the
above circumstances, the spin model in the main text is
applicable to NiRh

2

O
4

.
If the degenerate xz and yz orbitals are below the xy

orbital, there are two di↵erent electron filling schemes
for the eight electrons in the Ni2+ ion (see Fig. 5). This
degenerate filling arises from the degeneracy of the xz
and yz orbitals. In this scenario, a pseudospin-1/2 de-
gree of freedom would be introduced to describe the two-
fold orbital degeneracy. Since the xz and yz orbitals
belong to the t

2g orbital, the atomic spin-orbit coupling
is active at the linear order46. Due to the orbital degree
of freedom, the exchange interaction would be a Kugel-
Khomskii superexchange interaction47. The potential in-
terplay between the on-site atomic spin-orbit coupling

and the inter-site Kugel-Khomskii superexchange inter-

action will be discussed in the future work.
It is not quite obvious right now whether the energy

level scheme in the main text or in Fig. 5 applies to
NiRh

2

O
4

. To resolve them, it would be nice to carry out
an optical measurement to detect the energy level scheme
of the Ni2+ ion. The existing experiment in Ref. 33 used
ZnRh

2

O
4

to subtract the phonon contribution to the spe-
cific heat for NiRh

2

O
4

and found the magnetic entropy
exceeds the spin-only contribution. NiRh

2

O
4

experiences
a structural transition at 380K, and it is not obvious
whether ZnRh

2

O
4

has the same structure as NiRh
2

O
4

.
So using ZnRh

2

O
4

as the phonon background may be
debatable.

II. THE MAGNETIC SUSCEPTIBILITY

The presence of the single-ion anisotropy modifies the
Curie-Weiss temperature. Since Dz > 0 corresponds to
the easy-plane spin anisotropy and tends to orients the

FIG. 5. (Color online.) The energy level diagram when the xz
and yz orbitals are lower than the xy orbital. (a) and (b) are
two equivalent electron filling schemes and can be represented
by a pseudospin-1/2 orbital degree of freedom. See the text
for the detailed discussion.

spin in the xy plane, so we expect Dz to contribute an
antiferromagnetic (ferromagnetic) Curie-Weiss tempera-
ture when the external field is applied along the z direc-
tion (in the xy plane). To examine this, here we carry out
the high temperature expansion and extract the Curie-
Weiss temperature. In a magnetic field that is applied
along the z direction, the Hamiltonian is

Hh =
X

r,r0

Jrr0Sr · Sr0 +
X

r

⇥
Dz(S

z
r)

2 � hSz
r

⇤
. (15)

The magnetization Mz is then given as

Mz =
X

r

Tr[Sz
re

��Hh ]

Tr[e��Hh ]
, (16)

from which one can carry out the expansion in � =
1/(k

B

T ). The linear order in � is the free ion contri-
bution without the single-ion anisotropy Dz. For the
second order terms in �, besides the usual contribution
from the crossing term betweeen the superexchange and
the Zeeman coupling, we now have a new contribution
from the crossing term between the single-ion anisotropy
and the Zeeman coupling. These crossing terms make
non-vanishing contributions to the magnetization. From
the magnetization, it is straightforward to read the sus-
ceptibility and the Curie-Weiss temperature. Likewise,
the magnetization and the Curie-Weiss temperature for
the field in the xy plane can also be obtained.
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spin in the xy plane, so we expect Dz to contribute an
antiferromagnetic (ferromagnetic) Curie-Weiss tempera-
ture when the external field is applied along the z direc-
tion (in the xy plane). To examine this, here we carry out
the high temperature expansion and extract the Curie-
Weiss temperature. In a magnetic field that is applied
along the z direction, the Hamiltonian is

Hh =
X

r,r0

Jrr0Sr · Sr0 +
X
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Dz(S

z
r)
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The magnetization Mz is then given as
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from which one can carry out the expansion in � =
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B

T ). The linear order in � is the free ion contri-
bution without the single-ion anisotropy Dz. For the
second order terms in �, besides the usual contribution
from the crossing term betweeen the superexchange and
the Zeeman coupling, we now have a new contribution
from the crossing term between the single-ion anisotropy
and the Zeeman coupling. These crossing terms make
non-vanishing contributions to the magnetization. From
the magnetization, it is straightforward to read the sus-
ceptibility and the Curie-Weiss temperature. Likewise,
the magnetization and the Curie-Weiss temperature for
the field in the xy plane can also be obtained.
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Motivated by the recent activities on the Ni-based diamond lattice antiferromagnet NiRh2O4, we
theoretically explore on a general ground the unique spin and orbital physics for the Ni2+ ions with
a 3d8 electron configuration in the tetrahedral crystal field environment and on a diamond lattice
Mott insulator. The superexchange interaction between the local moments usually favors magnetic
orders. Due to the particular electron configuration of the Ni2+ ion with a partially filled upper t2g
level and a fully filled lower eg level, the atomic spin-orbit coupling becomes active at the linear
order and would favor a spin-orbital-entangled singlet with quenched local moments in the single-ion
limit. Thus, the spin-orbital entanglement competes with the superexchange and could drive the
system to a quantum critical point that separates the spin-orbital singlet and the magnetic order.
We further explore the e↵ects of magnetic field and uniaxial pressure. The non-trivial response to
the magnetic field is intimately tied to the underlying spin-orbital structure of the local moments.
We discuss the future experiments such as doping and pressure, and point out the correspondence
between di↵erent electron configurations.

Introduction.—The spin-orbit coupling (SOC) is a rel-
ativistic e↵ect and plays an important role in our under-
standing of the quantum mechanical properties of quan-
tum materials with heavy elements. Contrary to this
conventional belief that explains the recent SOC activ-
ities in 4d/5d transition metal compounds [1], SOC oc-
casionally becomes important in 3d transition metal ma-
terials, especially in the Mott insulating systems with
orbital degeneracies [2]. It is well-known that, in Mott
insulators with pure spin moments, the atomic SOC en-
ters via the high order perturbation of the Hubbard
model and generates the single-ion spin anisotropy and
the Dzyaloshinskii-Moriya interaction [2]. Except under
certain circumstances, these extra spin anisotropy and in-
teractions can often be regarded as small perturbations
to the (Heisenberg) exchange part of the interactions.
When the system has an orbital degeneracy, however, the
atomic SOC should be considered at the first place and
would reconstruct local spin and orbital degrees of free-
dom. The diamond lattice antiferromagnet FeSc

2

S
4

[3–
12] and various vanadates [2] provide physical realiza-
tions of such physics, where the former has an e

g

orbital
degeneracy while the latter has a t

2g

degeneracy.

In this Letter, we study a diamond lattice antiferro-
magnet in which the Ni2+ ions are the magnetic ions.
We are partly motivated by the experiments and the
existence of a Ni-based diamond lattice antiferromag-
net NiRh

2

O
4

[13], and explore on a general ground the
consequence of the atomic SOC of the Ni2+ ions. We
point out that there exists a keen competition between
the atomic SOC at the single-ion level and the inter-site
superexchange interaction for the 3d transition metal ion
like Ni2+. The spin-orbital singlet would give way to

the magnetically ordered state through a quantum phase
transition when the superexchange interaction dominates
over the atomic SOC. We further show the e↵ect of the
external magnetic field and the uniaxial pressure on the
quantum criticality. The non-trivial structure of the
phase diagram such as the re-entrant transition under the
field directly reveals the underlying spin-orbital structure
of the local moments. Although our motivation origi-
nates partly from the diamond lattice antiferromagnet
NiRh

2

O
4

, the physics that we reveal in this Letter may
be well extended to other magnets with similar crystal
field schemes and orbital configurations. We further go
beyond the specific case of the Ni2+ ions, establish the
correspondence between di↵erent electron configurations,
and suggest the applicability to many other materials.

The microscopics and the model.—We start with the
microscopics of the Ni2+ ion. In NiRh

2

O
4

, the Ni2+ ion is

FIG. 1. (Color online.) The electron configuration of the Ni2+

ion in the tetrahedral crystal field environment. When the
atomic spin-orbit coupling (SOC) is introduced, the electron
states in the upper t2g levels are further split into the spin-
orbital entangled J states. In the figure, “CEF” refers to the
crystal electric field splitting.

2

in the tetrahedral crystal field environment, and as a re-
sult, the t

2g

levels are higher in energy than the e
g

levels.
As we show in Fig. 1, the lower e

g

levels are completely
filled, and the t

2g

levels are partially filled with four elec-
trons. For our purpose here, we first ignore the further
splitting within the t

2g

manifold and include this specific
physics for NiRh

2

O
4

in the later part of the Letter. Be-
cause the t

2g

levels are partially filled, the atomic SOC is
active at the linear order. As the fully-filled e

g

manifold
can be neglected, the local physics for the 3d8 electron
configuration here is rather analogous to the one for the
4d4/5d4 electron configurations of the Ru4+ or Ir5+ ions
that have been discussed in Refs. 14 and 15. For the t

2g

manifold in Fig. 1, the local Hund’s coupling first favors a
total spin S = 1 local moment, and the remaining orbital
occupation still has a three-fold degeneracy. The total
orbital angular momentum remains unquenched and can
be treated as an e↵ective orbital angular moment L with
L = 1 in the reduced Hilbert space of the three orbital
occupations. The atomic SOC is then written as

H
soc

= +�
X

i

L
i

· S
i

, (1)

where the sign of the SOC is opposite to the case for
two electrons in the t

2g

manifold. The SOC here acts
on the total spin and total orbital angular momentum
of the four electrons and di↵ers from the SOC on the
single electron level. The SOC entangles the spin and the
orbitals and leads to a total moment J in the single ion
limit. The single-ion ground state is a spin-orbital singlet
with J = 0, and the excited ones are J = 1 triplets and
J = 2 quintuplets (see Fig. 1).

Besides the atomic SOC, the spin and orbital degrees
of freedom on neighboring sites interact with each other
through the superexchange interaction. Due to the or-
bital degeneracy, the exchange interaction should be of
the Kugel-Khomskii form. The superexchange path for
both first neighbor and second neighbor in NiRh

2

O
4

is
given by Ni-O-Rh-O-Ni and involves five atoms. Thus,
the explicit derivation of the superexchange interaction is
complicated and is not quantitatively reliable. Our pur-
pose here is not to be quantitatively precise, but is to cap-
ture the generic physics of the competition between the
spin-orbital entanglement and the tendency to magnetic
ordering for the Ni-based magnets and the systems alike.
Thus, we consider a simplified superexchange model with
only spin interactions. The exchange model is given as

H
ex

=
X

ij

J
ij

S
i

· S
j

=
X

hiji

J
1

S
i

· S
j

+
X

hhijii

J
2

S
i

· S
j

, (2)

where J
1

(J
2

) is the first (second) neighbor exchange cou-
pling. This simplified model captures the ordering ten-
dency, but is not supposed to capture the possibility of an
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FIG. 2. (Color online.) The phase diagram of the full model
in Eq. (3). This phase diagram summarizes the competition
between the SOC and the superexchange interaction and cap-
tures the frustration of the exchange part. Please refer to the
main text for details about the magnetic orders.

(exotic) quantum spin-orbital liquid with fractionalized
excitations.
Phase diagram and quantum criticality.—Here we

study the full Hamiltonian that contains both SOC and
exchange interaction with,

H = H
soc

+ H
ex

. (3)

Once our full model is written, the physics is almost
transparent. Besides the competition between SOC and
exchange, the exchange frustration would further compli-
cate our phase diagram. To establish the phase diagram,
one approach is to start from the (non-magnetic) spin-
orbital singlet phase and study its magnetic instability to
an ordered state by condensing the excitonic excitation.
The resulting ordered state was dubbed “excitonic mag-
netic state”. This approach was used by G. Khaliullin for
a more realistic exchange model on a square lattice [15]
with 4d4/5d4 ions such as CaRu

2

O
4

by truncating the
physical Hilbert space to the J = 0 and J = 1 states.
The other approach is to start from the ordered state
and tracing the fate of the magnetic order parameters
as we increase the strength of the SOC. When the mag-
netic order disappears, the system enters the spin-orbital
singlet phase. Both approaches are adopted in this work.
Via a Weiss-type mean-field decoupling, our Hamiltonian
becomes

H ! H
MFT

= H
soc

+
X

hiji

J
1

S
i

· hS
j

i

+
X

hhijii

J
2

S
i

· hS
j

i, (4)

where hS
j

i is taken as a mean-field order parameter. To
choose a mean-field ansatz for the order parameter, we
start from the limiting case with a vanishing SOC such
that this limit has been well-understood. Here we con-
sider the antiferromagnetic couplings J

1

> 0 and J
2

> 0.

SOC is active here
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tetrahedral environment octahedral environment

TABLE I. The correspondence between di↵erent electron con-
figurations in the tetrahedral and octahedral environments.

27], which is di↵erent from results here.

The field response of our model is also quite di↵erent
from that of FeSc

2

S
4

, where the magnetic order will be
suppressed by applying the magnetic field, indicating a
di↵erent entangled structure of the spin and the orbital
degrees of freedom [3, 4]. All the three cases can be natu-
rally understood from the evolution of the single-ion level
scheme under the magnetic field that are summarized in
the Supplementary material [22]. From our simple com-
parison, we immediately conclude that the double-dome
structure in the M? curve and the re-entrant transitions,
together with the growth behavior of the magnetization
M

z

, reflect the unique entangled structure of the spin and
the orbitals in H

soc

.

Uniaxial strain.—We introduce the perturbation from
the uniaxial strain that is modeled by H

Uni

=
�U

P

i

(Lz

i

)2. This term captures the low-temperature
tetragonal distortion of NiRh

2

O
4

[13, 28] that modifies
the tetrahedral crystal field of the Ni2+ ion in Fig. 1. This
distortion, however, preserves the two-fold degeneracy of
the xz and yz orbitals [19]. Within our mean-field the-
ory, we find the critical strength of SOC is raised by U/3
compared to the one without the uniaxial strain, i.e. the
magnetic order is enhanced (see details in Supplementary
materials [22]).

Discussion.—In summary, we propose a simple spin-
orbital model for the diamond lattice antiferromagnet
NiRh

2

O
4

and related systems, capturing the competition
between the atomic SOC and the exchange interaction.
We point out that this competition leads to a quantum
criticality between the spin-orbital singlet and the mag-
netic ordered states. We further study the unique re-
sponse behavior of our model to the magnetic field and
the perturbation e↵ect from the uniaxial strain.

The material NiRh
2

O
4

shows a magnetic entropy that
is greater than the pure spin-1 moments [13], indicat-
ing the presence of additional orbital degrees of freedom.
This was suggested to arise from the residual degeneracy
of the xz and yz orbitals in the presence of the tetragonal

distortion. Since this is the orbital degeneracy in the t
2g

manifold, the atomic spin-orbit coupling is active at the
linear order. The tetragonal distortion was then included
on top of the SOC and the exchange interactions. We ex-
pect our model to qualitatively describe properties of the
real material and that the general physics revealed by this
model is relevant to other similar materials. be useful to
study the e↵ect of the spin-orbit entanglement and Due
to the absence of obvious magnetic orders, the material is
probably located on the spin-orbital singlet side. Various
experimental probes can even drive the system to quan-
tum criticality via pressures. The magnetic excitations
in the quantum paramagnet and the critical behaviors
near the quantum criticality are detectable through the
usual spectroscopic and thermodynamic measurements.
The Higgs mode (or amplitude mode) is one of the char-
acteristic properties associated with the criticality in our
model, and can thus be probed by inelastic neutron scat-
tering near the criticality but on the ordered side. This
has actually been previously studied in dimerized magnet
TlCuCl

3

[29, 30] and the quasi-two-dimensional antifer-
romagnet CaRu

2

O
4

[31]. From the quantum paramag-
netic side, one could use INS to detect the magnetic field
dependence of the excitations, as it was performed for
the powder sample of FeSc

2

S
4

[6]. A completely oppo-
site tendency, however, is expected for NiRh

2

O
4

.
The atomic SOC acts quite similarly for the Ni2+ in

the tetrahedral environment and the 4d4/5d4 electron
configuration in the octahedral environment. From this
observation, we list the correspondence between the elec-
tron configurations under these two crystal field environ-
ments in Table. I. This list can be further expanded with
more examples. This correspondence immediately sug-
gests some of the physics on one side may be extended to
the other side. For instance, doping-induced ferromag-
netism and unconventional superconductivity were pro-
posed for the doped d4 systems such as CaRu

2

O
4

[15, 32].
Without much creativity, one may think such phenom-
ena could be relevant for the doped d8 materials with the
tetrahedral crystal field environments.
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Motivated by the proposal of a topological quantum paramagnet in the diamond lattice antiferromagnet
NiRh2O4, we propose a minimal model to describe the magnetic interaction and properties of the diamond
material with spin-one local moments. Our model includes the first- and second-neighbor Heisenberg interactions
as well as a local single-ion spin anisotropy that is allowed by the spin-one nature of the local moment and the
tetragonal symmetry of the system. We point out that there exists a quantum phase transition from a trivial quantum
paramagnet when single-ion spin anisotropy is dominant to the magnetic ordered states when the exchange is
dominant. Due to the frustrated spin interaction, the magnetic excitation in the quantum paramagnetic state
supports extensively degenerate band minima in the spectra. As the system approaches the transition, extensively
degenerate bosonic modes become critical at the criticality, giving rise to unusual magnetic properties. Our phase
diagram and experimental predictions for different phases provide a guideline for the identification of the ground
state for NiRh2O4. Although our results are fundamentally different from the proposal for topological quantum
paramagnets, they represent interesting possibilities for spin-one diamond lattice antiferromagnets.

DOI: 10.1103/PhysRevB.96.020412

Introduction. The recent theoretical proposal of symmetry
protected topological (SPT) ordered states has sparked wide
interest in the theoretical community [1–25]. The well-known
topological insulator, which was proposed and discovered
earlier, is a noninteracting fermion SPT protected by time
reversal symmetry [26,27]. In contrast, SPTs in bosonic
systems must be stabilized by the interactions [11]. The spin
degrees of freedom with exchange interactions seem to be a
natural candidate for realizing boson SPTs [10]. In fact, the
Haldane spin-one chain is a one-dimensional (1D) boson SPT
and is protected by SO(3) spin rotational symmetry [1,2,28].
The realization of boson SPTs in high dimensions is still
missing. It was suggested that a spin-one diamond lattice
antiferromagnet with frustrated spin interactions may host
a topological quantum paramagnet that is a spin analog of
topological insulators and is protected by time reversal sym-
metry [29]. Quite recently, a diamond lattice antiferromagnet
NiRh2O4 with Ni2+ spin-one local moments was proposed to
fit into the early suggestion [30].

NiRh2O4 is a tetragonal spinel and experiences a structural
phase transition from cubic to tetragonal at T = 380 K
[30,32,33]. As we show in Fig. 1, the magnetic ion Ni2+

has a 3d8 electron configuration, forming a spin S = 1 local
moment and occupying the tetrahedral diamond lattice site.
No signature of magnetic order was observed down to 0.1
K in the magnetic susceptibility and specific heat measure-
ments. Although this might fulfill the basic requirement for
the absence of magnetic order in a topological quantum
paramagnet, an alternative state that is distinct from topo-
logical quantum paramagnets may also provide a consistent
experimental prediction with the current experiments. In this
Rapid Communication, we propose a minimal spin model

*gangchen.physics@gmail.com

for a spin-one diamond lattice with tetragonal distortion and
study the full phase diagram and phase transition of our
model. We do not find the presence of a topological quantum
paramagnet in our phase diagram. Instead, due to strong spin
frustration, the ordered state in our phase diagram can be easily
destabilized and converted into a trivial quantum paramagnet
by moderate single-ion spin anisotropy. We predict that this
seemingly trivial quantum paramagnetic state in a large
parameter regime supports a gapped magnetic excitation that
develops extensively degenerate band minima in the spectrum.
As the quantum paramagnet approaches the phase transition
to a proximate ordered state, the extensively degenerate low-
energy modes become gapless and are responsible for unusual
magnetic properties, such as a linear-T heat capacity at low
temperatures in the vicinity of the transition. In the proximate

FIG. 1. A diamond lattice with J1 and J2 interactions. Due to
the tetragonal symmetry of the lattice, the a and b directions are
not equivalent to the c direction. The Ni2+ ion is in a tetrahedral
environment, so the eg orbitals are lower in energy than the t2g levels.
Tetragonal distortion further splits the two eg orbitals and the three t2g

orbitals, but the degeneracy of the xz and yz orbitals remains intact
under tetragonal distortion. To avoid the orbital degree of freedom,
we here place the xz and yz orbitals above the xy orbitals [31].

2469-9950/2017/96(2)/020412(6) 020412-1 ©2017 American Physical Society
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in the tetrahedral crystal field environment, and as a re-
sult, the t

2g

levels are higher in energy than the e
g

levels.
As we show in Fig. 1, the lower e

g

levels are completely
filled, and the t

2g

levels are partially filled with four elec-
trons. For our purpose here, we first ignore the further
splitting within the t

2g

manifold and include this specific
physics for NiRh

2

O
4

in the later part of the Letter. Be-
cause the t

2g

levels are partially filled, the atomic SOC is
active at the linear order. As the fully-filled e

g

manifold
can be neglected, the local physics for the 3d8 electron
configuration here is rather analogous to the one for the
4d4/5d4 electron configurations of the Ru4+ or Ir5+ ions
that have been discussed in Refs. 14 and 15. For the t

2g

manifold in Fig. 1, the local Hund’s coupling first favors a
total spin S = 1 local moment, and the remaining orbital
occupation still has a three-fold degeneracy. The total
orbital angular momentum remains unquenched and can
be treated as an e↵ective orbital angular moment L with
L = 1 in the reduced Hilbert space of the three orbital
occupations. The atomic SOC is then written as

H
soc

= +�
X

i

L
i

· S
i

, (1)

where the sign of the SOC is opposite to the case for
two electrons in the t

2g

manifold. The SOC here acts
on the total spin and total orbital angular momentum
of the four electrons and di↵ers from the SOC on the
single electron level. The SOC entangles the spin and the
orbitals and leads to a total moment J in the single ion
limit. The single-ion ground state is a spin-orbital singlet
with J = 0, and the excited ones are J = 1 triplets and
J = 2 quintuplets (see Fig. 1).

Besides the atomic SOC, the spin and orbital degrees
of freedom on neighboring sites interact with each other
through the superexchange interaction. Due to the or-
bital degeneracy, the exchange interaction should be of
the Kugel-Khomskii form. The superexchange path for
both first neighbor and second neighbor in NiRh

2

O
4

is
given by Ni-O-Rh-O-Ni and involves five atoms. Thus,
the explicit derivation of the superexchange interaction is
complicated and is not quantitatively reliable. Our pur-
pose here is not to be quantitatively precise, but is to cap-
ture the generic physics of the competition between the
spin-orbital entanglement and the tendency to magnetic
ordering for the Ni-based magnets and the systems alike.
Thus, we consider a simplified superexchange model with
only spin interactions. The exchange model is given as

H
ex

=
X

ij

J
ij

S
i

· S
j

=
X

hiji

J
1

S
i

· S
j

+
X

hhijii

J
2

S
i

· S
j

, (2)

where J
1

(J
2

) is the first (second) neighbor exchange cou-
pling. This simplified model captures the ordering ten-
dency, but is not supposed to capture the possibility of an
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FIG. 2. (Color online.) The phase diagram of the full model
in Eq. (3). This phase diagram summarizes the competition
between the SOC and the superexchange interaction and cap-
tures the frustration of the exchange part. Please refer to the
main text for details about the magnetic orders.

(exotic) quantum spin-orbital liquid with fractionalized
excitations.
Phase diagram and quantum criticality.—Here we

study the full Hamiltonian that contains both SOC and
exchange interaction with,

H = H
soc

+ H
ex

. (3)

Once our full model is written, the physics is almost
transparent. Besides the competition between SOC and
exchange, the exchange frustration would further compli-
cate our phase diagram. To establish the phase diagram,
one approach is to start from the (non-magnetic) spin-
orbital singlet phase and study its magnetic instability to
an ordered state by condensing the excitonic excitation.
The resulting ordered state was dubbed “excitonic mag-
netic state”. This approach was used by G. Khaliullin for
a more realistic exchange model on a square lattice [15]
with 4d4/5d4 ions such as CaRu

2

O
4

by truncating the
physical Hilbert space to the J = 0 and J = 1 states.
The other approach is to start from the ordered state
and tracing the fate of the magnetic order parameters
as we increase the strength of the SOC. When the mag-
netic order disappears, the system enters the spin-orbital
singlet phase. Both approaches are adopted in this work.
Via a Weiss-type mean-field decoupling, our Hamiltonian
becomes

H ! H
MFT

= H
soc

+
X

hiji

J
1

S
i

· hS
j

i

+
X

hhijii

J
2

S
i

· hS
j

i, (4)

where hS
j

i is taken as a mean-field order parameter. To
choose a mean-field ansatz for the order parameter, we
start from the limiting case with a vanishing SOC such
that this limit has been well-understood. Here we con-
sider the antiferromagnetic couplings J

1

> 0 and J
2

> 0.

2

in the tetrahedral crystal field environment, and as a re-
sult, the t

2g

levels are higher in energy than the e
g

levels.
As we show in Fig. 1, the lower e

g

levels are completely
filled, and the t

2g

levels are partially filled with four elec-
trons. For our purpose here, we first ignore the further
splitting within the t

2g

manifold and include this specific
physics for NiRh

2

O
4

in the later part of the Letter. Be-
cause the t

2g

levels are partially filled, the atomic SOC is
active at the linear order. As the fully-filled e

g

manifold
can be neglected, the local physics for the 3d8 electron
configuration here is rather analogous to the one for the
4d4/5d4 electron configurations of the Ru4+ or Ir5+ ions
that have been discussed in Refs. 14 and 15. For the t

2g

manifold in Fig. 1, the local Hund’s coupling first favors a
total spin S = 1 local moment, and the remaining orbital
occupation still has a three-fold degeneracy. The total
orbital angular momentum remains unquenched and can
be treated as an e↵ective orbital angular moment L with
L = 1 in the reduced Hilbert space of the three orbital
occupations. The atomic SOC is then written as

H
soc

= +�
X

i

L
i

· S
i

, (1)

where the sign of the SOC is opposite to the case for
two electrons in the t

2g

manifold. The SOC here acts
on the total spin and total orbital angular momentum
of the four electrons and di↵ers from the SOC on the
single electron level. The SOC entangles the spin and the
orbitals and leads to a total moment J in the single ion
limit. The single-ion ground state is a spin-orbital singlet
with J = 0, and the excited ones are J = 1 triplets and
J = 2 quintuplets (see Fig. 1).

Besides the atomic SOC, the spin and orbital degrees
of freedom on neighboring sites interact with each other
through the superexchange interaction. Due to the or-
bital degeneracy, the exchange interaction should be of
the Kugel-Khomskii form. The superexchange path for
both first neighbor and second neighbor in NiRh

2

O
4

is
given by Ni-O-Rh-O-Ni and involves five atoms. Thus,
the explicit derivation of the superexchange interaction is
complicated and is not quantitatively reliable. Our pur-
pose here is not to be quantitatively precise, but is to cap-
ture the generic physics of the competition between the
spin-orbital entanglement and the tendency to magnetic
ordering for the Ni-based magnets and the systems alike.
Thus, we consider a simplified superexchange model with
only spin interactions. The exchange model is given as

H
ex

=
X

ij

J
ij

S
i

· S
j

=
X

hiji

J
1

S
i

· S
j

+
X

hhijii

J
2

S
i

· S
j

, (2)

where J
1

(J
2

) is the first (second) neighbor exchange cou-
pling. This simplified model captures the ordering ten-
dency, but is not supposed to capture the possibility of an
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FIG. 2. (Color online.) The phase diagram of the full model
in Eq. (3). This phase diagram summarizes the competition
between the SOC and the superexchange interaction and cap-
tures the frustration of the exchange part. Please refer to the
main text for details about the magnetic orders.

(exotic) quantum spin-orbital liquid with fractionalized
excitations.
Phase diagram and quantum criticality.—Here we

study the full Hamiltonian that contains both SOC and
exchange interaction with,

H = H
soc

+ H
ex

. (3)

Once our full model is written, the physics is almost
transparent. Besides the competition between SOC and
exchange, the exchange frustration would further compli-
cate our phase diagram. To establish the phase diagram,
one approach is to start from the (non-magnetic) spin-
orbital singlet phase and study its magnetic instability to
an ordered state by condensing the excitonic excitation.
The resulting ordered state was dubbed “excitonic mag-
netic state”. This approach was used by G. Khaliullin for
a more realistic exchange model on a square lattice [15]
with 4d4/5d4 ions such as CaRu

2

O
4

by truncating the
physical Hilbert space to the J = 0 and J = 1 states.
The other approach is to start from the ordered state
and tracing the fate of the magnetic order parameters
as we increase the strength of the SOC. When the mag-
netic order disappears, the system enters the spin-orbital
singlet phase. Both approaches are adopted in this work.
Via a Weiss-type mean-field decoupling, our Hamiltonian
becomes

H ! H
MFT

= H
soc

+
X

hiji

J
1

S
i

· hS
j

i

+
X

hhijii

J
2

S
i

· hS
j

i, (4)

where hS
j

i is taken as a mean-field order parameter. To
choose a mean-field ansatz for the order parameter, we
start from the limiting case with a vanishing SOC such
that this limit has been well-understood. Here we con-
sider the antiferromagnetic couplings J

1

> 0 and J
2

> 0.

Minimal model and phase diagram
2

our purpose here, we first ignore the further splitting
within the t

2g

manifold and include this specific physics
for NiRh
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O
4

later. Because the t
2g

levels are partially
filled, the atomic SOC is active at the linear order. As the
fully-filled e

g

manifold can be neglected, the local physics
for the 3d8 configuration here is rather analogous to the
one for the 4d4/5d4 configurations of the Ru4+ or Ir5+

ions that were discussed in Refs. 17 and 18, where the
latter [18] proposed an excitonic magnetism. For the t

2g

manifold in Fig. 1, the local Hund’s coupling first favors a
total spin S = 1 local moment, and the remaining orbital
occupation still has a three-fold degeneracy. The total or-
bital angular momentum remains unquenched and can be
treated as an e↵ective orbital angular momentum L with
L = 1 in the reduced Hilbert space of the three orbital
occupations. The atomic SOC is then written as

H
soc

= +�
X

i

L
i

· S
i

, (1)

where the sign of the SOC is opposite to the case for
two electrons in the t

2g

manifold. The SOC here acts
on the total spin and total orbital angular momentum
of the four electrons and di↵ers from the SOC at the
single electron level. The SOC entangles the spin and the
orbitals and leads to a total moment J in the single ion
limit. The single-ion ground state is a spin-orbital singlet
with J = 0, and the excited ones are J = 1 triplets and
J = 2 quintuplets (see Fig. 1).

Besides the atomic SOC, the spin and orbital degrees
of freedom on neighboring sites interact with each other
through the superexchange interaction. Due to the or-
bital degeneracy, the exchange interaction should be of
the Kugel-Khomskii form [19]. The superexchange path
for both first neighbor and second neighbor in NiRh

2

O
4

is given by Ni-O-Rh-O-Ni and involves five atoms. Thus,
the explicit derivation of the superexchange interaction is
complicated and is not quantitatively reliable. Our pur-
pose here is not to be quantitatively precise, but is to cap-
ture the generic physics of the competition between the
spin-orbital entanglement and the tendency to magnetic
ordering for the Ni-based magnets and the systems alike.
Thus, we consider a simplified superexchange model with
only spin interactions. The exchange model is given as

H
ex

=
X

hiji

J
1

S
i

· S
j

+
X

hhijii

J
2

S
i

· S
j

, (2)

where J
1

(J
2

) is the first (second) neighbor exchange cou-
pling. This simplified model captures the ordering ten-
dency, but is not supposed to capture the possibility of an
(exotic) quantum spin-orbital liquid with fractionalized
excitations [20].

Phase diagram and quantum criticality.—Here we
study the full Hamiltonian that contains both SOC and
superexchange with,

H = H
soc

+ H
ex

. (3)
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<latexit sha1_base64="UJHSLLvTYAodR6tjDxuJFtZd89M=">AAACFHicbVDLSgNBEOyNrxhfUY9eFoPgxbCjB/UgBr14jOiaQBLC7OxsMmT2wUyvEEPAH/BqvsaTiDfvfozg5HEwiQUNRVU33V1eIoVGx/m2MguLS8sr2dXc2vrG5lZ+e+dBx6li3GWxjFXVo5pLEXEXBUpeTRSnoSd5xetcD/3KI1daxNE9dhPeCGkrEoFgFI10Rwhp5gtO0RnBnidkQgqXn7mLZwAoN/M/dT9macgjZJJqXSNOgo0eVSiY5P1cPdU8oaxDW7xmaERDrhu90al9+8Aovh3EylSE9kj9O9Gjodbd0DOdIcW2nvWG4n9eLcXgrNETUZIij9h4UZBKG2N7+LftC8UZyq4hlClhbrVZmyrK0KQztQVF56k/pxyd+ImMsZ8zeZHZdOaJe1w8L5Jbp1C6gjGysAf7cAgETqEEN1AGFxi04AVeYWANrDfr3foYt2asycwuTMH6+gV7XqC/</latexit><latexit sha1_base64="vaNyRW+tWdv6qEPCoE6ry6BDiSQ=">AAACFHicbVDLSsNAFJ34rPFVdelmsAhuLIku1IVYdOOyorGFNpTJZNIOnTyYuRFqyCe4tR/gd7gScedW/BjB6WNhWw9cOJxzL/fe4yWCK7Csb2NufmFxabmwYq6urW9sFre271WcSsocGotY1j2imOARc4CDYPVEMhJ6gtW87tXArz0wqXgc3UEvYW5I2hEPOCWgpVvbtlvFklW2hsCzxB6T0sWHeZ68fJnVVvGn6cc0DVkEVBClGraVgJsRCZwKlpvNVLGE0C5ps4amEQmZcrPhqTne14qPg1jqigAP1b8TGQmV6oWe7gwJdNS0NxD/8xopBKduxqMkBRbR0aIgFRhiPPgb+1wyCqKnCaGS61sx7RBJKOh0JrYA7z7mM8rhsZ+IGHJT52VPpzNLnKPyWdm+sUqVSzRCAe2iPXSAbHSCKugaVZGDKGqjJ/SM+kbfeDXejPdR65wxntlBEzA+fwGp9aIz</latexit><latexit sha1_base64="vaNyRW+tWdv6qEPCoE6ry6BDiSQ=">AAACFHicbVDLSsNAFJ34rPFVdelmsAhuLIku1IVYdOOyorGFNpTJZNIOnTyYuRFqyCe4tR/gd7gScedW/BjB6WNhWw9cOJxzL/fe4yWCK7Csb2NufmFxabmwYq6urW9sFre271WcSsocGotY1j2imOARc4CDYPVEMhJ6gtW87tXArz0wqXgc3UEvYW5I2hEPOCWgpVvbtlvFklW2hsCzxB6T0sWHeZ68fJnVVvGn6cc0DVkEVBClGraVgJsRCZwKlpvNVLGE0C5ps4amEQmZcrPhqTne14qPg1jqigAP1b8TGQmV6oWe7gwJdNS0NxD/8xopBKduxqMkBRbR0aIgFRhiPPgb+1wyCqKnCaGS61sx7RBJKOh0JrYA7z7mM8rhsZ+IGHJT52VPpzNLnKPyWdm+sUqVSzRCAe2iPXSAbHSCKugaVZGDKGqjJ/SM+kbfeDXejPdR65wxntlBEzA+fwGp9aIz</latexit><latexit sha1_base64="xreXvjskO1TjVUyk2LTLOIfoDbU=">AAACFHicbVBNS8NAEN3Ur1q/qh69BIvgxZLVg3orevFY0dhCG8pms2mXbjZhdyLUkJ/g1f4aT+LVuz9GcNvmYFsfDDzem2Fmnp8IrsFxvq3Syura+kZ5s7K1vbO7V90/eNJxqihzaSxi1faJZoJL5gIHwdqJYiTyBWv5w9uJ33pmSvNYPsIoYV5E+pKHnBIw0gPGuFetOXVnCnuZ4ILUUIFmr/rTDWKaRkwCFUTrDnYS8DKigFPB8ko31SwhdEj6rGOoJBHTXjY9NbdPjBLYYaxMSbCn6t+JjERajyLfdEYEBnrRm4j/eZ0Uwisv4zJJgUk6WxSmwobYnvxtB1wxCmJkCKGKm1ttOiCKUDDpzG0BPnzJl5SziyARMeQVkxdeTGeZuOf16zq+d2qNmyK4MjpCx+gUYXSJGugONZGLKOqjV/SGxtbYerc+rM9Za8kqZg7RHKyvX8B1nvI=</latexit>

001
<latexit sha1_base64="N4q9cEIXu3jnjcFPasP7yoRNctk=">AAACFHicbVDLSgNBEOyNrxhfUY9eFoPgxTCrB/UgBr14jOiaQBLC7OxsMmT2wUyvEEPAH/BqvsaTiDfvfozg5HEwiQUNRVU33V1eIoVGQr6tzMLi0vJKdjW3tr6xuZXf3nnQcaoYd1ksY1X1qOZSRNxFgZJXE8Vp6Ele8TrXQ7/yyJUWcXSP3YQ3QtqKRCAYRSPdEeI08wVSJCPY88SZkMLlZ+7iGQDKzfxP3Y9ZGvIImaRa1xySYKNHFQomeT9XTzVPKOvQFq8ZGtGQ60ZvdGrfPjCKbwexMhWhPVL/TvRoqHU39ExnSLGtZ72h+J9XSzE4a/RElKTIIzZeFKTSxtge/m37QnGGsmsIZUqYW23WpooyNOlMbUHReerPKUcnfiJj7OdMXs5sOvPEPS6eF51bUihdwRhZ2IN9OAQHTqEEN1AGFxi04AVeYWANrDfr3foYt2asycwuTMH6+gV3/6C9</latexit><latexit sha1_base64="eKZQmqEJdtHfyy5J53J2UnL0Zm0=">AAACFHicbVDLSsNAFJ34rPFVdelmsAhuLIku1IVYdOOyorGFNpTJZNIOnTyYuRFqyCe4tR/gd7gScedW/BjB6WNhWw9cOJxzL/fe4yWCK7Csb2NufmFxabmwYq6urW9sFre271WcSsocGotY1j2imOARc4CDYPVEMhJ6gtW87tXArz0wqXgc3UEvYW5I2hEPOCWgpVvLslvFklW2hsCzxB6T0sWHeZ68fJnVVvGn6cc0DVkEVBClGraVgJsRCZwKlpvNVLGE0C5ps4amEQmZcrPhqTne14qPg1jqigAP1b8TGQmV6oWe7gwJdNS0NxD/8xopBKduxqMkBRbR0aIgFRhiPPgb+1wyCqKnCaGS61sx7RBJKOh0JrYA7z7mM8rhsZ+IGHJT52VPpzNLnKPyWdm+sUqVSzRCAe2iPXSAbHSCKugaVZGDKGqjJ/SM+kbfeDXejPdR65wxntlBEzA+fwGmlqIx</latexit><latexit sha1_base64="eKZQmqEJdtHfyy5J53J2UnL0Zm0=">AAACFHicbVDLSsNAFJ34rPFVdelmsAhuLIku1IVYdOOyorGFNpTJZNIOnTyYuRFqyCe4tR/gd7gScedW/BjB6WNhWw9cOJxzL/fe4yWCK7Csb2NufmFxabmwYq6urW9sFre271WcSsocGotY1j2imOARc4CDYPVEMhJ6gtW87tXArz0wqXgc3UEvYW5I2hEPOCWgpVvLslvFklW2hsCzxB6T0sWHeZ68fJnVVvGn6cc0DVkEVBClGraVgJsRCZwKlpvNVLGE0C5ps4amEQmZcrPhqTne14qPg1jqigAP1b8TGQmV6oWe7gwJdNS0NxD/8xopBKduxqMkBRbR0aIgFRhiPPgb+1wyCqKnCaGS61sx7RBJKOh0JrYA7z7mM8rhsZ+IGHJT52VPpzNLnKPyWdm+sUqVSzRCAe2iPXSAbHSCKugaVZGDKGqjJ/SM+kbfeDXejPdR65wxntlBEzA+fwGmlqIx</latexit><latexit sha1_base64="GUwPCpyyS4iLxCBepd7E17tol9w=">AAACFHicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQb0VvXisaGyhDWWz2bRLN7thdyLUkJ/g1f4aT+LVuz9GcNvmYFsfDDzem2FmXpBwpsFxvq3Syura+kZ5s7K1vbO7V90/eNIyVYR6RHKp2gHWlDNBPWDAaTtRFMcBp61geDvxW89UaSbFI4wS6se4L1jECAYjPTiO26vWnLozhb1M3ILUUIFmr/rTDSVJYyqAcKx1x3US8DOsgBFO80o31TTBZIj7tGOowDHVfjY9NbdPjBLakVSmBNhT9e9EhmOtR3FgOmMMA73oTcT/vE4K0ZWfMZGkQAWZLYpSboO0J3/bIVOUAB8Zgoli5labDLDCBEw6c1uADV/yJeXsIky4hLxi8nIX01km3nn9uu7eO7XGTRFcGR2hY3SKXHSJGugONZGHCOqjV/SGxtbYerc+rM9Za8kqZg7RHKyvX70WnvA=</latexit>111⇤

<latexit sha1_base64="plODLCAYVSJ0NIXkIMo6PxJr0j8=">AAACFnicbVDLSgNBEOz1GddX1KOXxSCIYNjVg3oQg148RnBNIFnD7GSSDJl9MNMrxGXBP/BqvsaT5OrVjxGcPA4msaChqOqmu8uPBVdo29/GwuLS8spqbs1c39jc2s7v7D6qKJGUuTQSkaz6RDHBQ+YiR8GqsWQk8AWr+N3boV95ZlLxKHzAXsy8gLRD3uKUoJZcx3Gejhv5gl20R7DmiTMhheuBefUKAOVG/qfejGgSsBCpIErVHDtGLyUSORUsM+uJYjGhXdJmNU1DEjDlpaNjM+tQK02rFUldIVoj9e9ESgKleoGvOwOCHTXrDcX/vFqCrQsv5WGcIAvpeFErERZG1vBzq8kloyh6mhAqub7Voh0iCUWdz9QW5N2XbE45OWvGIsLM1Hk5s+nME/e0eFl07u1C6QbGyME+HMAROHAOJbiDMrhAgcMbvEPf6BsfxqcxGLcuGJOZPZiC8fULq4ehWw==</latexit><latexit sha1_base64="n3V7zJJsIRfRYEmdIHEowIx4vEU=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXRg3oQi148VjC20May2WzbpZts2J0INeQ3eLVnf4gn6dWb+GMEtx8H2/pg4PHeDDPz/JgzBbb9beQWFpeWV/Kr5tr6xuZWYXvnQYlEEuoSwYWs+VhRziLqAgNOa7GkOPQ5rfrdm6FffaJSMRHdQy+mXojbEWsxgkFLruM4j0fNQtEu2SNY88SZkOLVwLyM377MSrPw0wgESUIaAeFYqbpjx+ClWAIjnGZmI1E0xqSL27SuaYRDqrx0dGxmHWglsFpC6orAGql/J1IcKtULfd0ZYuioWW8o/ufVE2ideymL4gRoRMaLWgm3QFjDz62ASUqA9zTBRDJ9q0U6WGICOp+pLcC6z9mccnwaxFxAZuq8nNl05ol7UrooOXd2sXyNxsijPbSPDpGDzlAZ3aIKchFBDL2gV9Q3+sa78WEMxq05YzKzi6ZgfP4C2h6izw==</latexit><latexit sha1_base64="n3V7zJJsIRfRYEmdIHEowIx4vEU=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsggiXRg3oQi148VjC20May2WzbpZts2J0INeQ3eLVnf4gn6dWb+GMEtx8H2/pg4PHeDDPz/JgzBbb9beQWFpeWV/Kr5tr6xuZWYXvnQYlEEuoSwYWs+VhRziLqAgNOa7GkOPQ5rfrdm6FffaJSMRHdQy+mXojbEWsxgkFLruM4j0fNQtEu2SNY88SZkOLVwLyM377MSrPw0wgESUIaAeFYqbpjx+ClWAIjnGZmI1E0xqSL27SuaYRDqrx0dGxmHWglsFpC6orAGql/J1IcKtULfd0ZYuioWW8o/ufVE2ideymL4gRoRMaLWgm3QFjDz62ASUqA9zTBRDJ9q0U6WGICOp+pLcC6z9mccnwaxFxAZuq8nNl05ol7UrooOXd2sXyNxsijPbSPDpGDzlAZ3aIKchFBDL2gV9Q3+sa78WEMxq05YzKzi6ZgfP4C2h6izw==</latexit><latexit sha1_base64="p8/rFgNpldqH+Nagk+TVsgWSWXk=">AAACFnicbVBNS8NAEN34WetX1aOXxSKIYMnqQb0VvXisYGyhjWWz2bRLNx/sToQa8hu82l/jSbx69ccIbtscbOuDgcd7M8zM8xIpNNj2t7W0vLK6tl7aKG9ube/sVvb2H3WcKsYdFstYtTyquRQRd0CA5K1EcRp6kje9we3Ybz5zpUUcPcAw4W5Ie5EIBKNgJIcQ8nTarVTtmj0BXiSkIFVUoNGt/HT8mKUhj4BJqnWb2Am4GVUgmOR5uZNqnlA2oD3eNjSiIdduNjk2x8dG8XEQK1MR4In6dyKjodbD0DOdIYW+nvfG4n9eO4Xgys1ElKTAIzZdFKQSQ4zHn2NfKM5ADg2hTAlzK2Z9qigDk8/MFhCDl3xBObvwExlDXjZ5kfl0FolzXruukXu7Wr8pgiuhQ3SEThBBl6iO7lADOYghgV7RGxpZI+vd+rA+p61LVjFzgGZgff0C8J6fjg==</latexit>N
ée

l
<latexit sha1_base64="0uiCLFNL6nszwztWcQZ/bgEUou0=">AAACHnicbVDLSgNBEOz1GeMr6tHLYhC9GHZVUE8KXjyJglEhWcLspJMMmX040yvGZb9DvCWf4Rd4Eq/6MYKTxIMmFjQUVd1UU34shSbH+bQmJqemZ2Zzc/n5hcWl5cLK6rWOEsWxzCMZqVufaZQixDIJkngbK2SBL/HGb5/2/Zt7VFpE4RV1YvQC1gxFQ3BGRvKqhA+Unle3EGVWKxSdkjOAPU7cH1I8fnl+7gLARa3wVa1HPAkwJC6Z1hXXiclLmSLBJWb5aqIxZrzNmlgxNGQBai8dPJ3Zm0ap241ImQnJHqi/L1IWaN0JfLMZMGrpUa8v/udVEmoceqkI44Qw5MOgRiJtiux+A3ZdKOQkO4YwroT51eYtphgn09OfFBLtx2xM2dmrxzKiLG/6ckfbGSfl3dJRyb10iif7MEQO1mEDtsGFAziBM7iAMnC4gyfoQs/qWa/Wm/U+XJ2wfm7W4A+sj28s/Kaf</latexit><latexit sha1_base64="z6wdVVLPjiuFSvYz6WfpTmsS0iM=">AAACHnicbVDLSgNBEJyNrxhfUY9eFoPoxbCrgnoy4MWTRDAmkCxhdtJJhsw+nOkV47LfIXoyn+EXeBKv+jGCs4kHk1jQUFR1U025oeAKLevLyMzMzs0vZBdzS8srq2v59Y0bFUSSQYUFIpA1lyoQ3IcKchRQCyVQzxVQdXvnqV+9A6l44F9jPwTHox2ftzmjqCWngXCP8WVjF0AkzXzBKlpDmNPE/iWFs9enFM/lZv670QpY5IGPTFCl6rYVohNTiZwJSHKNSEFIWY92oK6pTz1QTjx8OjF3tNIy24HU46M5VP9exNRTqu+5etOj2FWTXir+59UjbJ84MffDCMFno6B2JEwMzLQBs8UlMBR9TSiTXP9qsi6VlKHuaSwFee8hmVL2D1uhCDDJ6b7syXamSeWgeFq0r6xC6YiMkCVbZJvsEZsckxK5IGVSIYzckkfyQgbGwHgz3o2P0WrG+L3ZJGMwPn8A1IuoZA==</latexit><latexit sha1_base64="z6wdVVLPjiuFSvYz6WfpTmsS0iM=">AAACHnicbVDLSgNBEJyNrxhfUY9eFoPoxbCrgnoy4MWTRDAmkCxhdtJJhsw+nOkV47LfIXoyn+EXeBKv+jGCs4kHk1jQUFR1U025oeAKLevLyMzMzs0vZBdzS8srq2v59Y0bFUSSQYUFIpA1lyoQ3IcKchRQCyVQzxVQdXvnqV+9A6l44F9jPwTHox2ftzmjqCWngXCP8WVjF0AkzXzBKlpDmNPE/iWFs9enFM/lZv670QpY5IGPTFCl6rYVohNTiZwJSHKNSEFIWY92oK6pTz1QTjx8OjF3tNIy24HU46M5VP9exNRTqu+5etOj2FWTXir+59UjbJ84MffDCMFno6B2JEwMzLQBs8UlMBR9TSiTXP9qsi6VlKHuaSwFee8hmVL2D1uhCDDJ6b7syXamSeWgeFq0r6xC6YiMkCVbZJvsEZsckxK5IGVSIYzckkfyQgbGwHgz3o2P0WrG+L3ZJGMwPn8A1IuoZA==</latexit><latexit sha1_base64="m/aI3qn/Xur5imz7yyvVMOE5fy4=">AAACHnicbVDLSsNAFJ34rPVVdekmWEQ3lkQFdVdw40oqWFtoQplMb9qhk4czN2IN+Q639mtciVv9GMFpm4VtPXDhcM69nMvxYsEVWta3sbC4tLyyWlgrrm9sbm2XdnYfVJRIBnUWiUg2PapA8BDqyFFAM5ZAA09Aw+tfj/zGE0jFo/AeBzG4Ae2G3OeMopZcB+EZ01vnCEBk7VLZqlhjmPPEzkmZ5Ki1Sz9OJ2JJACEyQZVq2VaMbkolciYgKzqJgpiyPu1CS9OQBqDcdPx0Zh5qpWP6kdQTojlW/16kNFBqEHh6M6DYU7PeSPzPayXoX7opD+MEIWSTID8RJkbmqAGzwyUwFANNKJNc/2qyHpWUoe5pKgV5/yWbU07OOrGIMCvqvuzZduZJ/bRyVbHvrHL1PC+uQPbJATkmNrkgVXJDaqROGHkkr+SNDI2h8W58GJ+T1QUjv9kjUzC+fgHzK6PV</latexit>

Spin-Orbital Singlet
<latexit sha1_base64="ws8bL2Sj4yqfo0FQhLt0DWuhBLM=">AAACLnicbVA9SwNBEJ3z2/gVtdRiUQQbw50Waifa2KloVEhC2NtM4pK9vWN3TozHFf4aW+38J2IhWvonBDeJhRofDDzem2FmXpgoacn3X7yh4ZHRsfGJycLU9MzsXHF+4dzGqRFYFrGKzWXILSqpsUySFF4mBnkUKrwI2wdd/+IajZWxPqNOgrWIt7RsSsHJSfXiUpXwhrLTROqNIxNK4oqdSt1SSHm9uOqX/B7YIAm+yere8tPJOwAc14uf1UYs0gg1CcWtrQR+QrWMG5JCYV6ophYTLtq8hRVHNY/Q1rLeEzlbc0qDNWPjShPrqT8nMh5Z24lC1xlxurJ/va74n1dJqblTy6ROUkIt+ouaqWIUs24irCENClIdR7gw0t3KxBU3XJDL7dcWku3bfEDZ2GokKqa84PIK/qYzSMqbpd1ScOJy24c+JmAJVmAdAtiGPTiEYyiDgDu4hwd49B69Z+/Ve+u3DnnfM4vwC97HF5wKrGg=</latexit><latexit sha1_base64="cFt4Fu8OXg+/GphyTPDXNCOYID0="></latexit><latexit sha1_base64="cFt4Fu8OXg+/GphyTPDXNCOYID0="></latexit><latexit sha1_base64="YWxoAsxl8/nwcqM0DM5exMmXz0Q=">AAACLnicbVA9SwNBEN3zM8avqKXNYhBsEu60ULugjZ0RjQrJEfY2k2TJ3t6xOyfG4wp/ja35NWIhtv4JwU28Qo0PBh7vzTAzL4ilMOi6r87M7Nz8wmJhqbi8srq2XtrYvDZRojk0eCQjfRswA1IoaKBACbexBhYGEm6CwenYv7kDbUSkrnAYgx+ynhJdwRlaqV3abiHcY3oZC1U514FAJumlUD0JmLVLZbfqTkCniZeTMslRb5c+W52IJyEo5JIZ0/TcGP2UaRRcQlZsJQZixgesB01LFQvB+OnkiYzuWqVDu5G2pZBO1J8TKQuNGYaB7QwZ9s1fbyz+5zUT7B75qVBxgqD496JuIilGdJwI7QgNHOXQEsa1sLdS3meacbS5/dqCYvCQTSmVg04sI8yKNi/vbzrTpLFfPa56F265dpIHVyDbZIfsEY8ckho5I3XSIJw8kifyTEbOyHlx3pz379YZJ5/ZIr/gfHwBLL6qIw==</latexit>

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

J2/J1
λ/

J 1

111
<latexit sha1_base64="UJHSLLvTYAodR6tjDxuJFtZd89M=">AAACFHicbVDLSgNBEOyNrxhfUY9eFoPgxbCjB/UgBr14jOiaQBLC7OxsMmT2wUyvEEPAH/BqvsaTiDfvfozg5HEwiQUNRVU33V1eIoVGx/m2MguLS8sr2dXc2vrG5lZ+e+dBx6li3GWxjFXVo5pLEXEXBUpeTRSnoSd5xetcD/3KI1daxNE9dhPeCGkrEoFgFI10Rwhp5gtO0RnBnidkQgqXn7mLZwAoN/M/dT9macgjZJJqXSNOgo0eVSiY5P1cPdU8oaxDW7xmaERDrhu90al9+8Aovh3EylSE9kj9O9Gjodbd0DOdIcW2nvWG4n9eLcXgrNETUZIij9h4UZBKG2N7+LftC8UZyq4hlClhbrVZmyrK0KQztQVF56k/pxyd+ImMsZ8zeZHZdOaJe1w8L5Jbp1C6gjGysAf7cAgETqEEN1AGFxi04AVeYWANrDfr3foYt2asycwuTMH6+gV7XqC/</latexit><latexit sha1_base64="vaNyRW+tWdv6qEPCoE6ry6BDiSQ=">AAACFHicbVDLSsNAFJ34rPFVdelmsAhuLIku1IVYdOOyorGFNpTJZNIOnTyYuRFqyCe4tR/gd7gScedW/BjB6WNhWw9cOJxzL/fe4yWCK7Csb2NufmFxabmwYq6urW9sFre271WcSsocGotY1j2imOARc4CDYPVEMhJ6gtW87tXArz0wqXgc3UEvYW5I2hEPOCWgpVvbtlvFklW2hsCzxB6T0sWHeZ68fJnVVvGn6cc0DVkEVBClGraVgJsRCZwKlpvNVLGE0C5ps4amEQmZcrPhqTne14qPg1jqigAP1b8TGQmV6oWe7gwJdNS0NxD/8xopBKduxqMkBRbR0aIgFRhiPPgb+1wyCqKnCaGS61sx7RBJKOh0JrYA7z7mM8rhsZ+IGHJT52VPpzNLnKPyWdm+sUqVSzRCAe2iPXSAbHSCKugaVZGDKGqjJ/SM+kbfeDXejPdR65wxntlBEzA+fwGp9aIz</latexit><latexit sha1_base64="vaNyRW+tWdv6qEPCoE6ry6BDiSQ=">AAACFHicbVDLSsNAFJ34rPFVdelmsAhuLIku1IVYdOOyorGFNpTJZNIOnTyYuRFqyCe4tR/gd7gScedW/BjB6WNhWw9cOJxzL/fe4yWCK7Csb2NufmFxabmwYq6urW9sFre271WcSsocGotY1j2imOARc4CDYPVEMhJ6gtW87tXArz0wqXgc3UEvYW5I2hEPOCWgpVvbtlvFklW2hsCzxB6T0sWHeZ68fJnVVvGn6cc0DVkEVBClGraVgJsRCZwKlpvNVLGE0C5ps4amEQmZcrPhqTne14qPg1jqigAP1b8TGQmV6oWe7gwJdNS0NxD/8xopBKduxqMkBRbR0aIgFRhiPPgb+1wyCqKnCaGS61sx7RBJKOh0JrYA7z7mM8rhsZ+IGHJT52VPpzNLnKPyWdm+sUqVSzRCAe2iPXSAbHSCKugaVZGDKGqjJ/SM+kbfeDXejPdR65wxntlBEzA+fwGp9aIz</latexit><latexit sha1_base64="xreXvjskO1TjVUyk2LTLOIfoDbU=">AAACFHicbVBNS8NAEN3Ur1q/qh69BIvgxZLVg3orevFY0dhCG8pms2mXbjZhdyLUkJ/g1f4aT+LVuz9GcNvmYFsfDDzem2Fmnp8IrsFxvq3Syura+kZ5s7K1vbO7V90/eNJxqihzaSxi1faJZoJL5gIHwdqJYiTyBWv5w9uJ33pmSvNYPsIoYV5E+pKHnBIw0gPGuFetOXVnCnuZ4ILUUIFmr/rTDWKaRkwCFUTrDnYS8DKigFPB8ko31SwhdEj6rGOoJBHTXjY9NbdPjBLYYaxMSbCn6t+JjERajyLfdEYEBnrRm4j/eZ0Uwisv4zJJgUk6WxSmwobYnvxtB1wxCmJkCKGKm1ttOiCKUDDpzG0BPnzJl5SziyARMeQVkxdeTGeZuOf16zq+d2qNmyK4MjpCx+gUYXSJGugONZGLKOqjV/SGxtbYerc+rM9Za8kqZg7RHKyvX8B1nvI=</latexit>

001
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FIG. 2. (Color online.) The phase diagram of the full model
in Eq. (3). This phase diagram summarizes the competition
between the SOC and the superexchange and captures the
frustration of the exchange part. Please refer to the main
text for details about the magnetic orders.

Once our full model is written, the physics is almost
transparent. Besides the competition between SOC and
superexchange, the exchange frustration would further
complicate our phase diagram. To establish the phase di-
agram, one approach is to start from the (non-magnetic)
spin-orbital singlet phase and study its magnetic instabil-
ity to an ordered state by condensing the excitonic excita-
tion [18]. The other approach is to start from the ordered
state and tracing the fate of the magnetic order param-
eters as we increase the strength of the SOC. When the
magnetic order disappears, the system enters the spin-
orbital singlet phase. Both approaches are adopted in
this work. Via a Weiss-type mean-field decoupling, our
Hamiltonian becomes

H
MFT

= H
soc

+
X

hiji

J
1

S
i

· hS
j

i +
X

hhijii

J
2

S
i

· hS
j

i, (4)

where hS
j

i is taken as a mean-field order parameter.
To choose a mean-field ansatz for the order parameter,
we start from the limiting case with a vanishing SOC
such that this limit has been well-understood. Here
we consider the antiferromagnetic couplings J

1

> 0 and
J

2

> 0. It was shown that [20–22], for J
2

/J
1

< 1/8, a
Neél state with an order wavevector q = 0 is obtained;
for J

2

/J
1

> 1/8, the ground state has a spiral configura-
tion, and the degenerate order wavevectors form a spiral
surface [20] in momentum space and satisfy
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When J

2

/J
1

is increased from 1/8, this “spiral surface”
emerges and surrounds q = 0, showing a nearly spherical
geometry. It then touches the boundary of the Brillouin
zone at J

2

/J
1

= 1/4 and develops “holes” on the bound-
ary of the Brillouin zone, as J

2

/J
1

is further increased.
Finally, the spiral surface shrinks to lines corresponding
to the degenerate ground state manifold of two decou-
pled face centered cubic lattices in the limit J

2

/J
1

! 1.
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It was shown that [16–18], for J
2

/J
1

< 1/8, a Neél
state with an order wavevector q = 0 is obtained; for
J

2

/J
1

> 1/8, the ground state has a spiral configuration,
and the degenerate order wavevectors form a spiral sur-
face [16] in momentum space and satisfy
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When J

2

/J
1

is increased from 1/8, this “spiral surface”
emerges and surrounds q = 0, showing a nearly spherical
geometry. It then touches the boundary of the Brillouin
zone at J

2

/J
1

= 1/4 and develops “holes” on the bound-
ary of the Brillouin zone, as J

2

/J
1

is further increased.
Finally, the spiral surface shrinks to lines corresponding
to the degenerate ground state manifold of two decou-
pled face centered cubic lattices in the limit J

2

/J
1

! 1.
This degeneracy is lifted when quantum fluctuation is in-
cluded, giving certain stabilized spiral orders [19, 20]. For
1/8 < J

2

/J
1

< 1/4, the selected wavevectors are along
the [111] direction. For 1/4 < J

2

/J
1

> 1/2, the [111] di-
rection no longer intersects with the spiral surface and the
selected wavevectors are around the [111] direction. This
region is labeled by [111⇤] in Fig. 2. When J

2

/J
1

? 1/2,
quantum fluctuation favors the spiral orders with the
wavevectors along the [001] direction.

From the known results, we set up a general mean-field
ansatz as

r
j

2 I, hS
j

i = M Re
⇥

(x̂� iŷ)eiq·rj
⇤

, (6)

r
j

2 II, hS
j

i = M Re
⇥

(x̂� iŷ)ei(q·rj+�q)

⇤

, (7)

where “I” and “II” refer to the two sublattices of the
diamond lattice, q is the propagating wave vector of the
spin spiral and �q is the phase shift between the two
sublattices [16]. The order parameter M is determined
self-consistently from the mean-field Hamiltonian H

MFT

.

Our phase diagram is depicted in Fig. 2. When SOC
is weak, the magnetic ordered phase is separated into
the Néel order region and the spiral order regions (111,
111⇤ and 001). A transition from magnetic ordered phase
to quantum paramagnet phase occurs when increasing
the strength of SOC. This transition is evidenced by the
vanishing of M and is found to be continuous within
our mean-field theory. The critical strength of SOC is
16(J

1

/3�J
2

) for J
2

/J
1

< 1/8 and J2

1

/(3J
2

) + 16J
2

/3 for
J

2

/J
1

> 1/8. As expected, when the frustration is large,
a smaller critical SOC is needed to drive the transition.
The smallest critical SOC is found at J

2

/J
1

= 1/4.

To explore the critical properties, we start from the
spin-orbital singlet and study its excitations and insta-
bility [15, 21]. Removing the highly excited J = 2 quintu-
plets, we then rewrite our model using a representation
with four flavors of bosons s

i

, t
ix

, t
iy

, t
iz

on each site i

that are defined as
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where the states are labeled |J, Jzi and |0i is the
vacuum state. A local Hilbert space constraint
s†

i

s
i

+
P

↵

t†
i↵

t
i↵

= 1 is imposed with ↵ = x, y, z. In the
spin-orbital singlet phase, the singlet boson s

i

is con-
densed with hs

i

i ⌘ s 6= 0. With the above reformulation
of the spin variables, we obtain a flavor-wave mean-field
Hamiltonian for the triplet excitations,
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where the detailed derivation is given in Ref. 22, and the
triplon excitation is found as
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1
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with J±
q ⌘ J
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P

bi
eiq·bi ± J

1

�
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P

ai
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�

�, and {a
i

}
({b

i

}) refer to the first (second) neighbor vectors. Both
!±(q) are three-fold degenerate and the minimum of
!�(q) is determined by minimizing J�

q . For J
2

/J
1

< 1/8,
a single minimum is realized at the � point, and for
J

2

/J
1

> 1/8, the minima are extensively degenerate and
realized on the “spiral surface”.

The triplon gap is closed at a critical SOC that coin-
cides with the Weiss mean-field result. For J

2

/J
1

> 1/8,
the enhanced density of states at low energies at the crit-
icality implies a specific heat behavior C

v

/ T at low
temperatures [19, 23]. This behavior should be modified
at the zero-temperature limit since the accidental contin-
uous degeneracy in momentum space would be lifted by
fluctuations. On the other hand, for J

2

/J
1

< 1/8, there
is only a single critical mode at the criticality, hence one
expects a conventional C

v

/ T 3 behavior up to a loga-
rithmic correction from fluctuations beyond the mean-
field theory.

Response to magnetic field.—The response to external
magnetic field provides an important and visible charac-
terization of the phase transition from the spin-orbital
singlet to the ordered phase. It is of experimental inter-
est to understand whether the magnetic field enhances
the magnetic order like the case for the dimerized mag-
nets [24] or suppresses the magnetic order like the case
for FeSc

2

S
4

[3, 4, 6, 7]. We consider the Zeeman cou-
pling, H

Zeeman

= �
P

i

B(Lz

i

+ 2Sz

i

), and the mean-field
Hamiltonian becomes H 0

MFT

= H
MFT

+ H
Zeeman

.

With the magnetic field, the mean-field ansatz is

Fundamentally different from dimerized magnets !
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Conical State
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<latexit sha1_base64="Q+0U0lefAGikX3ngNpV6l8Vy86Q=">AAACG3icbVBNS8NAEJ34bfyqevQSLIIXS6IH9SCKXrxZqbViG8pmu61LN5uwOxFrCPgjvNpfIwji1YM/RnD7cdDWBwOP92aYmRfEgmt03S9rYnJqemZ2bt5eWFxaXsmtrl3rKFGUlWkkInUTEM0El6yMHAW7iRUjYSBYJWif9fzKPVOaR/IKOzHzQ9KSvMkpQSPd1pA9YFq6KGX1XN4tuH0448Qbkvzxm330BADFeu671ohoEjKJVBCtq54bo58ShZwKltm1RLOY0DZpsaqhkoRM+2n/4szZMkrDaUbKlESnr/6eSEmodScMTGdI8E6Pej3xP6+aYPPAT7mME2SSDhY1E+Fg5PTedxpcMYqiYwihiptbHXpHFKFoQvqzBXn7MRtTdvYasYgws01e3mg646S8WzgseJdu/uQUBpiDDdiEbfBgH07gHIpQBgoSnuEFulbXerXerY9B64Q1nFmHP7A+fwBp/6SA</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="SAPvm1VgQ76R2j6ah8mamu6OGok=">AAACG3icbVBNT8JAEN3iF+IX6tFLIzHxImn1oN6IXryJwQoRGrLdbmHDdtvsTo3Y9F94lV/jyXj14I8xcYEeBHzJJC/vzWRmnhdzpsCyvo3C0vLK6lpxvbSxubW9U97de1BRIgl1SMQj2fKwopwJ6gADTluxpDj0OG16g+ux33yiUrFI3MMwpm6Ie4IFjGDQ0mMH6DOkjdtG1i1XrKo1gblI7JxUUI56t/zT8SOShFQA4Viptm3F4KZYAiOcZqVOomiMyQD3aFtTgUOq3HRycWYeacU3g0jqEmBO1L8TKQ6VGoae7gwx9NW8Nxb/89oJBBduykScABVkuihIuAmROX7f9JmkBPhQE0wk07eapI8lJqBDmtkCbPCSLSgnZ37MI8hKOi97Pp1F4pxWL6v2nVWpXeXBFdEBOkTHyEbnqIZuUB05iCCBXtEbGhkj4934MD6nrQUjn9lHMzC+fgGvFqKz</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

(b)
<latexit sha1_base64="wC2K27CrQy8JcCERGXjzraHOSkY=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgXvKGll807RGcNeJO6U5Eu5xvEbAJRb2Z9GO6CRzyRSQbSuu06IzZgo5FSwJNOINAsJ7ZMuqxsqic90Mx5fnNiHRmnbnUCZkmiP1b8TMfG1Hvie6fQJ9vS8NxL/8+oRdi6aMZdhhEzSyaJOJGwM7NH7dpsrRlEMDCFUcXOrTXtEEYompJktyPvPyYJyctYORYBJxuTlzqezSCqnxcuie2tyu4IJ0nAAOSiAC+dQghsoQwUoSHiBVxhaQ+vd+rA+J60pazqzDzOwvn4Bkq6j+g==</latexit><latexit sha1_base64="dkEwMi4llKHdfeXTrb/xZIShiAQ=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYG2xDWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAmtk5CHsuliRTkTtA4MOG1GkuLA5bTh9u/GfuOFSsVC8QhJRJ0AdwXzGcGgpec20FdIy+5p1imUrIo1gblM7BkpVYvts8GomtQ6hZ+2F5I4oAIIx0q1bCsCJ8USGOE0y7djRSNM+rhLW5oKHFDlpJOLM/NEK57ph1KXAHOi/p1IcaBUEri6M8DQU4veWPzPa8XgXzspE1EMVJDpIj/mJoTm+H3TY5IS4IkmmEimbzVJD0tMQIc0twVY/y1bUs4vvYiHkOV1XvZiOsukflG5qdgPOrdbNEUOHaMiKiMbXaEqukc1VEcECTRA72hoDI0P49P4mrauGLOZIzQH4/sX3BSlgA==</latexit><latexit sha1_base64="dkEwMi4llKHdfeXTrb/xZIShiAQ=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYG2xDWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAmtk5CHsuliRTkTtA4MOG1GkuLA5bTh9u/GfuOFSsVC8QhJRJ0AdwXzGcGgpec20FdIy+5p1imUrIo1gblM7BkpVYvts8GomtQ6hZ+2F5I4oAIIx0q1bCsCJ8USGOE0y7djRSNM+rhLW5oKHFDlpJOLM/NEK57ph1KXAHOi/p1IcaBUEri6M8DQU4veWPzPa8XgXzspE1EMVJDpIj/mJoTm+H3TY5IS4IkmmEimbzVJD0tMQIc0twVY/y1bUs4vvYiHkOV1XvZiOsukflG5qdgPOrdbNEUOHaMiKiMbXaEqukc1VEcECTRA72hoDI0P49P4mrauGLOZIzQH4/sX3BSlgA==</latexit><latexit sha1_base64="LQ0ocvz//vmc4IHquCzgVYxT/Ao=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK/5J1imV7ao9AV4kTk7KKEe9U/ppBxFNQiaBCqJ1y7Fj8FKigFPBsmI70SwmdEB6rGWoJCHTXjq5OMPHRglwN1KmJOCJ+nciJaHWw9A3nSGBvp73xuJ/XiuB7qWXchknwCSdLuomAkOEx+/jgCtGQQwNIVRxcyumfaIIBRPSzBbgg5dsQTk9D2IRQVY0eTnz6SwS96x6VXXu7HLtOg+ugA7REaogB12gGrpFdeQiiiR6RW9oZI2sd+vD+py2Lln5zAGagfX1Cz+1onE=</latexit>

(c)
<latexit sha1_base64="mF+gU67INKHoEjwgCxwq+5Aer30=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgV6lLSyeafojGEvEndK8qVc4/gNAMqt7E+jHdDIZxKpIFrXXSfEZkwUcipYkmlEmoWE9kmX1Q2VxGe6GY8vTuxDo7TtTqBMSbTH6t+JmPhaD3zPdPoEe3reG4n/efUIOxfNmMswQibpZFEnEjYG9uh9u80VoygGhhCquLnVpj2iCEUT0swW5P3nZEE5OWuHIsAkY/Jy59NZJJXT4mXRvTW5XcEEaTiAHBTAhXMowQ2UoQIUJLzAKwytofVufVifk9aUNZ3ZhxlYX7+UXqP7</latexit><latexit sha1_base64="CQTiEwFrccvtj9OOGKjkU+cKIjg=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkSE7TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L3cSlgQ==</latexit><latexit sha1_base64="CQTiEwFrccvtj9OOGKjkU+cKIjg=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkSE7TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L3cSlgQ==</latexit><latexit sha1_base64="LRxRsJnnsJGCN0tiA8i8kDP6TY0=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK/Qk65TKdtWeAC8SJydllKPeKf20g4gmIZNABdG65dgxeClRwKlgWbGdaBYTOiA91jJUkpBpL51cnOFjowS4GylTEvBE/TuRklDrYeibzpBAX897Y/E/r5VA99JLuYwTYJJOF3UTgSHC4/dxwBWjIIaGEKq4uRXTPlGEgglpZgvwwUu2oJyeB7GIICuavJz5dBaJe1a9qjp3drl2nQdXQIfoCFWQgy5QDd2iOnIRRRK9ojc0skbWu/VhfU5bl6x85gDNwPr6BUFlonI=</latexit>

(d)
<latexit sha1_base64="KWIXbyGnMsRRpul9zxFAUvMpjS8=">AAACG3icbVBNS8NAEJ34WetX1aOXYBEUsSR6UG9FLx4rGBWbIJvNtl262YTdiVhD/oVXiz/Gk3j14I8R3LYetPXBwOO9GWbmhangGh3n05qanpmdmy8tlBeXlldWK2vrVzrJFGUeTUSibkKimeCSechRsJtUMRKHgl2H3bOBf33PlOaJvMReyoKYtCVvcUrQSLc+sgfMd6Ld4q5SdWrOEPYkcX9Itb7l770AQOOu8uVHCc1iJpEKonXTdVIMcqKQU8GKsp9plhLaJW3WNFSSmOkgH15c2NtGiexWokxJtIfq74mcxFr34tB0xgQ7etwbiP95zQxbx0HOZZohk3S0qJUJGxN78L4dccUoip4hhCpubrVphyhC0YT0Zwvy7mMxoewfRqlIsCibvNzxdCaJd1A7qbkXJrdTGKEEm7AFO+DCEdThHBrgAQUJT/AMfatvvVpv1vuodcr6mdmAP7A+vgGWDqP8</latexit><latexit sha1_base64="vZAKKfBnKvonP2VlEPPqoxwWYOg=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYGyxLWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/buxX3+hUrFQPEIS0XaAu4L5jGDQ0nML6CukZe806xRKVsWawFwm9oyUqsXW2WBUTWqdwk/LC0kcUAGEY6WathVBO8USGOE0y7diRSNM+rhLm5oKHFDVTicXZ+aJVjzTD6UuAeZE/TuR4kCpJHB1Z4Chpxa9sfif14zBv26nTEQxUEGmi/yYmxCa4/dNj0lKgCeaYCKZvtUkPSwxAR3S3BZg/bdsSTm/9CIeQpbXedmL6SwT56JyU7EfdG63aIocOkZFVEY2ukJVdI9qyEEECTRA72hoDI0P49P4mrauGLOZIzQH4/sX33Slgg==</latexit><latexit sha1_base64="vZAKKfBnKvonP2VlEPPqoxwWYOg=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYGyxLWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/buxX3+hUrFQPEIS0XaAu4L5jGDQ0nML6CukZe806xRKVsWawFwm9oyUqsXW2WBUTWqdwk/LC0kcUAGEY6WathVBO8USGOE0y7diRSNM+rhLm5oKHFDVTicXZ+aJVjzTD6UuAeZE/TuR4kCpJHB1Z4Chpxa9sfif14zBv26nTEQxUEGmi/yYmxCa4/dNj0lKgCeaYCKZvtUkPSwxAR3S3BZg/bdsSTm/9CIeQpbXedmL6SwT56JyU7EfdG63aIocOkZFVEY2ukJVdI9qyEEECTRA72hoDI0P49P4mrauGLOZIzQH4/sX33Slgg==</latexit><latexit sha1_base64="Jfhv5Ip7ZdDqHGnfpPJ4R2utBPY=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK8FJ1imV7ao9AV4kTk7KKEe9U/ppBxFNQiaBCqJ1y7Fj8FKigFPBsmI70SwmdEB6rGWoJCHTXjq5OMPHRglwN1KmJOCJ+nciJaHWw9A3nSGBvp73xuJ/XiuB7qWXchknwCSdLuomAkOEx+/jgCtGQQwNIVRxcyumfaIIBRPSzBbgg5dsQTk9D2IRQVY0eTnz6SwS96x6VXXu7HLtOg+ugA7REaogB12gGrpFdeQiiiR6RW9oZI2sd+vD+py2Lln5zAGagfX1C0MVonM=</latexit>

(e)
<latexit sha1_base64="I35wmIpdh19Smn54yMszNYlH7xA=">AAACG3icbVDLSgNBEOyN7/iKevSyJAiKGHb1oN5ELx4VjBGTILOTTjJkdnaZ6RXjsn/hVfFjPIlXD36M4ORx0MSChqKqm+6uIJbCkOd9Obmp6ZnZufmF/OLS8spqYW392kSJ5ljhkYz0TcAMSqGwQoIk3sQaWRhIrAbds75fvUdtRKSuqBdjI2RtJVqCM7LSbZ3wgdJt3MnuCiWv7A3gThJ/REonxfruKwBc3BW+682IJyEq4pIZU/O9mBop0yS4xCxfTwzGjHdZG2uWKhaiaaSDizN3yypNtxVpW4rcgfp7ImWhMb0wsJ0ho44Z9/rif14todZRIxUqTggVHy5qJdKlyO2/7zaFRk6yZwnjWthbXd5hmnGyIf3ZQqL7mE0oewfNWEaU5W1e/ng6k6SyXz4u+5c2t1MYYh42oQjb4MMhnMA5XEAFOCh4gmd4cV6cN+fd+Ri25pzRzAb8gfP5A5e+o/0=</latexit><latexit sha1_base64="Pfm7kjl7mWmuILO8+R5wPsxGxas=">AAACG3icbVDLTgJBEJz1ifhCPXrZQEwwRrKrB/VG9OIRExEiEDI7NDBhdnYz02vEzf4FV/kaT8arBz7GxOFxELCSTipV3enu8kLBNTrOyFpZXVvf2Extpbd3dvf2MweHTzqIFIMyC0Sgqh7VILiEMnIUUA0VUN8TUPF6d2O/8gJK80A+Yj+Ehk87krc5o2ik5zrCK8Z5OE2amZxTcCawl4k7I7litn42GBX7pWbmp94KWOSDRCao1jXXCbERU4WcCUjS9UhDSFmPdqBmqKQ+6EY8uTixT4zSstuBMiXRnqh/J2Lqa933PdPpU+zqRW8s/ufVImxfN2IuwwhBsumidiRsDOzx+3aLK2Ao+oZQpri51WZdqihDE9LcFuS9t2RJOb9shSLAJG3ychfTWSbli8JNwX0wud2SKVLkmGRJnrjkihTJPSmRMmFEkgF5J0NraH1Yn9bXtHXFms0ckTlY37/hJKWD</latexit><latexit sha1_base64="Pfm7kjl7mWmuILO8+R5wPsxGxas=">AAACG3icbVDLTgJBEJz1ifhCPXrZQEwwRrKrB/VG9OIRExEiEDI7NDBhdnYz02vEzf4FV/kaT8arBz7GxOFxELCSTipV3enu8kLBNTrOyFpZXVvf2Extpbd3dvf2MweHTzqIFIMyC0Sgqh7VILiEMnIUUA0VUN8TUPF6d2O/8gJK80A+Yj+Ehk87krc5o2ik5zrCK8Z5OE2amZxTcCawl4k7I7litn42GBX7pWbmp94KWOSDRCao1jXXCbERU4WcCUjS9UhDSFmPdqBmqKQ+6EY8uTixT4zSstuBMiXRnqh/J2Lqa933PdPpU+zqRW8s/ufVImxfN2IuwwhBsumidiRsDOzx+3aLK2Ao+oZQpri51WZdqihDE9LcFuS9t2RJOb9shSLAJG3ychfTWSbli8JNwX0wud2SKVLkmGRJnrjkihTJPSmRMmFEkgF5J0NraH1Yn9bXtHXFms0ckTlY37/hJKWD</latexit><latexit sha1_base64="wnWsLZ0ob5QiJdwm60q+VkhC0Kg=">AAACG3icbVBNS8NAEN34WetX1aOXYBHqwZLoQb0VvXisYG2xDWWzmbZLN5uwOxFryL/wan+NJ/HqwR8juP042NYHA4/3ZpiZ58eCa3Scb2tpeWV1bT23kd/c2t7ZLeztP+goUQxqLBKRavhUg+ASashRQCNWQENfQN3v34z8+hMozSN5j4MYvJB2Je9wRtFIjy2EZ0xLcJK1C0Wn7IxhLxJ3Sopkimq78NMKIpaEIJEJqnXTdWL0UqqQMwFZvpVoiCnr0y40DZU0BO2l44sz+9gogd2JlCmJ9lj9O5HSUOtB6JvOkGJPz3sj8T+vmWDn0ku5jBMEySaLOomwMbJH79sBV8BQDAyhTHFzq816VFGGJqSZLcj7L9mCcnoexCLCLG/ycufTWSS1s/JV2b1zipXraXA5ckiOSIm45IJUyC2pkhphRJJX8kaG1tB6tz6sz0nrkjWdOSAzsL5+AUTFonQ=</latexit>

M
z

<latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit>

M?
<latexit sha1_base64="bBBPQSIbCx+Ysw/c6OXKL1FCEro=">AAACJ3icbVDLSgNBEOyNrxhf8YEXL4tB8GLY1YN6C3rxIiRgTCAJcXYySYbM7g4zvUKy7L94NV/jSfQi+CGCk8fBJBY0FFXddFGeFFyj43xaqaXlldW19HpmY3Nreye7u/eow0hRVqahCFXVI5oJHrAychSsKhUjvidYxevdjvzKM1Oah8ED9iVr+KQT8DanBI3UzB7EdZ9g1/Pi+6QZ1yVTMkma2ZyTd8awF4k7JbnCYenrCQCKzexPvRXSyGcBUkG0rrmOxEZMFHIqWJKpR5pJQnukw2qGBsRnuhGP0yf2iVFadjtUZgK0x+rfi5j4Wvd9z2yOoup5byT+59UibF81Yh7ICFlAJ4/akbAxtEdV2C2uGEXRN4RQxU1Wm3aJIhRNYTNfkPcGyYJydtGSIsQkY/py59tZJOXz/HXeLZnebmCCNBzBMZyCC5dQgDsoQhkoDOAFXmFoDa036936mKymrOnNPszA+v4FGT6pkA==</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="vvXHW/iiKlDXd+F6KPG6DwHprb4=">AAACJ3icbVDLSsNAFJ3UV62v+Ni5CRbBjSXRhborunEjVDC20IQymU7boZNkmLkR2pB/cWu/xpXo0g8RnLRZ2NYDFw7n3Ms9nEBwpsC2v4zSyura+kZ5s7K1vbO7Z+4fPKs4kYS6JOaxbAVYUc4i6gIDTltCUhwGnDaD4V3uN1+oVCyOnmAkqB/ifsR6jGDQUsc8Sr0QwyAI0oesk3qCSpFlHbNq1+wprGXiFKSKCjQ65o/XjUkS0ggIx0q1HVuAn2IJjHCaVbxEUYHJEPdpW9MIh1T56TR9Zp1qpWv1YqknAmuq/r1IcajUKAz0Zh5VLXq5+J/XTqB37acsEgnQiMwe9RJuQWzlVVhdJikBPtIEE8l0VosMsMQEdGFzX4ANx9mScn7ZFTyGrKL7chbbWSbuRe2m5jza1fptUVwZHaMTdIYcdIXq6B41kIsIGqNX9IYmxsR4Nz6Mz9lqyShuDtEcjO9fOwWnqw==</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

B/J1

<latexit sha1_base64="MpAqzlZtDnePluUJO7W3NUBrxvk=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIke1FvRi8cKxhbaUDabbbt0sxt2J0IN+QVe7a/x5NV/4I8R3LY52NYHA4/3ZpiZF6WCG/C8b2dtfWNza7uy4+7u7R8cVt2jZ6MyTVlAlVC6HRHDBJcsAA6CtVPNSBIJ1opG91O/9cK04Uo+wThlYUIGkvc5JWClR69XrXl1bwa8SvyS1FCJZq/6040VzRImgQpiTMf3UghzooFTwQq3mxmWEjoiA9axVJKEmTCfHVrgM6vEuK+0LQl4pv6dyElizDiJbGdCYGiWvan4n9fJoH8T5lymGTBJ54v6mcCg8PRrHHPNKIixJYRqbm/FdEg0oWCzWdgCfPRarCgXV3EqFBSuzctfTmeVBJf127pfa9yVsVXQCTpF58hH16iBHlATBYgiht7QO5o4E+fD+Zw3rjnlxDFagPP1CxrPnSs=</latexit> <latexit sha1_base64="UyXpixL2MM9sfb+CUX1c+0Qyabo=">AAACEnicbVBNS8NAEN34WetX1aOXxSJ4sSQqqOCh4MVjC8YW2lA2m027dJMNuxOhhvwCr/bXeBKv/gF/jOC2zcG2Phh4vDfDzDw/EVyDbX9bK6tr6xubpa3y9s7u3n7l4PBJy1RR5lIppGr7RDPBY+YCB8HaiWIk8gVr+cP7id96ZkpzGT/CKGFeRPoxDzklYKTmVa9StWv2FHiZOAWpogKNXuWnG0iaRiwGKojWHcdOwMuIAk4Fy8vdVLOE0CHps46hMYmY9rLpoTk+NUqAQ6lMxYCn6t+JjERajyLfdEYEBnrRm4j/eZ0Uwhsv43GSAovpbFGYCgwST77GAVeMghgZQqji5lZMB0QRCiabuS3Ahy/5knJ+GSRCQl42eTmL6SwT96J2W3OadrV+VwRXQsfoBJ0hB12jOnpADeQiihh6RW9obI2td+vD+py1rljFzBGag/X1C9RVnnk=</latexit> <latexit sha1_base64="wtWuSPJcBf04AOlBaBaYgCNwzE0=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLowQoeCl48tmC00Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0ePWqaKUI9ILlUnwJpyJqgHDDjtJIriOOD0KRjdTf2nZ6o0k+IBxgn1YzwQLGIEg5HajX615tSdGexV4hakhgq0+tWfXihJGlMBhGOtu66TgJ9hBYxwmld6qaYJJiM8oF1DBY6p9rPZobl9ZpTQjqQyJcCeqX8nMhxrPY4D0xljGOplbyr+53VTiBp+xkSSAhVkvihKuQ3Snn5th0xRAnxsCCaKmVttMsQKEzDZLGwBNnrJV5SLqzDhEvKKyctdTmeVeJf1m7rbdmrN2yK4MjpBp+gcuegaNdE9aiEPEUTRK3pDE2tivVsf1ue8tWQVM8doAdbXL9sNnn0=</latexit> <latexit sha1_base64="T7wkDklobHLOTaMcwh9APYIUgiI=">AAACE3icbVBNS8NAEN34WetX1aOXYBG8WJJ6UMFDwYvHKsYW2lA2m027dLMbdidCDfkHXu2v8SRe/QH+GMFtm4NtfTDweG+GmXlBwpkGx/m2VlbX1jc2S1vl7Z3dvf3KweGTlqki1COSS9UOsKacCeoBA07biaI4DjhtBcPbid96pkozKR5hlFA/xn3BIkYwGOnBrfcqVafmTGEvE7cgVVSg2av8dENJ0pgKIBxr3XGdBPwMK2CE07zcTTVNMBniPu0YKnBMtZ9NL83tU6OEdiSVKQH2VP07keFY61EcmM4Yw0AvehPxP6+TQnTlZ0wkKVBBZouilNsg7cnbdsgUJcBHhmCimLnVJgOsMAETztwWYMOXfEk5vwgTLiEvm7zcxXSWiVevXdfce6fauCmCK6FjdILOkIsuUQPdoSbyEEERekVvaGyNrXfrw/qcta5YxcwRmoP19QtIlZ6y</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>(b)
<latexit sha1_base64="wC2K27CrQy8JcCERGXjzraHOSkY=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgXvKGll807RGcNeJO6U5Eu5xvEbAJRb2Z9GO6CRzyRSQbSuu06IzZgo5FSwJNOINAsJ7ZMuqxsqic90Mx5fnNiHRmnbnUCZkmiP1b8TMfG1Hvie6fQJ9vS8NxL/8+oRdi6aMZdhhEzSyaJOJGwM7NH7dpsrRlEMDCFUcXOrTXtEEYompJktyPvPyYJyctYORYBJxuTlzqezSCqnxcuie2tyu4IJ0nAAOSiAC+dQghsoQwUoSHiBVxhaQ+vd+rA+J60pazqzDzOwvn4Bkq6j+g==</latexit><latexit sha1_base64="dkEwMi4llKHdfeXTrb/xZIShiAQ=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYG2xDWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAmtk5CHsuliRTkTtA4MOG1GkuLA5bTh9u/GfuOFSsVC8QhJRJ0AdwXzGcGgpec20FdIy+5p1imUrIo1gblM7BkpVYvts8GomtQ6hZ+2F5I4oAIIx0q1bCsCJ8USGOE0y7djRSNM+rhLW5oKHFDlpJOLM/NEK57ph1KXAHOi/p1IcaBUEri6M8DQU4veWPzPa8XgXzspE1EMVJDpIj/mJoTm+H3TY5IS4IkmmEimbzVJD0tMQIc0twVY/y1bUs4vvYiHkOV1XvZiOsukflG5qdgPOrdbNEUOHaMiKiMbXaEqukc1VEcECTRA72hoDI0P49P4mrauGLOZIzQH4/sX3BSlgA==</latexit><latexit sha1_base64="dkEwMi4llKHdfeXTrb/xZIShiAQ=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYG2xDWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAmtk5CHsuliRTkTtA4MOG1GkuLA5bTh9u/GfuOFSsVC8QhJRJ0AdwXzGcGgpec20FdIy+5p1imUrIo1gblM7BkpVYvts8GomtQ6hZ+2F5I4oAIIx0q1bCsCJ8USGOE0y7djRSNM+rhLW5oKHFDlpJOLM/NEK57ph1KXAHOi/p1IcaBUEri6M8DQU4veWPzPa8XgXzspE1EMVJDpIj/mJoTm+H3TY5IS4IkmmEimbzVJD0tMQIc0twVY/y1bUs4vvYiHkOV1XvZiOsukflG5qdgPOrdbNEUOHaMiKiMbXaEqukc1VEcECTRA72hoDI0P49P4mrauGLOZIzQH4/sX3BSlgA==</latexit><latexit sha1_base64="LQ0ocvz//vmc4IHquCzgVYxT/Ao=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK/5J1imV7ao9AV4kTk7KKEe9U/ppBxFNQiaBCqJ1y7Fj8FKigFPBsmI70SwmdEB6rGWoJCHTXjq5OMPHRglwN1KmJOCJ+nciJaHWw9A3nSGBvp73xuJ/XiuB7qWXchknwCSdLuomAkOEx+/jgCtGQQwNIVRxcyumfaIIBRPSzBbgg5dsQTk9D2IRQVY0eTnz6SwS96x6VXXu7HLtOg+ugA7REaogB12gGrpFdeQiiiR6RW9oZI2sd+vD+py2Lln5zAGagfX1Cz+1onE=</latexit>

(c)
<latexit sha1_base64="mF+gU67INKHoEjwgCxwq+5Aer30=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgV6lLSyeafojGEvEndK8qVc4/gNAMqt7E+jHdDIZxKpIFrXXSfEZkwUcipYkmlEmoWE9kmX1Q2VxGe6GY8vTuxDo7TtTqBMSbTH6t+JmPhaD3zPdPoEe3reG4n/efUIOxfNmMswQibpZFEnEjYG9uh9u80VoygGhhCquLnVpj2iCEUT0swW5P3nZEE5OWuHIsAkY/Jy59NZJJXT4mXRvTW5XcEEaTiAHBTAhXMowQ2UoQIUJLzAKwytofVufVifk9aUNZ3ZhxlYX7+UXqP7</latexit><latexit sha1_base64="CQTiEwFrccvtj9OOGKjkU+cKIjg=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkSE7TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L3cSlgQ==</latexit><latexit sha1_base64="CQTiEwFrccvtj9OOGKjkU+cKIjg=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkSE7TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L3cSlgQ==</latexit><latexit sha1_base64="LRxRsJnnsJGCN0tiA8i8kDP6TY0=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK/Qk65TKdtWeAC8SJydllKPeKf20g4gmIZNABdG65dgxeClRwKlgWbGdaBYTOiA91jJUkpBpL51cnOFjowS4GylTEvBE/TuRklDrYeibzpBAX897Y/E/r5VA99JLuYwTYJJOF3UTgSHC4/dxwBWjIIaGEKq4uRXTPlGEgglpZgvwwUu2oJyeB7GIICuavJz5dBaJe1a9qjp3drl2nQdXQIfoCFWQgy5QDd2iOnIRRRK9ojc0skbWu/VhfU5bl6x85gDNwPr6BUFlonI=</latexit>

(d)
<latexit sha1_base64="KWIXbyGnMsRRpul9zxFAUvMpjS8=">AAACG3icbVBNS8NAEJ34WetX1aOXYBEUsSR6UG9FLx4rGBWbIJvNtl262YTdiVhD/oVXiz/Gk3j14I8R3LYetPXBwOO9GWbmhangGh3n05qanpmdmy8tlBeXlldWK2vrVzrJFGUeTUSibkKimeCSechRsJtUMRKHgl2H3bOBf33PlOaJvMReyoKYtCVvcUrQSLc+sgfMd6Ld4q5SdWrOEPYkcX9Itb7l770AQOOu8uVHCc1iJpEKonXTdVIMcqKQU8GKsp9plhLaJW3WNFSSmOkgH15c2NtGiexWokxJtIfq74mcxFr34tB0xgQ7etwbiP95zQxbx0HOZZohk3S0qJUJGxN78L4dccUoip4hhCpubrVphyhC0YT0Zwvy7mMxoewfRqlIsCibvNzxdCaJd1A7qbkXJrdTGKEEm7AFO+DCEdThHBrgAQUJT/AMfatvvVpv1vuodcr6mdmAP7A+vgGWDqP8</latexit><latexit sha1_base64="vZAKKfBnKvonP2VlEPPqoxwWYOg=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYGyxLWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/buxX3+hUrFQPEIS0XaAu4L5jGDQ0nML6CukZe806xRKVsWawFwm9oyUqsXW2WBUTWqdwk/LC0kcUAGEY6WathVBO8USGOE0y7diRSNM+rhLm5oKHFDVTicXZ+aJVjzTD6UuAeZE/TuR4kCpJHB1Z4Chpxa9sfif14zBv26nTEQxUEGmi/yYmxCa4/dNj0lKgCeaYCKZvtUkPSwxAR3S3BZg/bdsSTm/9CIeQpbXedmL6SwT56JyU7EfdG63aIocOkZFVEY2ukJVdI9qyEEECTRA72hoDI0P49P4mrauGLOZIzQH4/sX33Slgg==</latexit><latexit sha1_base64="vZAKKfBnKvonP2VlEPPqoxwWYOg=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYGyxLWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/buxX3+hUrFQPEIS0XaAu4L5jGDQ0nML6CukZe806xRKVsWawFwm9oyUqsXW2WBUTWqdwk/LC0kcUAGEY6WathVBO8USGOE0y7diRSNM+rhLm5oKHFDVTicXZ+aJVjzTD6UuAeZE/TuR4kCpJHB1Z4Chpxa9sfif14zBv26nTEQxUEGmi/yYmxCa4/dNj0lKgCeaYCKZvtUkPSwxAR3S3BZg/bdsSTm/9CIeQpbXedmL6SwT56JyU7EfdG63aIocOkZFVEY2ukJVdI9qyEEECTRA72hoDI0P49P4mrauGLOZIzQH4/sX33Slgg==</latexit><latexit sha1_base64="Jfhv5Ip7ZdDqHGnfpPJ4R2utBPY=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK8FJ1imV7ao9AV4kTk7KKEe9U/ppBxFNQiaBCqJ1y7Fj8FKigFPBsmI70SwmdEB6rGWoJCHTXjq5OMPHRglwN1KmJOCJ+nciJaHWw9A3nSGBvp73xuJ/XiuB7qWXchknwCSdLuomAkOEx+/jgCtGQQwNIVRxcyumfaIIBRPSzBbgg5dsQTk9D2IRQVY0eTnz6SwS96x6VXXu7HLtOg+ugA7REaogB12gGrpFdeQiiiR6RW9oZI2sd+vD+py2Lln5zAGagfX1C0MVonM=</latexit>

(e)
<latexit sha1_base64="I35wmIpdh19Smn54yMszNYlH7xA=">AAACG3icbVDLSgNBEOyN7/iKevSyJAiKGHb1oN5ELx4VjBGTILOTTjJkdnaZ6RXjsn/hVfFjPIlXD36M4ORx0MSChqKqm+6uIJbCkOd9Obmp6ZnZufmF/OLS8spqYW392kSJ5ljhkYz0TcAMSqGwQoIk3sQaWRhIrAbds75fvUdtRKSuqBdjI2RtJVqCM7LSbZ3wgdJt3MnuCiWv7A3gThJ/REonxfruKwBc3BW+682IJyEq4pIZU/O9mBop0yS4xCxfTwzGjHdZG2uWKhaiaaSDizN3yypNtxVpW4rcgfp7ImWhMb0wsJ0ho44Z9/rif14todZRIxUqTggVHy5qJdKlyO2/7zaFRk6yZwnjWthbXd5hmnGyIf3ZQqL7mE0oewfNWEaU5W1e/ng6k6SyXz4u+5c2t1MYYh42oQjb4MMhnMA5XEAFOCh4gmd4cV6cN+fd+Ri25pzRzAb8gfP5A5e+o/0=</latexit><latexit sha1_base64="Pfm7kjl7mWmuILO8+R5wPsxGxas=">AAACG3icbVDLTgJBEJz1ifhCPXrZQEwwRrKrB/VG9OIRExEiEDI7NDBhdnYz02vEzf4FV/kaT8arBz7GxOFxELCSTipV3enu8kLBNTrOyFpZXVvf2Extpbd3dvf2MweHTzqIFIMyC0Sgqh7VILiEMnIUUA0VUN8TUPF6d2O/8gJK80A+Yj+Ehk87krc5o2ik5zrCK8Z5OE2amZxTcCawl4k7I7litn42GBX7pWbmp94KWOSDRCao1jXXCbERU4WcCUjS9UhDSFmPdqBmqKQ+6EY8uTixT4zSstuBMiXRnqh/J2Lqa933PdPpU+zqRW8s/ufVImxfN2IuwwhBsumidiRsDOzx+3aLK2Ao+oZQpri51WZdqihDE9LcFuS9t2RJOb9shSLAJG3ychfTWSbli8JNwX0wud2SKVLkmGRJnrjkihTJPSmRMmFEkgF5J0NraH1Yn9bXtHXFms0ckTlY37/hJKWD</latexit><latexit sha1_base64="Pfm7kjl7mWmuILO8+R5wPsxGxas=">AAACG3icbVDLTgJBEJz1ifhCPXrZQEwwRrKrB/VG9OIRExEiEDI7NDBhdnYz02vEzf4FV/kaT8arBz7GxOFxELCSTipV3enu8kLBNTrOyFpZXVvf2Extpbd3dvf2MweHTzqIFIMyC0Sgqh7VILiEMnIUUA0VUN8TUPF6d2O/8gJK80A+Yj+Ehk87krc5o2ik5zrCK8Z5OE2amZxTcCawl4k7I7litn42GBX7pWbmp94KWOSDRCao1jXXCbERU4WcCUjS9UhDSFmPdqBmqKQ+6EY8uTixT4zSstuBMiXRnqh/J2Lqa933PdPpU+zqRW8s/ufVImxfN2IuwwhBsumidiRsDOzx+3aLK2Ao+oZQpri51WZdqihDE9LcFuS9t2RJOb9shSLAJG3ychfTWSbli8JNwX0wud2SKVLkmGRJnrjkihTJPSmRMmFEkgF5J0NraH1Yn9bXtHXFms0ckTlY37/hJKWD</latexit><latexit sha1_base64="wnWsLZ0ob5QiJdwm60q+VkhC0Kg=">AAACG3icbVBNS8NAEN34WetX1aOXYBHqwZLoQb0VvXisYG2xDWWzmbZLN5uwOxFryL/wan+NJ/HqwR8juP042NYHA4/3ZpiZ58eCa3Scb2tpeWV1bT23kd/c2t7ZLeztP+goUQxqLBKRavhUg+ASashRQCNWQENfQN3v34z8+hMozSN5j4MYvJB2Je9wRtFIjy2EZ0xLcJK1C0Wn7IxhLxJ3Sopkimq78NMKIpaEIJEJqnXTdWL0UqqQMwFZvpVoiCnr0y40DZU0BO2l44sz+9gogd2JlCmJ9lj9O5HSUOtB6JvOkGJPz3sj8T+vmWDn0ku5jBMEySaLOomwMbJH79sBV8BQDAyhTHFzq816VFGGJqSZLcj7L9mCcnoexCLCLG/ycufTWSS1s/JV2b1zipXraXA5ckiOSIm45IJUyC2pkhphRJJX8kaG1tB6tz6sz0nrkjWdOSAzsL5+AUTFonQ=</latexit>

M
z

<latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit>

M?
<latexit sha1_base64="bBBPQSIbCx+Ysw/c6OXKL1FCEro=">AAACJ3icbVDLSgNBEOyNrxhf8YEXL4tB8GLY1YN6C3rxIiRgTCAJcXYySYbM7g4zvUKy7L94NV/jSfQi+CGCk8fBJBY0FFXddFGeFFyj43xaqaXlldW19HpmY3Nreye7u/eow0hRVqahCFXVI5oJHrAychSsKhUjvidYxevdjvzKM1Oah8ED9iVr+KQT8DanBI3UzB7EdZ9g1/Pi+6QZ1yVTMkma2ZyTd8awF4k7JbnCYenrCQCKzexPvRXSyGcBUkG0rrmOxEZMFHIqWJKpR5pJQnukw2qGBsRnuhGP0yf2iVFadjtUZgK0x+rfi5j4Wvd9z2yOoup5byT+59UibF81Yh7ICFlAJ4/akbAxtEdV2C2uGEXRN4RQxU1Wm3aJIhRNYTNfkPcGyYJydtGSIsQkY/py59tZJOXz/HXeLZnebmCCNBzBMZyCC5dQgDsoQhkoDOAFXmFoDa036936mKymrOnNPszA+v4FGT6pkA==</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="vvXHW/iiKlDXd+F6KPG6DwHprb4=">AAACJ3icbVDLSsNAFJ3UV62v+Ni5CRbBjSXRhborunEjVDC20IQymU7boZNkmLkR2pB/cWu/xpXo0g8RnLRZ2NYDFw7n3Ms9nEBwpsC2v4zSyura+kZ5s7K1vbO7Z+4fPKs4kYS6JOaxbAVYUc4i6gIDTltCUhwGnDaD4V3uN1+oVCyOnmAkqB/ifsR6jGDQUsc8Sr0QwyAI0oesk3qCSpFlHbNq1+wprGXiFKSKCjQ65o/XjUkS0ggIx0q1HVuAn2IJjHCaVbxEUYHJEPdpW9MIh1T56TR9Zp1qpWv1YqknAmuq/r1IcajUKAz0Zh5VLXq5+J/XTqB37acsEgnQiMwe9RJuQWzlVVhdJikBPtIEE8l0VosMsMQEdGFzX4ANx9mScn7ZFTyGrKL7chbbWSbuRe2m5jza1fptUVwZHaMTdIYcdIXq6B41kIsIGqNX9IYmxsR4Nz6Mz9lqyShuDtEcjO9fOwWnqw==</latexit>
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Conical State
<latexit sha1_base64="OQ6GzaNh3mnj/OLp3brlu43S/rE=">AAACJ3icbZC/bhNBEMbnkhCMgXAJdGlWsZBosO6gAIooFm4ojYjjSLZl7a3Hzsp7u6fdORT7dBKPQotfhJYqCiUPgsT6TxHHfNJIn34zoxl9Saakoyj6Hezs7j3Yf1h5VH385OnBs/Dw6MKZ3ApsC6OMvUy4QyU1tkmSwsvMIk8ThZ1k0lz0O1/ROmn0OU0z7Kd8rOVICk4eDcIXPcJrKppGe6TYF+KE5SCsRfVoKbZt4rWpnf2snn4DgNYg/NsbGpGnqEko7lw3jjLqF9ySFArLai93mHEx4WPseqt5iq5fLL8v2UtPhmxkrC9NbEnvbhQ8dW6aJn4y5XTl7vcW8H+9bk6j9/1C6iwn1GJ1aJQrRoYtomBDaVGQmnrDhZX+VyauuOWCfGAbV0hOZuUWef12mClDZdXnFd9PZ9u039Q/1OPPUa3xEVaqwDGcwCuI4R004BO0oA0CZvAdfsA8mAe/gpvgdjW6E6x3nsOGgj//AB/fqPo=</latexit><latexit sha1_base64="G8sXsuNdndSU4jib16Zzv3K05As=">AAACJ3icbZA9SwNBEIb3/Pb8ih+dzWIQbAx3WqiFKNpYKhoVkhD2NhNdsrd77M6JyXH/RbDSP2Jr5UfpDxHcJBZqfGHg5ZkZZnijRAqLQfDuDQ2PjI6NT0z6U9Mzs3OF+YVzq1PDocy11OYyYhakUFBGgRIuEwMsjiRcRK3Dbv/iBowVWp1hO4FazK6UaArO0KF6YamKcIvZoVYOSXqKDCGvF4pBKeiJDprw2xT3nvzd5P7VP64XPqsNzdMYFHLJrK2EQYK1jBkUXELuV1MLCeMtdgUVZxWLwday3vc5XXWkQZvauFJIe/TnRsZia9tx5CZjhtf2b68L/+tVUmxu1zKhkhRB8f6hZiopatqNgjaEAY6y7QzjRrhfKb9mhnF0gf26gqLVyQfI+mYjkRpz3+UV/k1n0JQ3Sjul8CQo7h+QvibIMlkhayQkW2SfHJFjUiacdMgdeSCP3qP37L14b/3RIe97Z5H8kvfxBU52qm4=</latexit><latexit sha1_base64="G8sXsuNdndSU4jib16Zzv3K05As=">AAACJ3icbZA9SwNBEIb3/Pb8ih+dzWIQbAx3WqiFKNpYKhoVkhD2NhNdsrd77M6JyXH/RbDSP2Jr5UfpDxHcJBZqfGHg5ZkZZnijRAqLQfDuDQ2PjI6NT0z6U9Mzs3OF+YVzq1PDocy11OYyYhakUFBGgRIuEwMsjiRcRK3Dbv/iBowVWp1hO4FazK6UaArO0KF6YamKcIvZoVYOSXqKDCGvF4pBKeiJDprw2xT3nvzd5P7VP64XPqsNzdMYFHLJrK2EQYK1jBkUXELuV1MLCeMtdgUVZxWLwday3vc5XXWkQZvauFJIe/TnRsZia9tx5CZjhtf2b68L/+tVUmxu1zKhkhRB8f6hZiopatqNgjaEAY6y7QzjRrhfKb9mhnF0gf26gqLVyQfI+mYjkRpz3+UV/k1n0JQ3Sjul8CQo7h+QvibIMlkhayQkW2SfHJFjUiacdMgdeSCP3qP37L14b/3RIe97Z5H8kvfxBU52qm4=</latexit><latexit sha1_base64="3qsbyOw9dTIPRZ+UVUECDcYKv6I=">AAACJ3icbZDLSgNBEEV74ju+4mPnpjEIbgwzulB3QTcuFY0RkhB6OhXTpKd76K4Rk2H+xa1+jSvRpR8i2HksTOKFgsupKqq4YSyFRd//8nJz8wuLS8sr+dW19Y3Nwtb2vdWJ4VDhWmrzEDILUiiooEAJD7EBFoUSqmH3ctCvPoGxQqs77MXQiNijEm3BGTrULOzWEZ4xvdTKIUlvkSFkzULRL/lD0VkTjE2RjHXdLPzUW5onESjkkllbC/wYGykzKLiELF9PLMSMd9kj1JxVLALbSIffZ/TAkRZta+NKIR3Svxspi6ztRaGbjBh27HRvAP/r1RJsnzVSoeIEQfHRoXYiKWo6iIK2hAGOsucM40a4XynvMMM4usAmrqDo9rMZcnTSiqXGLO/yCqbTmTWV49J5Kbjxi+WLcXDLZI/sk0MSkFNSJlfkmlQIJ33yQl7Jm/fmvXsf3udoNOeNd3bIhLzvX2T2py0=</latexit>

(a)
<latexit sha1_base64="5O9iReoy+dZfeY2OqzW1YV07wYk=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgVylLSyeafojGEvEndK8qVc4/gNAMqt7E+jHdDIZxKpIFrXXSfEZkwUcipYkmlEmoWE9kmX1Q2VxGe6GY8vTuxDo7TtTqBMSbTH6t+JmPhaD3zPdPoEe3reG4n/efUIOxfNmMswQibpZFEnEjYG9uh9u80VoygGhhCquLnVpj2iCEUT0swW5P3nZEE5OWuHIsAkY/Jy59NZJJXT4mXRvTW5XcEEaTiAHBTAhXMowQ2UoQIUJLzAKwytofVufVifk9aUNZ3ZhxlYX7+Q/qP5</latexit><latexit sha1_base64="zF9ODFHtI0eH1VejWouv0a8/oA8=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkiE/TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L2mSlfw==</latexit><latexit sha1_base64="zF9ODFHtI0eH1VejWouv0a8/oA8=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkiE/TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L2mSlfw==</latexit><latexit sha1_base64="Jsdhj93ZjhxmNCyQizedV93ZnYs=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK+Qk65TKdtWeAC8SJydllKPeKf20g4gmIZNABdG65dgxeClRwKlgWbGdaBYTOiA91jJUkpBpL51cnOFjowS4GylTEvBE/TuRklDrYeibzpBAX897Y/E/r5VA99JLuYwTYJJOF3UTgSHC4/dxwBWjIIaGEKq4uRXTPlGEgglpZgvwwUu2oJyeB7GIICuavJz5dBaJe1a9qjp3drl2nQdXQIfoCFWQgy5QDd2iOnIRRRK9ojc0skbWu/VhfU5bl6x85gDNwPr6BT4FonA=</latexit>

Fully Polarized
<latexit sha1_base64="KvxBQHTYrjesIgcQ5wj5mgpcdsE="></latexit><latexit sha1_base64="6RsEJkzknyVHbnTHDhmqOeYFs4s=">AAACKXicbVDLSgNBEJz1bXxFBS+KDAbBi2FXD+pNFMRjBGOEJITZ2Y4Omd1ZZnrFuO7RH/GqH+B3eFKvHv0GwcnjoIkFDUVVN91dfiyFQdd9d0ZGx8YnJqemczOzc/ML+cWlC6MSzaHMlVT60mcGpIigjAIlXMYaWOhLqPit445fuQFthIrOsR1DPWRXkWgKztBKjfxKDeEW05NEyjYtKcm0uIMga+QLbtHtgg4Tr08Kh2svZ18P6y+lRv67FiiehBAhl8yYqufGWE+ZRsElZLlaYiBmvMWuoGppxEIw9bR7f0Y3rRLQptK2IqRd9fdEykJj2qFvO0OG12bQ64j/edUEm/v1VERxghDx3qJmIikq2gmDBkIDR/t5IBjXwt5K+TXTjKON7M8WFK27bEjZ3g1iqTDL2by8wXSGSXmneFD0zmxuR6SHKbJKNsgW8cgeOSSnpETKhJN78kieyLPz7Lw6b85Hr3XE6c8skz9wPn8A8H+r6A==</latexit><latexit sha1_base64="6RsEJkzknyVHbnTHDhmqOeYFs4s=">AAACKXicbVDLSgNBEJz1bXxFBS+KDAbBi2FXD+pNFMRjBGOEJITZ2Y4Omd1ZZnrFuO7RH/GqH+B3eFKvHv0GwcnjoIkFDUVVN91dfiyFQdd9d0ZGx8YnJqemczOzc/ML+cWlC6MSzaHMlVT60mcGpIigjAIlXMYaWOhLqPit445fuQFthIrOsR1DPWRXkWgKztBKjfxKDeEW05NEyjYtKcm0uIMga+QLbtHtgg4Tr08Kh2svZ18P6y+lRv67FiiehBAhl8yYqufGWE+ZRsElZLlaYiBmvMWuoGppxEIw9bR7f0Y3rRLQptK2IqRd9fdEykJj2qFvO0OG12bQ64j/edUEm/v1VERxghDx3qJmIikq2gmDBkIDR/t5IBjXwt5K+TXTjKON7M8WFK27bEjZ3g1iqTDL2by8wXSGSXmneFD0zmxuR6SHKbJKNsgW8cgeOSSnpETKhJN78kieyLPz7Lw6b85Hr3XE6c8skz9wPn8A8H+r6A==</latexit><latexit sha1_base64="/1E6xstHxHcDvevhBHzRZ0BQXd0=">AAACKXicbVDLSgNBEJyNrxhfUcGLl8EgeDHs6kG9iYJ4jGBMIAlhdrZjhszuLDO9Ylz3Z7yar/GkXv0OwcnjYIwFDUVVN91dfiyFQdf9cHJz8wuLS/nlwsrq2vpGcXPrzqhEc6hyJZWu+8yAFBFUUaCEeqyBhb6Emt+7HPq1B9BGqOgW+zG0QnYfiY7gDK3ULu40ER4xvUqk7NOKkkyLJwiydrHklt0R6CzxJqREJqi0i9/NQPEkhAi5ZMY0PDfGVso0Ci4hKzQTAzHjPXYPDUsjFoJppaP7M7pvlYB2lLYVIR2pvydSFhrTD33bGTLsmr/eUPzPayTYOW2lIooThIiPF3USSVHRYRg0EBo42s8DwbgW9lbKu0wzjjayqS0oek/ZjHJ4HMRSYVaweXl/05kl1aPyWdm7cUvnF5Pg8mSX7JED4pETck6uSYVUCSfP5IW8koEzcN6cd+dz3JpzJjPbZArO1w9oMqg9</latexit>

SOS
<latexit sha1_base64="Q+0U0lefAGikX3ngNpV6l8Vy86Q=">AAACG3icbVBNS8NAEJ34bfyqevQSLIIXS6IH9SCKXrxZqbViG8pmu61LN5uwOxFrCPgjvNpfIwji1YM/RnD7cdDWBwOP92aYmRfEgmt03S9rYnJqemZ2bt5eWFxaXsmtrl3rKFGUlWkkInUTEM0El6yMHAW7iRUjYSBYJWif9fzKPVOaR/IKOzHzQ9KSvMkpQSPd1pA9YFq6KGX1XN4tuH0448Qbkvzxm330BADFeu671ohoEjKJVBCtq54bo58ShZwKltm1RLOY0DZpsaqhkoRM+2n/4szZMkrDaUbKlESnr/6eSEmodScMTGdI8E6Pej3xP6+aYPPAT7mME2SSDhY1E+Fg5PTedxpcMYqiYwihiptbHXpHFKFoQvqzBXn7MRtTdvYasYgws01e3mg646S8WzgseJdu/uQUBpiDDdiEbfBgH07gHIpQBgoSnuEFulbXerXerY9B64Q1nFmHP7A+fwBp/6SA</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="SAPvm1VgQ76R2j6ah8mamu6OGok=">AAACG3icbVBNT8JAEN3iF+IX6tFLIzHxImn1oN6IXryJwQoRGrLdbmHDdtvsTo3Y9F94lV/jyXj14I8xcYEeBHzJJC/vzWRmnhdzpsCyvo3C0vLK6lpxvbSxubW9U97de1BRIgl1SMQj2fKwopwJ6gADTluxpDj0OG16g+ux33yiUrFI3MMwpm6Ie4IFjGDQ0mMH6DOkjdtG1i1XrKo1gblI7JxUUI56t/zT8SOShFQA4Viptm3F4KZYAiOcZqVOomiMyQD3aFtTgUOq3HRycWYeacU3g0jqEmBO1L8TKQ6VGoae7gwx9NW8Nxb/89oJBBduykScABVkuihIuAmROX7f9JmkBPhQE0wk07eapI8lJqBDmtkCbPCSLSgnZ37MI8hKOi97Pp1F4pxWL6v2nVWpXeXBFdEBOkTHyEbnqIZuUB05iCCBXtEbGhkj4934MD6nrQUjn9lHMzC+fgGvFqKz</latexit>

SOS
<latexit sha1_base64="Q+0U0lefAGikX3ngNpV6l8Vy86Q=">AAACG3icbVBNS8NAEJ34bfyqevQSLIIXS6IH9SCKXrxZqbViG8pmu61LN5uwOxFrCPgjvNpfIwji1YM/RnD7cdDWBwOP92aYmRfEgmt03S9rYnJqemZ2bt5eWFxaXsmtrl3rKFGUlWkkInUTEM0El6yMHAW7iRUjYSBYJWif9fzKPVOaR/IKOzHzQ9KSvMkpQSPd1pA9YFq6KGX1XN4tuH0448Qbkvzxm330BADFeu671ohoEjKJVBCtq54bo58ShZwKltm1RLOY0DZpsaqhkoRM+2n/4szZMkrDaUbKlESnr/6eSEmodScMTGdI8E6Pej3xP6+aYPPAT7mME2SSDhY1E+Fg5PTedxpcMYqiYwihiptbHXpHFKFoQvqzBXn7MRtTdvYasYgws01e3mg646S8WzgseJdu/uQUBpiDDdiEbfBgH07gHIpQBgoSnuEFulbXerXerY9B64Q1nFmHP7A+fwBp/6SA</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="SAPvm1VgQ76R2j6ah8mamu6OGok=">AAACG3icbVBNT8JAEN3iF+IX6tFLIzHxImn1oN6IXryJwQoRGrLdbmHDdtvsTo3Y9F94lV/jyXj14I8xcYEeBHzJJC/vzWRmnhdzpsCyvo3C0vLK6lpxvbSxubW9U97de1BRIgl1SMQj2fKwopwJ6gADTluxpDj0OG16g+ux33yiUrFI3MMwpm6Ie4IFjGDQ0mMH6DOkjdtG1i1XrKo1gblI7JxUUI56t/zT8SOShFQA4Viptm3F4KZYAiOcZqVOomiMyQD3aFtTgUOq3HRycWYeacU3g0jqEmBO1L8TKQ6VGoae7gwx9NW8Nxb/89oJBBduykScABVkuihIuAmROX7f9JmkBPhQE0wk07eapI8lJqBDmtkCbPCSLSgnZ37MI8hKOi97Pp1F4pxWL6v2nVWpXeXBFdEBOkTHyEbnqIZuUB05iCCBXtEbGhkj4934MD6nrQUjn9lHMzC+fgGvFqKz</latexit>

B/J1

<latexit sha1_base64="MpAqzlZtDnePluUJO7W3NUBrxvk=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIke1FvRi8cKxhbaUDabbbt0sxt2J0IN+QVe7a/x5NV/4I8R3LY52NYHA4/3ZpiZF6WCG/C8b2dtfWNza7uy4+7u7R8cVt2jZ6MyTVlAlVC6HRHDBJcsAA6CtVPNSBIJ1opG91O/9cK04Uo+wThlYUIGkvc5JWClR69XrXl1bwa8SvyS1FCJZq/6040VzRImgQpiTMf3UghzooFTwQq3mxmWEjoiA9axVJKEmTCfHVrgM6vEuK+0LQl4pv6dyElizDiJbGdCYGiWvan4n9fJoH8T5lymGTBJ54v6mcCg8PRrHHPNKIixJYRqbm/FdEg0oWCzWdgCfPRarCgXV3EqFBSuzctfTmeVBJf127pfa9yVsVXQCTpF58hH16iBHlATBYgiht7QO5o4E+fD+Zw3rjnlxDFagPP1CxrPnSs=</latexit> <latexit sha1_base64="UyXpixL2MM9sfb+CUX1c+0Qyabo=">AAACEnicbVBNS8NAEN34WetX1aOXxSJ4sSQqqOCh4MVjC8YW2lA2m027dJMNuxOhhvwCr/bXeBKv/gF/jOC2zcG2Phh4vDfDzDw/EVyDbX9bK6tr6xubpa3y9s7u3n7l4PBJy1RR5lIppGr7RDPBY+YCB8HaiWIk8gVr+cP7id96ZkpzGT/CKGFeRPoxDzklYKTmVa9StWv2FHiZOAWpogKNXuWnG0iaRiwGKojWHcdOwMuIAk4Fy8vdVLOE0CHps46hMYmY9rLpoTk+NUqAQ6lMxYCn6t+JjERajyLfdEYEBnrRm4j/eZ0Uwhsv43GSAovpbFGYCgwST77GAVeMghgZQqji5lZMB0QRCiabuS3Ahy/5knJ+GSRCQl42eTmL6SwT96J2W3OadrV+VwRXQsfoBJ0hB12jOnpADeQiihh6RW9obI2td+vD+py1rljFzBGag/X1C9RVnnk=</latexit> <latexit sha1_base64="wtWuSPJcBf04AOlBaBaYgCNwzE0=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLowQoeCl48tmC00Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0ePWqaKUI9ILlUnwJpyJqgHDDjtJIriOOD0KRjdTf2nZ6o0k+IBxgn1YzwQLGIEg5HajX615tSdGexV4hakhgq0+tWfXihJGlMBhGOtu66TgJ9hBYxwmld6qaYJJiM8oF1DBY6p9rPZobl9ZpTQjqQyJcCeqX8nMhxrPY4D0xljGOplbyr+53VTiBp+xkSSAhVkvihKuQ3Snn5th0xRAnxsCCaKmVttMsQKEzDZLGwBNnrJV5SLqzDhEvKKyctdTmeVeJf1m7rbdmrN2yK4MjpBp+gcuegaNdE9aiEPEUTRK3pDE2tivVsf1ue8tWQVM8doAdbXL9sNnn0=</latexit> <latexit sha1_base64="T7wkDklobHLOTaMcwh9APYIUgiI=">AAACE3icbVBNS8NAEN34WetX1aOXYBG8WJJ6UMFDwYvHKsYW2lA2m027dLMbdidCDfkHXu2v8SRe/QH+GMFtm4NtfTDweG+GmXlBwpkGx/m2VlbX1jc2S1vl7Z3dvf3KweGTlqki1COSS9UOsKacCeoBA07biaI4DjhtBcPbid96pkozKR5hlFA/xn3BIkYwGOnBrfcqVafmTGEvE7cgVVSg2av8dENJ0pgKIBxr3XGdBPwMK2CE07zcTTVNMBniPu0YKnBMtZ9NL83tU6OEdiSVKQH2VP07keFY61EcmM4Yw0AvehPxP6+TQnTlZ0wkKVBBZouilNsg7cnbdsgUJcBHhmCimLnVJgOsMAETztwWYMOXfEk5vwgTLiEvm7zcxXSWiVevXdfce6fauCmCK6FjdILOkIsuUQPdoSbyEEERekVvaGyNrXfrw/qcta5YxcwRmoP19QtIlZ6y</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>

<latexit sha1_base64="8xK9D5Ei607pc3qM7NrS03SpSiE=">AAACDnicbVBNS8NAEN34WeNX9eplsQheLIkeVPBQ8OKxgrGFNpTNZtsu3eyG3YlQQ36BV/trPHn1H/hjBLdtDrb1wcDjvRlm5kWp4AY879tZW9/Y3Nqu7Li7e/sHh1X36NmoTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0f3Ub70wbbiSTzBOWZiQgeR9TglY6dHrVWte3ZsBrxK/JDVUotmr/nRjRbOESaCCGNPxvRTCnGjgVLDC7WaGpYSOyIB1LJUkYSbMZ4cW+MwqMe4rbUsCnql/J3KSGDNOItuZEBiaZW8q/ud1MujfhDmXaQZM0vmifiYwKDz9GsdcMwpibAmhmttbMR0STSjYbBa2AB+9FivKxVWcCgWFa/Pyl9NZJcFl/bbu1xp3ZWwVdIJO0Tny0TVqoAfURAGiiKE39I4mzsT5cD7njWtOOXGMFuB8/QIZDZ0l</latexit>

<latexit sha1_base64="qPLAEj8xFt8pX0KH6G5vmnS6UNE=">AAACEnicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQQUPBS8eWzC20Iay2WzapZvdsDsRasgv8Gp/jSfx6h/wxwhu2xxs64OBx3szzMwLEs40OM63VVpb39jcKm9Xdnb39g+qh0dPWqaKUI9ILlUnwJpyJqgHDDjtJIriOOC0HYzup377mSrNpHiEcUL9GA8EixjBYKSW26/WnLozg71K3ILUUIFmv/rTCyVJYyqAcKx113US8DOsgBFO80ov1TTBZIQHtGuowDHVfjY7NLfPjBLakVSmBNgz9e9EhmOtx3FgOmMMQ73sTcX/vG4K0Y2fMZGkQAWZL4pSboO0p1/bIVOUAB8bgoli5labDLHCBEw2C1uAjV7yFeXiKky4hLxi8nKX01kl3mX9tu62nFrjrgiujE7QKTpHLrpGDfSAmshDBFH0it7QxJpY79aH9TlvLVnFzDFagPX1C89LnnY=</latexit>(b)
<latexit sha1_base64="wC2K27CrQy8JcCERGXjzraHOSkY=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgXvKGll807RGcNeJO6U5Eu5xvEbAJRb2Z9GO6CRzyRSQbSuu06IzZgo5FSwJNOINAsJ7ZMuqxsqic90Mx5fnNiHRmnbnUCZkmiP1b8TMfG1Hvie6fQJ9vS8NxL/8+oRdi6aMZdhhEzSyaJOJGwM7NH7dpsrRlEMDCFUcXOrTXtEEYompJktyPvPyYJyctYORYBJxuTlzqezSCqnxcuie2tyu4IJ0nAAOSiAC+dQghsoQwUoSHiBVxhaQ+vd+rA+J60pazqzDzOwvn4Bkq6j+g==</latexit><latexit sha1_base64="dkEwMi4llKHdfeXTrb/xZIShiAQ=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYG2xDWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAmtk5CHsuliRTkTtA4MOG1GkuLA5bTh9u/GfuOFSsVC8QhJRJ0AdwXzGcGgpec20FdIy+5p1imUrIo1gblM7BkpVYvts8GomtQ6hZ+2F5I4oAIIx0q1bCsCJ8USGOE0y7djRSNM+rhLW5oKHFDlpJOLM/NEK57ph1KXAHOi/p1IcaBUEri6M8DQU4veWPzPa8XgXzspE1EMVJDpIj/mJoTm+H3TY5IS4IkmmEimbzVJD0tMQIc0twVY/y1bUs4vvYiHkOV1XvZiOsukflG5qdgPOrdbNEUOHaMiKiMbXaEqukc1VEcECTRA72hoDI0P49P4mrauGLOZIzQH4/sX3BSlgA==</latexit><latexit sha1_base64="dkEwMi4llKHdfeXTrb/xZIShiAQ=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYG2xDWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAmtk5CHsuliRTkTtA4MOG1GkuLA5bTh9u/GfuOFSsVC8QhJRJ0AdwXzGcGgpec20FdIy+5p1imUrIo1gblM7BkpVYvts8GomtQ6hZ+2F5I4oAIIx0q1bCsCJ8USGOE0y7djRSNM+rhLW5oKHFDlpJOLM/NEK57ph1KXAHOi/p1IcaBUEri6M8DQU4veWPzPa8XgXzspE1EMVJDpIj/mJoTm+H3TY5IS4IkmmEimbzVJD0tMQIc0twVY/y1bUs4vvYiHkOV1XvZiOsukflG5qdgPOrdbNEUOHaMiKiMbXaEqukc1VEcECTRA72hoDI0P49P4mrauGLOZIzQH4/sX3BSlgA==</latexit><latexit sha1_base64="LQ0ocvz//vmc4IHquCzgVYxT/Ao=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK/5J1imV7ao9AV4kTk7KKEe9U/ppBxFNQiaBCqJ1y7Fj8FKigFPBsmI70SwmdEB6rGWoJCHTXjq5OMPHRglwN1KmJOCJ+nciJaHWw9A3nSGBvp73xuJ/XiuB7qWXchknwCSdLuomAkOEx+/jgCtGQQwNIVRxcyumfaIIBRPSzBbgg5dsQTk9D2IRQVY0eTnz6SwS96x6VXXu7HLtOg+ugA7REaogB12gGrpFdeQiiiR6RW9oZI2sd+vD+py2Lln5zAGagfX1Cz+1onE=</latexit>

(c)
<latexit sha1_base64="mF+gU67INKHoEjwgCxwq+5Aer30=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgV6lLSyeafojGEvEndK8qVc4/gNAMqt7E+jHdDIZxKpIFrXXSfEZkwUcipYkmlEmoWE9kmX1Q2VxGe6GY8vTuxDo7TtTqBMSbTH6t+JmPhaD3zPdPoEe3reG4n/efUIOxfNmMswQibpZFEnEjYG9uh9u80VoygGhhCquLnVpj2iCEUT0swW5P3nZEE5OWuHIsAkY/Jy59NZJJXT4mXRvTW5XcEEaTiAHBTAhXMowQ2UoQIUJLzAKwytofVufVifk9aUNZ3ZhxlYX7+UXqP7</latexit><latexit sha1_base64="CQTiEwFrccvtj9OOGKjkU+cKIjg=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkSE7TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L3cSlgQ==</latexit><latexit sha1_base64="CQTiEwFrccvtj9OOGKjkU+cKIjg=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkSE7TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L3cSlgQ==</latexit><latexit sha1_base64="LRxRsJnnsJGCN0tiA8i8kDP6TY0=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK/Qk65TKdtWeAC8SJydllKPeKf20g4gmIZNABdG65dgxeClRwKlgWbGdaBYTOiA91jJUkpBpL51cnOFjowS4GylTEvBE/TuRklDrYeibzpBAX897Y/E/r5VA99JLuYwTYJJOF3UTgSHC4/dxwBWjIIaGEKq4uRXTPlGEgglpZgvwwUu2oJyeB7GIICuavJz5dBaJe1a9qjp3drl2nQdXQIfoCFWQgy5QDd2iOnIRRRK9ojc0skbWu/VhfU5bl6x85gDNwPr6BUFlonI=</latexit>

(d)
<latexit sha1_base64="KWIXbyGnMsRRpul9zxFAUvMpjS8=">AAACG3icbVBNS8NAEJ34WetX1aOXYBEUsSR6UG9FLx4rGBWbIJvNtl262YTdiVhD/oVXiz/Gk3j14I8R3LYetPXBwOO9GWbmhangGh3n05qanpmdmy8tlBeXlldWK2vrVzrJFGUeTUSibkKimeCSechRsJtUMRKHgl2H3bOBf33PlOaJvMReyoKYtCVvcUrQSLc+sgfMd6Ld4q5SdWrOEPYkcX9Itb7l770AQOOu8uVHCc1iJpEKonXTdVIMcqKQU8GKsp9plhLaJW3WNFSSmOkgH15c2NtGiexWokxJtIfq74mcxFr34tB0xgQ7etwbiP95zQxbx0HOZZohk3S0qJUJGxN78L4dccUoip4hhCpubrVphyhC0YT0Zwvy7mMxoewfRqlIsCibvNzxdCaJd1A7qbkXJrdTGKEEm7AFO+DCEdThHBrgAQUJT/AMfatvvVpv1vuodcr6mdmAP7A+vgGWDqP8</latexit><latexit sha1_base64="vZAKKfBnKvonP2VlEPPqoxwWYOg=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYGyxLWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/buxX3+hUrFQPEIS0XaAu4L5jGDQ0nML6CukZe806xRKVsWawFwm9oyUqsXW2WBUTWqdwk/LC0kcUAGEY6WathVBO8USGOE0y7diRSNM+rhLm5oKHFDVTicXZ+aJVjzTD6UuAeZE/TuR4kCpJHB1Z4Chpxa9sfif14zBv26nTEQxUEGmi/yYmxCa4/dNj0lKgCeaYCKZvtUkPSwxAR3S3BZg/bdsSTm/9CIeQpbXedmL6SwT56JyU7EfdG63aIocOkZFVEY2ukJVdI9qyEEECTRA72hoDI0P49P4mrauGLOZIzQH4/sX33Slgg==</latexit><latexit sha1_base64="vZAKKfBnKvonP2VlEPPqoxwWYOg=">AAACG3icbVBNS8NAEN34WetX1aOX0CJUxJLoQb0VvXisYGyxLWWz2bRLN5uwOxFjyL/o1f4aT+LVQ3+M4PbjYFsfDDzem2FmnhtxpsCyRsbK6tr6xmZuK7+9s7u3Xzg4fFJhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/buxX3+hUrFQPEIS0XaAu4L5jGDQ0nML6CukZe806xRKVsWawFwm9oyUqsXW2WBUTWqdwk/LC0kcUAGEY6WathVBO8USGOE0y7diRSNM+rhLm5oKHFDVTicXZ+aJVjzTD6UuAeZE/TuR4kCpJHB1Z4Chpxa9sfif14zBv26nTEQxUEGmi/yYmxCa4/dNj0lKgCeaYCKZvtUkPSwxAR3S3BZg/bdsSTm/9CIeQpbXedmL6SwT56JyU7EfdG63aIocOkZFVEY2ukJVdI9qyEEECTRA72hoDI0P49P4mrauGLOZIzQH4/sX33Slgg==</latexit><latexit sha1_base64="Jfhv5Ip7ZdDqHGnfpPJ4R2utBPY=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK8FJ1imV7ao9AV4kTk7KKEe9U/ppBxFNQiaBCqJ1y7Fj8FKigFPBsmI70SwmdEB6rGWoJCHTXjq5OMPHRglwN1KmJOCJ+nciJaHWw9A3nSGBvp73xuJ/XiuB7qWXchknwCSdLuomAkOEx+/jgCtGQQwNIVRxcyumfaIIBRPSzBbgg5dsQTk9D2IRQVY0eTnz6SwS96x6VXXu7HLtOg+ugA7REaogB12gGrpFdeQiiiR6RW9oZI2sd+vD+py2Lln5zAGagfX1C0MVonM=</latexit>

(e)
<latexit sha1_base64="I35wmIpdh19Smn54yMszNYlH7xA=">AAACG3icbVDLSgNBEOyN7/iKevSyJAiKGHb1oN5ELx4VjBGTILOTTjJkdnaZ6RXjsn/hVfFjPIlXD36M4ORx0MSChqKqm+6uIJbCkOd9Obmp6ZnZufmF/OLS8spqYW392kSJ5ljhkYz0TcAMSqGwQoIk3sQaWRhIrAbds75fvUdtRKSuqBdjI2RtJVqCM7LSbZ3wgdJt3MnuCiWv7A3gThJ/REonxfruKwBc3BW+682IJyEq4pIZU/O9mBop0yS4xCxfTwzGjHdZG2uWKhaiaaSDizN3yypNtxVpW4rcgfp7ImWhMb0wsJ0ho44Z9/rif14todZRIxUqTggVHy5qJdKlyO2/7zaFRk6yZwnjWthbXd5hmnGyIf3ZQqL7mE0oewfNWEaU5W1e/ng6k6SyXz4u+5c2t1MYYh42oQjb4MMhnMA5XEAFOCh4gmd4cV6cN+fd+Ri25pzRzAb8gfP5A5e+o/0=</latexit><latexit sha1_base64="Pfm7kjl7mWmuILO8+R5wPsxGxas=">AAACG3icbVDLTgJBEJz1ifhCPXrZQEwwRrKrB/VG9OIRExEiEDI7NDBhdnYz02vEzf4FV/kaT8arBz7GxOFxELCSTipV3enu8kLBNTrOyFpZXVvf2Extpbd3dvf2MweHTzqIFIMyC0Sgqh7VILiEMnIUUA0VUN8TUPF6d2O/8gJK80A+Yj+Ehk87krc5o2ik5zrCK8Z5OE2amZxTcCawl4k7I7litn42GBX7pWbmp94KWOSDRCao1jXXCbERU4WcCUjS9UhDSFmPdqBmqKQ+6EY8uTixT4zSstuBMiXRnqh/J2Lqa933PdPpU+zqRW8s/ufVImxfN2IuwwhBsumidiRsDOzx+3aLK2Ao+oZQpri51WZdqihDE9LcFuS9t2RJOb9shSLAJG3ychfTWSbli8JNwX0wud2SKVLkmGRJnrjkihTJPSmRMmFEkgF5J0NraH1Yn9bXtHXFms0ckTlY37/hJKWD</latexit><latexit sha1_base64="Pfm7kjl7mWmuILO8+R5wPsxGxas=">AAACG3icbVDLTgJBEJz1ifhCPXrZQEwwRrKrB/VG9OIRExEiEDI7NDBhdnYz02vEzf4FV/kaT8arBz7GxOFxELCSTipV3enu8kLBNTrOyFpZXVvf2Extpbd3dvf2MweHTzqIFIMyC0Sgqh7VILiEMnIUUA0VUN8TUPF6d2O/8gJK80A+Yj+Ehk87krc5o2ik5zrCK8Z5OE2amZxTcCawl4k7I7litn42GBX7pWbmp94KWOSDRCao1jXXCbERU4WcCUjS9UhDSFmPdqBmqKQ+6EY8uTixT4zSstuBMiXRnqh/J2Lqa933PdPpU+zqRW8s/ufVImxfN2IuwwhBsumidiRsDOzx+3aLK2Ao+oZQpri51WZdqihDE9LcFuS9t2RJOb9shSLAJG3ychfTWSbli8JNwX0wud2SKVLkmGRJnrjkihTJPSmRMmFEkgF5J0NraH1Yn9bXtHXFms0ckTlY37/hJKWD</latexit><latexit sha1_base64="wnWsLZ0ob5QiJdwm60q+VkhC0Kg=">AAACG3icbVBNS8NAEN34WetX1aOXYBHqwZLoQb0VvXisYG2xDWWzmbZLN5uwOxFryL/wan+NJ/HqwR8juP042NYHA4/3ZpiZ58eCa3Scb2tpeWV1bT23kd/c2t7ZLeztP+goUQxqLBKRavhUg+ASashRQCNWQENfQN3v34z8+hMozSN5j4MYvJB2Je9wRtFIjy2EZ0xLcJK1C0Wn7IxhLxJ3Sopkimq78NMKIpaEIJEJqnXTdWL0UqqQMwFZvpVoiCnr0y40DZU0BO2l44sz+9gogd2JlCmJ9lj9O5HSUOtB6JvOkGJPz3sj8T+vmWDn0ku5jBMEySaLOomwMbJH79sBV8BQDAyhTHFzq816VFGGJqSZLcj7L9mCcnoexCLCLG/ycufTWSS1s/JV2b1zipXraXA5ckiOSIm45IJUyC2pkhphRJJX8kaG1tB6tz6sz0nrkjWdOSAzsL5+AUTFonQ=</latexit>

M
z

<latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit>

M?
<latexit sha1_base64="bBBPQSIbCx+Ysw/c6OXKL1FCEro=">AAACJ3icbVDLSgNBEOyNrxhf8YEXL4tB8GLY1YN6C3rxIiRgTCAJcXYySYbM7g4zvUKy7L94NV/jSfQi+CGCk8fBJBY0FFXddFGeFFyj43xaqaXlldW19HpmY3Nreye7u/eow0hRVqahCFXVI5oJHrAychSsKhUjvidYxevdjvzKM1Oah8ED9iVr+KQT8DanBI3UzB7EdZ9g1/Pi+6QZ1yVTMkma2ZyTd8awF4k7JbnCYenrCQCKzexPvRXSyGcBUkG0rrmOxEZMFHIqWJKpR5pJQnukw2qGBsRnuhGP0yf2iVFadjtUZgK0x+rfi5j4Wvd9z2yOoup5byT+59UibF81Yh7ICFlAJ4/akbAxtEdV2C2uGEXRN4RQxU1Wm3aJIhRNYTNfkPcGyYJydtGSIsQkY/py59tZJOXz/HXeLZnebmCCNBzBMZyCC5dQgDsoQhkoDOAFXmFoDa036936mKymrOnNPszA+v4FGT6pkA==</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="vvXHW/iiKlDXd+F6KPG6DwHprb4=">AAACJ3icbVDLSsNAFJ3UV62v+Ni5CRbBjSXRhborunEjVDC20IQymU7boZNkmLkR2pB/cWu/xpXo0g8RnLRZ2NYDFw7n3Ms9nEBwpsC2v4zSyura+kZ5s7K1vbO7Z+4fPKs4kYS6JOaxbAVYUc4i6gIDTltCUhwGnDaD4V3uN1+oVCyOnmAkqB/ifsR6jGDQUsc8Sr0QwyAI0oesk3qCSpFlHbNq1+wprGXiFKSKCjQ65o/XjUkS0ggIx0q1HVuAn2IJjHCaVbxEUYHJEPdpW9MIh1T56TR9Zp1qpWv1YqknAmuq/r1IcajUKAz0Zh5VLXq5+J/XTqB37acsEgnQiMwe9RJuQWzlVVhdJikBPtIEE8l0VosMsMQEdGFzX4ANx9mScn7ZFTyGrKL7chbbWSbuRe2m5jza1fptUVwZHaMTdIYcdIXq6B41kIsIGqNX9IYmxsR4Nz6Mz9lqyShuDtEcjO9fOwWnqw==</latexit>
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Conical State
<latexit sha1_base64="OQ6GzaNh3mnj/OLp3brlu43S/rE=">AAACJ3icbZC/bhNBEMbnkhCMgXAJdGlWsZBosO6gAIooFm4ojYjjSLZl7a3Hzsp7u6fdORT7dBKPQotfhJYqCiUPgsT6TxHHfNJIn34zoxl9Saakoyj6Hezs7j3Yf1h5VH385OnBs/Dw6MKZ3ApsC6OMvUy4QyU1tkmSwsvMIk8ThZ1k0lz0O1/ROmn0OU0z7Kd8rOVICk4eDcIXPcJrKppGe6TYF+KE5SCsRfVoKbZt4rWpnf2snn4DgNYg/NsbGpGnqEko7lw3jjLqF9ySFArLai93mHEx4WPseqt5iq5fLL8v2UtPhmxkrC9NbEnvbhQ8dW6aJn4y5XTl7vcW8H+9bk6j9/1C6iwn1GJ1aJQrRoYtomBDaVGQmnrDhZX+VyauuOWCfGAbV0hOZuUWef12mClDZdXnFd9PZ9u039Q/1OPPUa3xEVaqwDGcwCuI4R004BO0oA0CZvAdfsA8mAe/gpvgdjW6E6x3nsOGgj//AB/fqPo=</latexit><latexit sha1_base64="G8sXsuNdndSU4jib16Zzv3K05As=">AAACJ3icbZA9SwNBEIb3/Pb8ih+dzWIQbAx3WqiFKNpYKhoVkhD2NhNdsrd77M6JyXH/RbDSP2Jr5UfpDxHcJBZqfGHg5ZkZZnijRAqLQfDuDQ2PjI6NT0z6U9Mzs3OF+YVzq1PDocy11OYyYhakUFBGgRIuEwMsjiRcRK3Dbv/iBowVWp1hO4FazK6UaArO0KF6YamKcIvZoVYOSXqKDCGvF4pBKeiJDprw2xT3nvzd5P7VP64XPqsNzdMYFHLJrK2EQYK1jBkUXELuV1MLCeMtdgUVZxWLwday3vc5XXWkQZvauFJIe/TnRsZia9tx5CZjhtf2b68L/+tVUmxu1zKhkhRB8f6hZiopatqNgjaEAY6y7QzjRrhfKb9mhnF0gf26gqLVyQfI+mYjkRpz3+UV/k1n0JQ3Sjul8CQo7h+QvibIMlkhayQkW2SfHJFjUiacdMgdeSCP3qP37L14b/3RIe97Z5H8kvfxBU52qm4=</latexit><latexit sha1_base64="G8sXsuNdndSU4jib16Zzv3K05As=">AAACJ3icbZA9SwNBEIb3/Pb8ih+dzWIQbAx3WqiFKNpYKhoVkhD2NhNdsrd77M6JyXH/RbDSP2Jr5UfpDxHcJBZqfGHg5ZkZZnijRAqLQfDuDQ2PjI6NT0z6U9Mzs3OF+YVzq1PDocy11OYyYhakUFBGgRIuEwMsjiRcRK3Dbv/iBowVWp1hO4FazK6UaArO0KF6YamKcIvZoVYOSXqKDCGvF4pBKeiJDprw2xT3nvzd5P7VP64XPqsNzdMYFHLJrK2EQYK1jBkUXELuV1MLCeMtdgUVZxWLwday3vc5XXWkQZvauFJIe/TnRsZia9tx5CZjhtf2b68L/+tVUmxu1zKhkhRB8f6hZiopatqNgjaEAY6y7QzjRrhfKb9mhnF0gf26gqLVyQfI+mYjkRpz3+UV/k1n0JQ3Sjul8CQo7h+QvibIMlkhayQkW2SfHJFjUiacdMgdeSCP3qP37L14b/3RIe97Z5H8kvfxBU52qm4=</latexit><latexit sha1_base64="3qsbyOw9dTIPRZ+UVUECDcYKv6I=">AAACJ3icbZDLSgNBEEV74ju+4mPnpjEIbgwzulB3QTcuFY0RkhB6OhXTpKd76K4Rk2H+xa1+jSvRpR8i2HksTOKFgsupKqq4YSyFRd//8nJz8wuLS8sr+dW19Y3Nwtb2vdWJ4VDhWmrzEDILUiiooEAJD7EBFoUSqmH3ctCvPoGxQqs77MXQiNijEm3BGTrULOzWEZ4xvdTKIUlvkSFkzULRL/lD0VkTjE2RjHXdLPzUW5onESjkkllbC/wYGykzKLiELF9PLMSMd9kj1JxVLALbSIffZ/TAkRZta+NKIR3Svxspi6ztRaGbjBh27HRvAP/r1RJsnzVSoeIEQfHRoXYiKWo6iIK2hAGOsucM40a4XynvMMM4usAmrqDo9rMZcnTSiqXGLO/yCqbTmTWV49J5Kbjxi+WLcXDLZI/sk0MSkFNSJlfkmlQIJ33yQl7Jm/fmvXsf3udoNOeNd3bIhLzvX2T2py0=</latexit>

(a)
<latexit sha1_base64="5O9iReoy+dZfeY2OqzW1YV07wYk=">AAACG3icbVDLTgJBEOzFF+IL9ehlAzHBGMmuHtQb0YtHTESIQMjsMMCE2dnNTK8RN/sXXiV+jCfj1YMfY+LwOAhYSSeVqu50d3mh4Bod59tKLS2vrK6l1zMbm1vbO9ndvXsdRIqyCg1EoGoe0UxwySrIUbBaqBjxPcGqXv965FcfmdI8kHc4CFnTJ13JO5wSNNJDA9kTxgVylLSyeafojGEvEndK8qVc4/gNAMqt7E+jHdDIZxKpIFrXXSfEZkwUcipYkmlEmoWE9kmX1Q2VxGe6GY8vTuxDo7TtTqBMSbTH6t+JmPhaD3zPdPoEe3reG4n/efUIOxfNmMswQibpZFEnEjYG9uh9u80VoygGhhCquLnVpj2iCEUT0swW5P3nZEE5OWuHIsAkY/Jy59NZJJXT4mXRvTW5XcEEaTiAHBTAhXMowQ2UoQIUJLzAKwytofVufVifk9aUNZ3ZhxlYX7+Q/qP5</latexit><latexit sha1_base64="zF9ODFHtI0eH1VejWouv0a8/oA8=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkiE/TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L2mSlfw==</latexit><latexit sha1_base64="zF9ODFHtI0eH1VejWouv0a8/oA8=">AAACG3icbVBNT8JAEN36ifiFevTSQEwwRtLqQb0RvXjExAqRErJdFtiw3W12p0Zs+i+4yq/xZLx64MeYuHwcBHzJJC/vzWRmXhBxpsFxRtbK6tr6xmZmK7u9s7u3nzs4fNIyVoR6RHKpagHWlDNBPWDAaS1SFIcBp9Wgdzf2qy9UaSbFI/Qj2ghxR7A2IxiM9OwDfYWkiE/TZq7glJwJ7GXizkihnPfPBqNyv9LM/fgtSeKQCiAca113nQgaCVbACKdp1o81jTDp4Q6tGypwSHUjmVyc2idGadltqUwJsCfq34kEh1r3w8B0hhi6etEbi/959Rja142EiSgGKsh0UTvmNkh7/L7dYooS4H1DMFHM3GqTLlaYgAlpbguw3lu6pJxftiIuIc2avNzFdJaJd1G6KbkPJrdbNEUGHaM8KiIXXaEyukcV5CGCBBqgdzS0htaH9Wl9TVtXrNnMEZqD9f0L2mSlfw==</latexit><latexit sha1_base64="Jsdhj93ZjhxmNCyQizedV93ZnYs=">AAACG3icbVBNT8JAEN36ifiFevSykZjgQdLqQb0RvXjExAoRGrLdLrBhu212p0Zs+i+8yq/xZLx68MeYuEAPAr5kkpf3ZjIzz48F12Db39bS8srq2npho7i5tb2zW9rbf9BRoihzaSQi1fSJZoJL5gIHwZqxYiT0BWv4g5ux33hiSvNI3sMwZl5IepJ3OSVgpMc2sGdIK+Qk65TKdtWeAC8SJydllKPeKf20g4gmIZNABdG65dgxeClRwKlgWbGdaBYTOiA91jJUkpBpL51cnOFjowS4GylTEvBE/TuRklDrYeibzpBAX897Y/E/r5VA99JLuYwTYJJOF3UTgSHC4/dxwBWjIIaGEKq4uRXTPlGEgglpZgvwwUu2oJyeB7GIICuavJz5dBaJe1a9qjp3drl2nQdXQIfoCFWQgy5QDd2iOnIRRRK9ojc0skbWu/VhfU5bl6x85gDNwPr6BT4FonA=</latexit>

Fully Polarized
<latexit sha1_base64="KvxBQHTYrjesIgcQ5wj5mgpcdsE="></latexit><latexit sha1_base64="6RsEJkzknyVHbnTHDhmqOeYFs4s=">AAACKXicbVDLSgNBEJz1bXxFBS+KDAbBi2FXD+pNFMRjBGOEJITZ2Y4Omd1ZZnrFuO7RH/GqH+B3eFKvHv0GwcnjoIkFDUVVN91dfiyFQdd9d0ZGx8YnJqemczOzc/ML+cWlC6MSzaHMlVT60mcGpIigjAIlXMYaWOhLqPit445fuQFthIrOsR1DPWRXkWgKztBKjfxKDeEW05NEyjYtKcm0uIMga+QLbtHtgg4Tr08Kh2svZ18P6y+lRv67FiiehBAhl8yYqufGWE+ZRsElZLlaYiBmvMWuoGppxEIw9bR7f0Y3rRLQptK2IqRd9fdEykJj2qFvO0OG12bQ64j/edUEm/v1VERxghDx3qJmIikq2gmDBkIDR/t5IBjXwt5K+TXTjKON7M8WFK27bEjZ3g1iqTDL2by8wXSGSXmneFD0zmxuR6SHKbJKNsgW8cgeOSSnpETKhJN78kieyLPz7Lw6b85Hr3XE6c8skz9wPn8A8H+r6A==</latexit><latexit sha1_base64="6RsEJkzknyVHbnTHDhmqOeYFs4s=">AAACKXicbVDLSgNBEJz1bXxFBS+KDAbBi2FXD+pNFMRjBGOEJITZ2Y4Omd1ZZnrFuO7RH/GqH+B3eFKvHv0GwcnjoIkFDUVVN91dfiyFQdd9d0ZGx8YnJqemczOzc/ML+cWlC6MSzaHMlVT60mcGpIigjAIlXMYaWOhLqPit445fuQFthIrOsR1DPWRXkWgKztBKjfxKDeEW05NEyjYtKcm0uIMga+QLbtHtgg4Tr08Kh2svZ18P6y+lRv67FiiehBAhl8yYqufGWE+ZRsElZLlaYiBmvMWuoGppxEIw9bR7f0Y3rRLQptK2IqRd9fdEykJj2qFvO0OG12bQ64j/edUEm/v1VERxghDx3qJmIikq2gmDBkIDR/t5IBjXwt5K+TXTjKON7M8WFK27bEjZ3g1iqTDL2by8wXSGSXmneFD0zmxuR6SHKbJKNsgW8cgeOSSnpETKhJN78kieyLPz7Lw6b85Hr3XE6c8skz9wPn8A8H+r6A==</latexit><latexit sha1_base64="/1E6xstHxHcDvevhBHzRZ0BQXd0=">AAACKXicbVDLSgNBEJyNrxhfUcGLl8EgeDHs6kG9iYJ4jGBMIAlhdrZjhszuLDO9Ylz3Z7yar/GkXv0OwcnjYIwFDUVVN91dfiyFQdf9cHJz8wuLS/nlwsrq2vpGcXPrzqhEc6hyJZWu+8yAFBFUUaCEeqyBhb6Emt+7HPq1B9BGqOgW+zG0QnYfiY7gDK3ULu40ER4xvUqk7NOKkkyLJwiydrHklt0R6CzxJqREJqi0i9/NQPEkhAi5ZMY0PDfGVso0Ci4hKzQTAzHjPXYPDUsjFoJppaP7M7pvlYB2lLYVIR2pvydSFhrTD33bGTLsmr/eUPzPayTYOW2lIooThIiPF3USSVHRYRg0EBo42s8DwbgW9lbKu0wzjjayqS0oek/ZjHJ4HMRSYVaweXl/05kl1aPyWdm7cUvnF5Pg8mSX7JED4pETck6uSYVUCSfP5IW8koEzcN6cd+dz3JpzJjPbZArO1w9oMqg9</latexit>

SOS
<latexit sha1_base64="Q+0U0lefAGikX3ngNpV6l8Vy86Q=">AAACG3icbVBNS8NAEJ34bfyqevQSLIIXS6IH9SCKXrxZqbViG8pmu61LN5uwOxFrCPgjvNpfIwji1YM/RnD7cdDWBwOP92aYmRfEgmt03S9rYnJqemZ2bt5eWFxaXsmtrl3rKFGUlWkkInUTEM0El6yMHAW7iRUjYSBYJWif9fzKPVOaR/IKOzHzQ9KSvMkpQSPd1pA9YFq6KGX1XN4tuH0448Qbkvzxm330BADFeu671ohoEjKJVBCtq54bo58ShZwKltm1RLOY0DZpsaqhkoRM+2n/4szZMkrDaUbKlESnr/6eSEmodScMTGdI8E6Pej3xP6+aYPPAT7mME2SSDhY1E+Fg5PTedxpcMYqiYwihiptbHXpHFKFoQvqzBXn7MRtTdvYasYgws01e3mg646S8WzgseJdu/uQUBpiDDdiEbfBgH07gHIpQBgoSnuEFulbXerXerY9B64Q1nFmHP7A+fwBp/6SA</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="4ojufyuYjgmnoL90wRs8F6u3w+g=">AAACG3icbVBNS8NAEN34WeNX1aOXYBG8WBI9qAex6MWblVpbbEvZbDbt0s0m7E7EGvIvvNqLf0UQxKuIP0Zw+3GwrQ8GHu/NMDPPjThTYNvfxszs3PzCYmbJXF5ZXVvPbmzeqjCWhJZJyENZdbGinAlaBgacViNJceByWnE7F32/ck+lYqG4gW5EGwFuCeYzgkFLd3WgD5CUrkppM5uz8/YA1jRxRiR39maeRi9fZrGZ/al7IYkDKoBwrFTNsSNoJFgCI5ymZj1WNMKkg1u0pqnAAVWNZHBxau1qxbP8UOoSYA3UvxMJDpTqBq7uDDC01aTXF//zajH4x42EiSgGKshwkR9zC0Kr/77lMUkJ8K4mmEimb7VIG0tMQIc0tgVY5zGdUvYPvYiHkJo6L2cynWlSPsif5J1rO1c4R0Nk0DbaQXvIQUeogC5REZURQQI9oWfUM3rGq/FufAxbZ4zRzBYag/H5C5iWpfQ=</latexit><latexit sha1_base64="SAPvm1VgQ76R2j6ah8mamu6OGok=">AAACG3icbVBNT8JAEN3iF+IX6tFLIzHxImn1oN6IXryJwQoRGrLdbmHDdtvsTo3Y9F94lV/jyXj14I8xcYEeBHzJJC/vzWRmnhdzpsCyvo3C0vLK6lpxvbSxubW9U97de1BRIgl1SMQj2fKwopwJ6gADTluxpDj0OG16g+ux33yiUrFI3MMwpm6Ie4IFjGDQ0mMH6DOkjdtG1i1XrKo1gblI7JxUUI56t/zT8SOShFQA4Viptm3F4KZYAiOcZqVOomiMyQD3aFtTgUOq3HRycWYeacU3g0jqEmBO1L8TKQ6VGoae7gwx9NW8Nxb/89oJBBduykScABVkuihIuAmROX7f9JmkBPhQE0wk07eapI8lJqBDmtkCbPCSLSgnZ37MI8hKOi97Pp1F4pxWL6v2nVWpXeXBFdEBOkTHyEbnqIZuUB05iCCBXtEbGhkj4934MD6nrQUjn9lHMzC+fgGvFqKz</latexit>

SOS
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FIG. 3. (Color online.) The left panel is the phase diagram
under external magnetic fields. We have fixed J2/J1 = 1/4 in
the plot. “SOS” refers to spin-orbital singlet. There is a re-
gion that supports re-entrant transitions between the conical
state and the SOS state as the field is varied. The right panel
depicts the magnetization curves for �/J1 = 0, 2, 4, 6 from top
to bottom.

in Fig. 3(a), where the coexisting region of M? and M
z

is dubbed “conical state”.

When the strength of SOC is greater than the critical
value, the mean-field ground state at the zero field is
a spin-orbital singlet. The polarized moment M

z

still
grows linearly as the magnetic field is switched on, while
a nonzero M? only emerges at a critical field and shows
a double-dome structure (see Fig. 3(d)). For an even
stronger SOC, the M? curve evolves into two separated
domes, as shown in Fig. 3(e). This is what happens in
the right part of the phase diagram in Fig. 3(a), where
the system shows re-entrant transitions between the SOS
and the conical state before being fully polarized when
the field is very strong.

The peculiar double-dome structure of the magneti-
zation and the re-entrant transitions under the magnetic
field are intimately connected to the spin-orbit-entangled
structure of the local moments. Let us consider the
strong SOC limit where the single-ion ground state of
the local moment is a spin-orbital singlet with a total
moment J = 0. Due to di↵erent g factors for the or-
bital angular momentum and spin, H

Zeeman

conserves Jz

while mixing states with di↵erent J ’s. This gives a di-
rect consequence that the Jz = 0 singlet state can gain
energy from the growth of M

z

when the magnetic field
is switched on [6]. As the magnetic field increases, it
brings down a Jz = 1 state from the triplets and a Jz = 2
state from the higher quintuplets successively. Thus, the
single-ion ground state level crossing happens twice, and
the crossing points expand to finite ranges due to the
bandwidth brought by the exchange interaction, corre-
sponding to the double-dome structure in the M? curve,
which fuse together for large enough exchange interac-

Tetrahedral environment Octahedral environment

TABLE I. The correspondence between di↵erent electron con-
figurations in the tetrahedral and octahedral environments.
The second row indicates the possibility of exploring physics
similar to iridates and Kitaev materials [1, 34] in d9 sys-
tems [35].

tion. This explains the structure of the magnetic phase
diagram in Fig. 3(a).

It is illuminating to compare our results to that for
the dimerized magnets, where the field-driven Bose-
Einstein condensation of triplons (and quintuplons) from
the dimerized ground state happens following the same
argument as above [29], leading to the similar single-
(double-) dome structure in the M? curve for spin-1/2
(spin-1) dimerized magnets. On the other hand, M

z

there
grows only within the domes in the M? curve and be-
comes plateaus out of that [29–32], which di↵ers from the
results here. The field response of our model is also quite
di↵erent from that of FeSc

2

S
4

, where the magnetic order
will be suppressed under the field [3, 4]. All the three
cases can be naturally understood from the evolution of
the single-ion level scheme under the magnetic field that
are summarized in Ref. 27. From our simple comparison,
we immediately conclude that the double-dome structure
in the magnetization curve and the re-entrant transitions
here reflect the entangled structure of the spin and the
orbitals in H

soc

.
Uniaxial strain.—We introduce the perturbation from

the uniaxial strain that is modeled by H
Uni

=
�U

P
i

(Lz

i

)2. This term captures the low-temperature
tetragonal distortion of NiRh

2

O
4

[16, 33] that modifies
the tetrahedral crystal field of the Ni2+ ion in Fig. 1.
This distortion, however, preserves the two-fold degener-
acy of the xz and yz orbitals [23]. Within our mean-field
theory, we find the critical strength of SOC is raised by
U/3 compared to the one without the uniaxial strain, i.e.
the magnetic order is enhanced (see details in Ref. 27).
Discussion.—In summary, we propose a simple spin-

orbital model for the diamond lattice antiferromagnet
NiRh

2

O
4

and related systems, capturing the competition
between the atomic SOC and the exchange interaction.
We point out that this competition leads to a quantum
criticality between the spin-orbital singlet and the mag-
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Comparison with other systems
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J = 0
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<latexit sha1_base64="lonwrI2c9W+cE9Rhk72wlxWiLKg=">AAACJ3icbVDLSgNBEJz1GeMrPm5eFhPBi2E3CuotKIjHSIwJJGGZnXSSIbMPZnrFZNl/8Wq+xpPo0Q8RnDwOJrGgoajqpppyQ8EVWtaXsbS8srq2ntpIb25t7+xm9vafVBBJBhUWiEDWXKpAcB8qyFFALZRAPVdA1e3djvzqM0jFA/8R+yE0PdrxeZszilpyMocNhBeM76DMck4hV845F7nEyWStvDWGuUjsKcmSKUpO5qfRCljkgY9MUKXqthViM6YSOROQpBuRgpCyHu1AXVOfeqCa8fj7xDzRSstsB1KPj+ZY/XsRU0+pvufqTY9iV817I/E/rx5h+6oZcz+MEHw2CWpHwsTAHFVhtrgEhqKvCWWS619N1qWSMtSFzaQg7w2SBeXsvBWKAJO07sueb2eRVAr567z9UMgWb6bFpcgROSanxCaXpEjuSYlUCCMD8kreyNAYGu/Gh/E5WV0ypjcHZAbG9y/wa6W9</latexit><latexit sha1_base64="lonwrI2c9W+cE9Rhk72wlxWiLKg=">AAACJ3icbVDLSgNBEJz1GeMrPm5eFhPBi2E3CuotKIjHSIwJJGGZnXSSIbMPZnrFZNl/8Wq+xpPo0Q8RnDwOJrGgoajqpppyQ8EVWtaXsbS8srq2ntpIb25t7+xm9vafVBBJBhUWiEDWXKpAcB8qyFFALZRAPVdA1e3djvzqM0jFA/8R+yE0PdrxeZszilpyMocNhBeM76DMck4hV845F7nEyWStvDWGuUjsKcmSKUpO5qfRCljkgY9MUKXqthViM6YSOROQpBuRgpCyHu1AXVOfeqCa8fj7xDzRSstsB1KPj+ZY/XsRU0+pvufqTY9iV817I/E/rx5h+6oZcz+MEHw2CWpHwsTAHFVhtrgEhqKvCWWS619N1qWSMtSFzaQg7w2SBeXsvBWKAJO07sueb2eRVAr567z9UMgWb6bFpcgROSanxCaXpEjuSYlUCCMD8kreyNAYGu/Gh/E5WV0ypjcHZAbG9y/wa6W9</latexit><latexit sha1_base64="lonwrI2c9W+cE9Rhk72wlxWiLKg=">AAACJ3icbVDLSgNBEJz1GeMrPm5eFhPBi2E3CuotKIjHSIwJJGGZnXSSIbMPZnrFZNl/8Wq+xpPo0Q8RnDwOJrGgoajqpppyQ8EVWtaXsbS8srq2ntpIb25t7+xm9vafVBBJBhUWiEDWXKpAcB8qyFFALZRAPVdA1e3djvzqM0jFA/8R+yE0PdrxeZszilpyMocNhBeM76DMck4hV845F7nEyWStvDWGuUjsKcmSKUpO5qfRCljkgY9MUKXqthViM6YSOROQpBuRgpCyHu1AXVOfeqCa8fj7xDzRSstsB1KPj+ZY/XsRU0+pvufqTY9iV817I/E/rx5h+6oZcz+MEHw2CWpHwsTAHFVhtrgEhqKvCWWS619N1qWSMtSFzaQg7w2SBeXsvBWKAJO07sueb2eRVAr567z9UMgWb6bFpcgROSanxCaXpEjuSYlUCCMD8kreyNAYGu/Gh/E5WV0ypjcHZAbG9y/wa6W9</latexit><latexit sha1_base64="lonwrI2c9W+cE9Rhk72wlxWiLKg=">AAACJ3icbVDLSgNBEJz1GeMrPm5eFhPBi2E3CuotKIjHSIwJJGGZnXSSIbMPZnrFZNl/8Wq+xpPo0Q8RnDwOJrGgoajqpppyQ8EVWtaXsbS8srq2ntpIb25t7+xm9vafVBBJBhUWiEDWXKpAcB8qyFFALZRAPVdA1e3djvzqM0jFA/8R+yE0PdrxeZszilpyMocNhBeM76DMck4hV845F7nEyWStvDWGuUjsKcmSKUpO5qfRCljkgY9MUKXqthViM6YSOROQpBuRgpCyHu1AXVOfeqCa8fj7xDzRSstsB1KPj+ZY/XsRU0+pvufqTY9iV817I/E/rx5h+6oZcz+MEHw2CWpHwsTAHFVhtrgEhqKvCWWS619N1qWSMtSFzaQg7w2SBeXsvBWKAJO07sueb2eRVAr567z9UMgWb6bFpcgROSanxCaXpEjuSYlUCCMD8kreyNAYGu/Gh/E5WV0ypjcHZAbG9y/wa6W9</latexit>

S=1/2 dimer
<latexit sha1_base64="9XhyYaj5uE6nXfoB/+87ZI4XhFI=">AAACJXicbVDLSgNBEOyNrxhfazx6WQyCIMZdPagHQfTiUdEYIQlhdtKJQ2YfzPSKcdlfEW/6NZ5E8OSXCE4eB2MsaCiquunu8mMpNLnup5Wbmp6ZncvPFxYWl5ZX7NXijY4SxbHCIxmpW59plCLECgmSeBsrZIEvsep3z/p+9R6VFlF4Tb0YGwHrhKItOCMjNe1infCB0qtjb3fPaYkAVda0S27ZHcCZJN6IlE426tvPAHDRtL/rrYgnAYbEJdO65rkxNVKmSHCJWaGeaIwZ77IO1gwNWYC6kQ5uz5xNo7ScdqRMheQM1N8TKQu07gW+6QwY3em/Xl/8z6sl1D5spCKME8KQDxe1E+lQ5PSDMM8q5CR7hjCuhLnV4XdMMU4mrrEtJLqP2YSys9+KZURZweTl/U1nklT2ykdl79LkdgpD5GEdNmALPDiAEziHC6gAhwd4ghd4tV6tN+vd+hi25qzRzBqMwfr6AccApxs=</latexit><latexit sha1_base64="WLxGSjPDFS00S+n5IFf6UY5cLtk=">AAACJXicbVBNSwJRFH1jX2ZfZss2gxIEkc3YoloEUpuWRpmCirx5XvXhmw/euxPaMP+iddv8Na0icNUvCXp+LFI7cOFwzr3ce48TCK7QskZGYmV1bX0juZna2t7Z3UvvZ56UH0oGZeYLX1YdqkBwD8rIUUA1kEBdR0DF6d2O/cozSMV97xEHATRc2vF4mzOKWmqmM3WEPkYP1/ZZwWxxF2TcTOesvDWBuUzsGckVs/WT11FxUGqmf+otn4UueMgEVapmWwE2IiqRMwFxqh4qCCjr0Q7UNPWoC6oRTW6PzSOttMy2L3V5aE7UvxMRdZUauI7udCl21aI3Fv/zaiG2LxsR94IQwWPTRe1QmOib4yD0sxIYioEmlEmubzVZl0rKUMc1twV57yVeUk7PW4HwMU7pvOzFdJZJuZC/ytv3OrcbMkWSHJIsOSY2uSBFckdKpEwY6ZM38k6GxtD4MD6Nr2lrwpjNHJA5GN+/EHWooQ==</latexit><latexit sha1_base64="WLxGSjPDFS00S+n5IFf6UY5cLtk=">AAACJXicbVBNSwJRFH1jX2ZfZss2gxIEkc3YoloEUpuWRpmCirx5XvXhmw/euxPaMP+iddv8Na0icNUvCXp+LFI7cOFwzr3ce48TCK7QskZGYmV1bX0juZna2t7Z3UvvZ56UH0oGZeYLX1YdqkBwD8rIUUA1kEBdR0DF6d2O/cozSMV97xEHATRc2vF4mzOKWmqmM3WEPkYP1/ZZwWxxF2TcTOesvDWBuUzsGckVs/WT11FxUGqmf+otn4UueMgEVapmWwE2IiqRMwFxqh4qCCjr0Q7UNPWoC6oRTW6PzSOttMy2L3V5aE7UvxMRdZUauI7udCl21aI3Fv/zaiG2LxsR94IQwWPTRe1QmOib4yD0sxIYioEmlEmubzVZl0rKUMc1twV57yVeUk7PW4HwMU7pvOzFdJZJuZC/ytv3OrcbMkWSHJIsOSY2uSBFckdKpEwY6ZM38k6GxtD4MD6Nr2lrwpjNHJA5GN+/EHWooQ==</latexit><latexit sha1_base64="x6KHoldG0kMIjOV1U0eNjSINBVY=">AAACJXicbVDLTgJBEJzFF+IL8ehlIzHxIu7iQT2YEL14xChCAhsyO9vAhNlHZnoNuNlf8Spf48mYePJLTBweBwEr6aRS1Z3uLjcSXKFlfRmZldW19Y3sZm5re2d3L79feFJhLBnUWChC2XCpAsEDqCFHAY1IAvVdAXW3fzv2688gFQ+DRxxG4Pi0G/AOZxS11M4XWggDTB6u7bOy6XEfZNrOF62SNYG5TOwZKZIZqu38T8sLWexDgExQpZq2FaGTUImcCUhzrVhBRFmfdqGpaUB9UE4yuT01j7XimZ1Q6grQnKh/JxLqKzX0Xd3pU+ypRW8s/uc1Y+xcOgkPohghYNNFnViYGJrjIPSzEhiKoSaUSa5vNVmPSspQxzW3BXn/JV1STs+9SISY5nRe9mI6y6RWLl2V7HurWLmZBZclh+SInBCbXJAKuSNVUiOMDMgreSMjY2S8Gx/G57Q1Y8xmDsgcjO9fdAelkg==</latexit>

S=1 dimer
<latexit sha1_base64="7Mr26p/KvQTffKDlyN9VH7qzDyY=">AAACI3icbVC7SgNREJ31bXytWtosBsHGsKuFWgSDNpYRjQpJCHdvJskldx/cOxuMy4IfYqu/YmMlNhZ+iuDNo1DjgYHDOTPMzPFjKTS57oc1NT0zOze/sJhbWl5ZXbPXN651lCiOFR7JSN36TKMUIVZIkMTbWCELfIk3fvds4N/0UGkRhVfUj7EesHYoWoIzMlLDtmuEd5ReFj2nKQJUWcPOuwV3CGeSeGOSP3nJFR8AoNywv2rNiCcBhsQl07rquTHVU6ZIcIlZrpZojBnvsjZWDQ1ZgLqeDi/PnB2jNJ1WpEyF5AzVnxMpC7TuB77pDBh19F9vIP7nVRNqHdVTEcYJYchHi1qJdChyBjGYZxVykn1DGFfC3OrwDlOMkwnr1xYS3ftsQtk7aMYyoixn8vL+pjNJKvuF44J34eZLpzDCAmzBNuyCB4dQgnMoQwU49OARnuDZerZerTfrfdQ6ZY1nNuEXrM9vN8um6g==</latexit><latexit sha1_base64="2Xm1uhyzadRN1n8KSfKCvQMxGVw=">AAACI3icbVA9SwNBEN3zM55fp5Y2h0GwMdxpoRbBoI1lRM8EkhD2NpNkyd4Hu3PBeNw/sRPzV2ysRBALf4rgJrFQ44OBx3szzMzzY8EVOs67MTM7N7+wmFsyl1dW19atjc0bFSWSgcciEcmqTxUIHoKHHAVUYwk08AVU/N75yK/0QSoehdc4iKER0E7I25xR1FLTsuoIt5heFV27xQOQWdPKOwVnDHuauN8kf/pkFuOHN7PctD7rrYglAYTIBFWq5joxNlIqkTMBmVlPFMSU9WgHapqGNADVSMeXZ/auVlp2O5K6QrTH6s+JlAZKDQJfdwYUu+qvNxL/82oJto8bKQ/jBCFkk0XtRNgY2aMY9LMSGIqBJpRJrm+1WZdKylCH9WsL8t5dNqXsH7ZiEWFm6rzcv+lME++gcFJwL5186YxMkCPbZIfsEZcckRK5IGXiEUb65J48kqExNJ6NF+N10jpjfM9skV8wPr4AZmKoXg==</latexit><latexit sha1_base64="2Xm1uhyzadRN1n8KSfKCvQMxGVw=">AAACI3icbVA9SwNBEN3zM55fp5Y2h0GwMdxpoRbBoI1lRM8EkhD2NpNkyd4Hu3PBeNw/sRPzV2ysRBALf4rgJrFQ44OBx3szzMzzY8EVOs67MTM7N7+wmFsyl1dW19atjc0bFSWSgcciEcmqTxUIHoKHHAVUYwk08AVU/N75yK/0QSoehdc4iKER0E7I25xR1FLTsuoIt5heFV27xQOQWdPKOwVnDHuauN8kf/pkFuOHN7PctD7rrYglAYTIBFWq5joxNlIqkTMBmVlPFMSU9WgHapqGNADVSMeXZ/auVlp2O5K6QrTH6s+JlAZKDQJfdwYUu+qvNxL/82oJto8bKQ/jBCFkk0XtRNgY2aMY9LMSGIqBJpRJrm+1WZdKylCH9WsL8t5dNqXsH7ZiEWFm6rzcv+lME++gcFJwL5186YxMkCPbZIfsEZcckRK5IGXiEUb65J48kqExNJ6NF+N10jpjfM9skV8wPr4AZmKoXg==</latexit><latexit sha1_base64="gM3qIPVophDVpv/EIgTMUX9yfzo=">AAACI3icbVBNS8NAEN34WetX1KOXYBG8WBI9qAeh6MVjRWMLbSib7bRduvlgd1KsIf/Eq/01nsSLB3+K4LbNwbY+GHi8N8PMPD8WXKFtfxlLyyura+uFjeLm1vbOrrm3/6SiRDJwWSQiWfepAsFDcJGjgHosgQa+gJrfvx37tQFIxaPwEYcxeAHthrzDGUUttUyzifCM6cO1Y7V5ADJrmSW7bE9gLRInJyWSo9oyf5rtiCUBhMgEVarh2DF6KZXImYCs2EwUxJT1aRcamoY0AOWlk8sz61grbasTSV0hWhP170RKA6WGga87A4o9Ne+Nxf+8RoKdSy/lYZwghGy6qJMICyNrHIN+VgJDMdSEMsn1rRbrUUkZ6rBmtiDvv2QLyul5OxYRZkWdlzOfziJxz8pXZefeLlVu8uAK5JAckRPikAtSIXekSlzCyIC8kjcyMkbGu/FhfE5bl4x85oDMwPj+BXzipR0=</latexit>

(a)
<latexit sha1_base64="qM2rOuKglM+nEDgcXczs6z9lpkw=">AAACG3icbVA9TwJBEJ3DL8Qv1E6bi2iCheROCz8qEhtLTESIQMjessCGvb3L7pwRL1f6D2zl11gZWwt/jInLRyHgSyZ5eW8mM/O8UHCNjvNtpRYWl5ZX0quZtfWNza3s9s69DiJFWZkGIlBVj2gmuGRl5ChYNVSM+J5gFa93PfQrj0xpHsg77Ies4ZOO5G1OCRrpoY7sCeM8OU6a2ZxTcEaw54k7Ibni3sshGJSa2Z96K6CRzyRSQbSuuU6IjZgo5FSwJFOPNAsJ7ZEOqxkqic90Ix5dnNhHRmnZ7UCZkmiP1L8TMfG17vue6fQJdvWsNxT/82oRti8aMZdhhEzS8aJ2JGwM7OH7dosrRlH0DSFUcXOrTbtEEYompKktyHvPyZxyctYKRYBJxuTlzqYzT8qnhcuCe2tyu4Ix0rAPB5AHF86hCDdQgjJQkPAKbzCwBta79WF9jltT1mRmF6Zgff0CxK6jaw==</latexit><latexit sha1_base64="Iwqv3qYdScFgVUCQE8sF2DGqlNY=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AU8H7ayOWtojWAOU3sEcmXtp/y34+Xr+VG7qfuhyQOqADCsVI124rATbAERjhNs/VY0QiTDm7RmqYCB1S5yeDi1NzTim82Q6lLgDlQ/04kOFCqG3i6M8DQVpNeX/zPq8XQPHETJqIYqCDDRc2YmxCa/fdNn0lKgHc1wUQyfatJ2lhiAjqksS3AOg/plHJw5Ec8hDSr87In05kmzmHxtGhf6dzO0BAZtIN2UQHZ6BiV0AUqIwcRJNAzekE9o2e8Ge/Gx7B1xhjNbKExGJ+/hRSl6g==</latexit><latexit sha1_base64="Iwqv3qYdScFgVUCQE8sF2DGqlNY=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AU8H7ayOWtojWAOU3sEcmXtp/y34+Xr+VG7qfuhyQOqADCsVI124rATbAERjhNs/VY0QiTDm7RmqYCB1S5yeDi1NzTim82Q6lLgDlQ/04kOFCqG3i6M8DQVpNeX/zPq8XQPHETJqIYqCDDRc2YmxCa/fdNn0lKgHc1wUQyfatJ2lhiAjqksS3AOg/plHJw5Ec8hDSr87In05kmzmHxtGhf6dzO0BAZtIN2UQHZ6BiV0AUqIwcRJNAzekE9o2e8Ge/Gx7B1xhjNbKExGJ+/hRSl6g==</latexit><latexit sha1_base64="7zGGnmFtSpYnH4i6rkyp7mcPd6U=">AAACG3icbVBNS8NAEN34WetX1aOXxSLUgyXRgx+nghePFYwttqFsNtt26WYTdidiDfkXXu2v8SRePfhjBLdtDrb1wcDjvRlm5vmx4Bps+9taWl5ZXVsvbBQ3t7Z3dkt7+w86ShRlLo1EpJo+0UxwyVzgIFgzVoyEvmANf3Az9htPTGkeyXsYxswLSU/yLqcEjPTYBvYMaYWcZJ1S2a7aE+BF4uSkjHLUO6WfdhDRJGQSqCBatxw7Bi8lCjgVLCu2E81iQgekx1qGShIy7aWTizN8bJQAdyNlSgKeqH8nUhJqPQx90xkS6Ot5byz+57US6F56KZdxAkzS6aJuIjBEePw+DrhiFMTQEEIVN7di2ieKUDAhzWwBPnjJFpTT8yAWEWRFk5czn84icc+qV1Xnzi7XrvPgCugQHaEKctAFqqFbVEcuokiiV/SGRtbIerc+rM9p65KVzxygGVhfvzudomg=</latexit>

(c)
<latexit sha1_base64="jPb4FHDy2N77UpgSbcNtd092Eko=">AAACG3icbVA9TwJBEJ3DL8Qv1E6bi2iCheROCz8qEhtLTESIQMjessCGvb3L7pwRL1f6D2zl11gZWwt/jInLRyHgSyZ5eW8mM/O8UHCNjvNtpRYWl5ZX0quZtfWNza3s9s69DiJFWZkGIlBVj2gmuGRl5ChYNVSM+J5gFa93PfQrj0xpHsg77Ies4ZOO5G1OCRrpoY7sCeM8PU6a2ZxTcEaw54k7Ibni3sshGJSa2Z96K6CRzyRSQbSuuU6IjZgo5FSwJFOPNAsJ7ZEOqxkqic90Ix5dnNhHRmnZ7UCZkmiP1L8TMfG17vue6fQJdvWsNxT/82oRti8aMZdhhEzS8aJ2JGwM7OH7dosrRlH0DSFUcXOrTbtEEYompKktyHvPyZxyctYKRYBJxuTlzqYzT8qnhcuCe2tyu4Ix0rAPB5AHF86hCDdQgjJQkPAKbzCwBta79WF9jltT1mRmF6Zgff0CyA6jbQ==</latexit><latexit sha1_base64="ZaepU2Zk8bAqsPk4BhKFgjb+C+g=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AUyH7ayOWtojWAOU3sEcmXtp/y34+Xr+VG7qfuhyQOqADCsVI124rATbAERjhNs/VY0QiTDm7RmqYCB1S5yeDi1NzTim82Q6lLgDlQ/04kOFCqG3i6M8DQVpNeX/zPq8XQPHETJqIYqCDDRc2YmxCa/fdNn0lKgHc1wUQyfatJ2lhiAjqksS3AOg/plHJw5Ec8hDSr87In05kmzmHxtGhf6dzO0BAZtIN2UQHZ6BiV0AUqIwcRJNAzekE9o2e8Ge/Gx7B1xhjNbKExGJ+/iHSl7A==</latexit><latexit sha1_base64="ZaepU2Zk8bAqsPk4BhKFgjb+C+g=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AUyH7ayOWtojWAOU3sEcmXtp/y34+Xr+VG7qfuhyQOqADCsVI124rATbAERjhNs/VY0QiTDm7RmqYCB1S5yeDi1NzTim82Q6lLgDlQ/04kOFCqG3i6M8DQVpNeX/zPq8XQPHETJqIYqCDDRc2YmxCa/fdNn0lKgHc1wUQyfatJ2lhiAjqksS3AOg/plHJw5Ec8hDSr87In05kmzmHxtGhf6dzO0BAZtIN2UQHZ6BiV0AUqIwcRJNAzekE9o2e8Ge/Gx7B1xhjNbKExGJ+/iHSl7A==</latexit><latexit sha1_base64="rdenuk6FLztSYDE36L0O45dKQMA=">AAACG3icbVBNS8NAEN34WetX1aOXxSLUgyXRgx+nghePFYwttqFsNtt26WYTdidiDfkXXu2v8SRePfhjBLdtDrb1wcDjvRlm5vmx4Bps+9taWl5ZXVsvbBQ3t7Z3dkt7+w86ShRlLo1EpJo+0UxwyVzgIFgzVoyEvmANf3Az9htPTGkeyXsYxswLSU/yLqcEjPTYBvYMaYWeZJ1S2a7aE+BF4uSkjHLUO6WfdhDRJGQSqCBatxw7Bi8lCjgVLCu2E81iQgekx1qGShIy7aWTizN8bJQAdyNlSgKeqH8nUhJqPQx90xkS6Ot5byz+57US6F56KZdxAkzS6aJuIjBEePw+DrhiFMTQEEIVN7di2ieKUDAhzWwBPnjJFpTT8yAWEWRFk5czn84icc+qV1Xnzi7XrvPgCugQHaEKctAFqqFbVEcuokiiV/SGRtbIerc+rM9p65KVzxygGVhfvz79omo=</latexit>

(b)
<latexit sha1_base64="AJkrz0rSpxqXWfUU5yW+rR0YmR4=">AAACG3icbVA9TwJBEJ3DL8Qv1E6bi2iCheROCz8qEhtLTESIQMjessCGvb3L7pwRL1f6D2zl11gZWwt/jInLRyHgSyZ5eW8mM/O8UHCNjvNtpRYWl5ZX0quZtfWNza3s9s69DiJFWZkGIlBVj2gmuGRl5ChYNVSM+J5gFa93PfQrj0xpHsg77Ies4ZOO5G1OCRrpoY7sCeO8d5w0szmn4IxgzxN3QnLFvZdDMCg1sz/1VkAjn0mkgmhdc50QGzFRyKlgSaYeaRYS2iMdVjNUEp/pRjy6OLGPjNKy24EyJdEeqX8nYuJr3fc90+kT7OpZbyj+59UibF80Yi7DCJmk40XtSNgY2MP37RZXjKLoG0Ko4uZWm3aJIhRNSFNbkPeekznl5KwVigCTjMnLnU1nnpRPC5cF99bkdgVjpGEfDiAPLpxDEW6gBGWgIOEV3mBgDax368P6HLemrMnMLkzB+voFxl6jbA==</latexit><latexit sha1_base64="QH6qOTdteSDPaD+cDJ0ozYhYJtA=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AUvP20kctbRWsAc5rYI5IvbT/lvx8vX8uN3E/dD0kcUAGEY6VqthWBm2AJjHCaZuuxohEmHdyiNU0FDqhyk8HFqbmnFd9shlKXAHOg/p1IcKBUN/B0Z4ChrSa9vvifV4uheeImTEQxUEGGi5oxNyE0+++bPpOUAO9qgolk+laTtLHEBHRIY1uAdR7SKeXgyI94CGlW52VPpjNNnMPiadG+0rmdoSEyaAftogKy0TEqoQtURg4iSKBn9IJ6Rs94M96Nj2HrjDGa2UJjMD5/AYbEpes=</latexit><latexit sha1_base64="QH6qOTdteSDPaD+cDJ0ozYhYJtA=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AUvP20kctbRWsAc5rYI5IvbT/lvx8vX8uN3E/dD0kcUAGEY6VqthWBm2AJjHCaZuuxohEmHdyiNU0FDqhyk8HFqbmnFd9shlKXAHOg/p1IcKBUN/B0Z4ChrSa9vvifV4uheeImTEQxUEGGi5oxNyE0+++bPpOUAO9qgolk+laTtLHEBHRIY1uAdR7SKeXgyI94CGlW52VPpjNNnMPiadG+0rmdoSEyaAftogKy0TEqoQtURg4iSKBn9IJ6Rs94M96Nj2HrjDGa2UJjMD5/AYbEpes=</latexit><latexit sha1_base64="NSZsr21si8vcFMq62ugv06yjrHE=">AAACG3icbVBNS8NAEN34WetX1aOXxSLUgyXRgx+nghePFYwttqFsNtt26WYTdidiDfkXXu2v8SRePfhjBLdtDrb1wcDjvRlm5vmx4Bps+9taWl5ZXVsvbBQ3t7Z3dkt7+w86ShRlLo1EpJo+0UxwyVzgIFgzVoyEvmANf3Az9htPTGkeyXsYxswLSU/yLqcEjPTYBvYMacU/yTqlsl21J8CLxMlJGeWod0o/7SCiScgkUEG0bjl2DF5KFHAqWFZsJ5rFhA5Ij7UMlSRk2ksnF2f42CgB7kbKlAQ8Uf9OpCTUehj6pjMk0Nfz3lj8z2sl0L30Ui7jBJik00XdRGCI8Ph9HHDFKIihIYQqbm7FtE8UoWBCmtkCfPCSLSin50EsIsiKJi9nPp1F4p5Vr6rOnV2uXefBFdAhOkIV5KALVEO3qI5cRJFEr+gNjayR9W59WJ/T1iUrnzlAM7C+fgE9TaJp</latexit>

(d)
<latexit sha1_base64="YAQi2GVKNcQL5DVxyL92siPgzu0=">AAACG3icbVC5TsNAEB2HK4QrQAeNxSGFgsiGgqNCoqEMEgZEYkXr9Zqssl5bu2NEsFzyB7TwNVSIloKPQWJzFEB40khP781oZl6QCq7RcT6t0sTk1PRMebYyN7+wuFRdXrnUSaYo82giEnUdEM0El8xDjoJdp4qROBDsKuie9v2rO6Y0T+QF9lLmx+RW8ohTgka6aSG7x7wW7hTt6qZTdwawx4k7Ipsna49bYNBoV79aYUKzmEmkgmjddJ0U/Zwo5FSwotLKNEsJ7ZJb1jRUkphpPx9cXNjbRgntKFGmJNoD9edETmKte3FgOmOCHf3X64v/ec0Mo0M/5zLNkEk6XBRlwsbE7r9vh1wxiqJnCKGKm1tt2iGKUDQh/dqCvPtQjCm7+2EqEiwqJi/3bzrjxNurH9Xdc5PbMQxRhnXYgBq4cAAncAYN8ICChCd4hhfrxXq13qz3YWvJGs2swi9YH9/JvqNu</latexit><latexit sha1_base64="oeQpoDzi1lWUcf2nub0uS9lNVjk=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AU/P20kctbRWsAc5rYI5IvbT/lvx8vX8uN3E/dD0kcUAGEY6VqthWBm2AJjHCaZuuxohEmHdyiNU0FDqhyk8HFqbmnFd9shlKXAHOg/p1IcKBUN/B0Z4ChrSa9vvifV4uheeImTEQxUEGGi5oxNyE0+++bPpOUAO9qgolk+laTtLHEBHRIY1uAdR7SKeXgyI94CGlW52VPpjNNnMPiadG+0rmdoSEyaAftogKy0TEqoQtURg4iSKBn9IJ6Rs94M96Nj2HrjDGa2UJjMD5/AYokpe0=</latexit><latexit sha1_base64="oeQpoDzi1lWUcf2nub0uS9lNVjk=">AAACG3icbVC7SgNBFJ31GeMraqfNYhBiYdjVwkcVsLERIrgmmCxhdnaSDJmdXWbuinFZrPwDW/MpVlZia+GP2AlOHoVJPHDhcM693HuPF3GmwLK+jJnZufmFxcxSdnlldW09t7F5o8JYEuqQkIey6mFFORPUAQacViNJceBxWvE6532/ckelYqG4hm5E3QC3BGsygkFLt3Wg95AU/P20kctbRWsAc5rYI5IvbT/lvx8vX8uN3E/dD0kcUAGEY6VqthWBm2AJjHCaZuuxohEmHdyiNU0FDqhyk8HFqbmnFd9shlKXAHOg/p1IcKBUN/B0Z4ChrSa9vvifV4uheeImTEQxUEGGi5oxNyE0+++bPpOUAO9qgolk+laTtLHEBHRIY1uAdR7SKeXgyI94CGlW52VPpjNNnMPiadG+0rmdoSEyaAftogKy0TEqoQtURg4iSKBn9IJ6Rs94M96Nj2HrjDGa2UJjMD5/AYokpe0=</latexit><latexit sha1_base64="tWQl1jTw5TWGE073/ztPMCH7BF0=">AAACG3icbVBNS8NAEN34WetX1aOXxSLUgyXRgx+nghePFYwttqFsNtt26WYTdidiDfkXXu2v8SRePfhjBLdtDrb1wcDjvRlm5vmx4Bps+9taWl5ZXVsvbBQ3t7Z3dkt7+w86ShRlLo1EpJo+0UxwyVzgIFgzVoyEvmANf3Az9htPTGkeyXsYxswLSU/yLqcEjPTYBvYMaSU4yTqlsl21J8CLxMlJGeWod0o/7SCiScgkUEG0bjl2DF5KFHAqWFZsJ5rFhA5Ij7UMlSRk2ksnF2f42CgB7kbKlAQ8Uf9OpCTUehj6pjMk0Nfz3lj8z2sl0L30Ui7jBJik00XdRGCI8Ph9HHDFKIihIYQqbm7FtE8UoWBCmtkCfPCSLSin50EsIsiKJi9nPp1F4p5Vr6rOnV2uXefBFdAhOkIV5KALVEO3qI5cRJFEr+gNjayR9W59WJ/T1iUrnzlAM7C+fgFAraJr</latexit>

0

0.5

1

0

0.5

2

0

0.5

S
tot

=0
<latexit sha1_base64="H4WjnX6zCBrxXHAEcMqS5mD9oyc=">AAACJXicbZBNSwJRFIbP2JfZlxm0aTMmQZtkphbVIpDatFTKFByxO9erXrzzwb1nQhv8K23z17SKoE39kqDrxyK1Fw68vOcczuFxQ8EVWtankVhaXlldS66nNja3tnfSu5kHFUSSsjINRCCrLlFMcJ+VkaNg1VAy4rmCVdzuzahfeWJS8cC/x37I6h5p+7zFKUEdNdKZu4aDrIcxBjhwsldO1mqkc1beGstcNPbU5Ar7pa9HACg20j9OM6CRx3ykgihVs60Q6zGRyKlgg5QTKRYS2iVtVtPWJx5T9Xj8+8A80knTbAVSl4/mOP27ERNPqb7n6kmPYEfN90bhf71ahK2Lesz9MELm08mhViRMDMwRCLPJJaMo+toQKrn+1aQdIglFjWvmCvLu82AhOTlrhkJDS2le9jydRVM+zV/m7ZLmdg0TJeEADuEYbDiHAtxCEcpAoQcv8ApDY2i8Ge/Gx2Q0YUx39mBGxvcviVqnlA==</latexit><latexit sha1_base64="BiiNA5D6i0rwQDdQRLioiytmY3o=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5s6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyOCqVA=</latexit><latexit sha1_base64="BiiNA5D6i0rwQDdQRLioiytmY3o=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5s6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyOCqVA=</latexit><latexit sha1_base64="/OjvNA2n5jcX3MXeRudn+CE6jsc=">AAACJXicbZBNS8NAEIY39avWr1iPXlKL4MWS6EE9CEUvHisaW2hC2Ww37dLNB7sTaQ35K17tr/Ekgid/ieC2zcG2vjDw8s4MMzxezJkE0/zSCiura+sbxc3S1vbO7p6+X36SUSIItUnEI9HysKSchdQGBpy2YkFx4HHa9Aa3k37zmQrJovARRjF1A9wLmc8IBhV19PJDxwE6hBQiyJzKtVMxO3rVrJlTGcvGyk0V5Wp09B+nG5EkoCEQjqVsW2YMbooFMMJpVnISSWNMBrhH28qGOKDSTae/Z8axSrqGHwlVIRjT9O9GigMpR4GnJgMMfbnYm4T/9doJ+JduysI4ARqS2SE/4QZExgSE0WWCEuAjZTARTP1qkD4WmIDCNXcF2OAlW0pOz7sxV9BKipe1SGfZ2Ge1q5p1b1brNzm4IjpER+gEWegC1dEdaiAbETREr+gNjbWx9q59aJ+z0YKW7xygOWnfv6shpa8=</latexit>

S
tot

=1
<latexit sha1_base64="EHAKE/huAvrdFPRepOQ+NZMrAUE=">AAACJXicbZBNSwJRFIbP2JfZlxm0aTMmQZtkphbVIpDatFTKFByxO9erXrzzwb1nQhv8K23z17SKoE39kqDrxyK1Fw68vOcczuFxQ8EVWtankVhaXlldS66nNja3tnfSu5kHFUSSsjINRCCrLlFMcJ+VkaNg1VAy4rmCVdzuzahfeWJS8cC/x37I6h5p+7zFKUEdNdKZu4aDrIcxBjhwsldO1m6kc1beGstcNPbU5Ar7pa9HACg20j9OM6CRx3ykgihVs60Q6zGRyKlgg5QTKRYS2iVtVtPWJx5T9Xj8+8A80knTbAVSl4/mOP27ERNPqb7n6kmPYEfN90bhf71ahK2Lesz9MELm08mhViRMDMwRCLPJJaMo+toQKrn+1aQdIglFjWvmCvLu82AhOTlrhkJDS2le9jydRVM+zV/m7ZLmdg0TJeEADuEYbDiHAtxCEcpAoQcv8ApDY2i8Ge/Gx2Q0YUx39mBGxvcviwinlQ==</latexit><latexit sha1_base64="4SeJUqbt5BoDhPbHNP44seI7Mho=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5q6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyUwqVE=</latexit><latexit sha1_base64="4SeJUqbt5BoDhPbHNP44seI7Mho=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5q6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyUwqVE=</latexit><latexit sha1_base64="eWY41EuyZx7PSQctV9s3dw67zBM=">AAACJXicbZBNS8NAEIY39avWr1qPXlKL4MWS6EE9CEUvHisaW2hC2Gy27dLNJuxOpDX0r3i1v8aTCJ78JYLbj4NtfWHg5Z0ZZniChDMFlvVl5FZW19Y38puFre2d3b3ifulJxakk1CExj2UzwIpyJqgDDDhtJpLiKOC0EfRux/3GM5WKxeIRBgn1ItwRrM0IBh35xdKD7wLtQwYxDN3ytVu2/WLFqloTmcvGnpkKmqnuF3/cMCZpRAUQjpVq2VYCXoYlMMLpsOCmiiaY9HCHtrQVOKLKyya/D81jnYRmO5a6BJiT9O9GhiOlBlGgJyMMXbXYG4f/9VoptC+9jIkkBSrI9FA75SbE5hiEGTJJCfCBNphIpn81SRdLTEDjmrsCrPcyXEpOz8OEa2gFzctepLNsnLPqVdW+tyq1mxm4PDpER+gE2egC1dAdqiMHEdRHr+gNjYyR8W58GJ/T0Zwx2zlAczK+fwGsz6Ww</latexit>
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tot

=2
<latexit sha1_base64="dfI5Yqh9qaoUDiS6rdDll4aKEfw=">AAACJXicbZBNSwJRFIbP9Gn2ZQZt2oxJ0CaZsUW1CKQ2LZUyBUfszvWqF+98cO+Z0Ab/Stv8Na0iaFO/JOj6sUjthQMv7zmHc3jcUHCFlvVpLC2vrK6tJzaSm1vbO7upvfSDCiJJWZkGIpBVlygmuM/KyFGwaigZ8VzBKm73ZtSvPDGpeODfYz9kdY+0fd7ilKCOGqn0XcNB1sMYAxw4mSsnk2+kslbOGstcNPbUZAsHpa9HACg2Uj9OM6CRx3ykgihVs60Q6zGRyKlgg6QTKRYS2iVtVtPWJx5T9Xj8+8A81knTbAVSl4/mOP27ERNPqb7n6kmPYEfN90bhf71ahK2Lesz9MELm08mhViRMDMwRCLPJJaMo+toQKrn+1aQdIglFjWvmCvLu82AhOT1rhkJDS2pe9jydRVPO5y5zdklzu4aJEnAIR3ACNpxDAW6hCGWg0IMXeIWhMTTejHfjYzK6ZEx39mFGxvcvjLanlg==</latexit><latexit sha1_base64="oYaQAd8Mez/nqTyjRiRstm6KSOQ=">AAACJXicbZC7SgNBFIZnvcZ4WyPY2GwMgo1hNxZqIYTYWCZoTCC7LLOTSTJk9sLMWUlc8iq2pvEtrK1EsNEnEZxcCpP4w4Gf/5zDOXxexJkE0/zUlpZXVtfWUxvpza3tnV19L3Mvw1gQWiUhD0Xdw5JyFtAqMOC0HgmKfY/Tmte9HvVrD1RIFgZ30I+o4+N2wFqMYFCRq2duXRtoDxIIYWBnr+xswdVzZt4cy1g01tTkigeVL/ZSei27+o/dDEns0wAIx1I2LDMCJ8ECGOF0kLZjSSNMurhNG8oG2KfSSca/D4xjlTSNVihUBWCM078bCfal7PuemvQxdOR8bxT+12vE0LpwEhZEMdCATA61Ym5AaIxAGE0mKAHeVwYTwdSvBulggQkoXDNXgHUfBwvJ6Vkz4gpaWvGy5uksmmohf5m3KopbCU2UQofoCJ0gC52jIrpBZVRFBPXQE3pGQ22ovWnv2sdkdEmb7uyjGWnfvybeqVI=</latexit><latexit sha1_base64="oYaQAd8Mez/nqTyjRiRstm6KSOQ=">AAACJXicbZC7SgNBFIZnvcZ4WyPY2GwMgo1hNxZqIYTYWCZoTCC7LLOTSTJk9sLMWUlc8iq2pvEtrK1EsNEnEZxcCpP4w4Gf/5zDOXxexJkE0/zUlpZXVtfWUxvpza3tnV19L3Mvw1gQWiUhD0Xdw5JyFtAqMOC0HgmKfY/Tmte9HvVrD1RIFgZ30I+o4+N2wFqMYFCRq2duXRtoDxIIYWBnr+xswdVzZt4cy1g01tTkigeVL/ZSei27+o/dDEns0wAIx1I2LDMCJ8ECGOF0kLZjSSNMurhNG8oG2KfSSca/D4xjlTSNVihUBWCM078bCfal7PuemvQxdOR8bxT+12vE0LpwEhZEMdCATA61Ym5AaIxAGE0mKAHeVwYTwdSvBulggQkoXDNXgHUfBwvJ6Vkz4gpaWvGy5uksmmohf5m3KopbCU2UQofoCJ0gC52jIrpBZVRFBPXQE3pGQ22ovWnv2sdkdEmb7uyjGWnfvybeqVI=</latexit><latexit sha1_base64="0R0xRU/9YZWwGziIued4J6rsXp8=">AAACJXicbZBNS8NAEIY3ftb6FevRS2oRvFiSelAPQtGLx4rGFppQNttNu3Tzwe5EWkP+ilf7azyJ4MlfIrhtc7CtLwy8vDPDDI8XcybBNL+0ldW19Y3NwlZxe2d3b18/KD3JKBGE2iTikWh5WFLOQmoDA05bsaA48DhteoPbSb/5TIVkUfgIo5i6Ae6FzGcEg4o6eumh4wAdQgoRZE752inXOnrFrJpTGcvGyk0F5Wp09B+nG5EkoCEQjqVsW2YMbooFMMJpVnQSSWNMBrhH28qGOKDSTae/Z8aJSrqGHwlVIRjT9O9GigMpR4GnJgMMfbnYm4T/9doJ+JduysI4ARqS2SE/4QZExgSE0WWCEuAjZTARTP1qkD4WmIDCNXcF2OAlW0rOzrsxV9CKipe1SGfZ2LXqVdW6Nyv1mxxcAR2hY3SKLHSB6ugONZCNCBqiV/SGxtpYe9c+tM/Z6IqW7xyiOWnfv659pbE=</latexit>

S
tot

=0
<latexit sha1_base64="H4WjnX6zCBrxXHAEcMqS5mD9oyc=">AAACJXicbZBNSwJRFIbP2JfZlxm0aTMmQZtkphbVIpDatFTKFByxO9erXrzzwb1nQhv8K23z17SKoE39kqDrxyK1Fw68vOcczuFxQ8EVWtankVhaXlldS66nNja3tnfSu5kHFUSSsjINRCCrLlFMcJ+VkaNg1VAy4rmCVdzuzahfeWJS8cC/x37I6h5p+7zFKUEdNdKZu4aDrIcxBjhwsldO1mqkc1beGstcNPbU5Ar7pa9HACg20j9OM6CRx3ykgihVs60Q6zGRyKlgg5QTKRYS2iVtVtPWJx5T9Xj8+8A80knTbAVSl4/mOP27ERNPqb7n6kmPYEfN90bhf71ahK2Lesz9MELm08mhViRMDMwRCLPJJaMo+toQKrn+1aQdIglFjWvmCvLu82AhOTlrhkJDS2le9jydRVM+zV/m7ZLmdg0TJeEADuEYbDiHAtxCEcpAoQcv8ApDY2i8Ge/Gx2Q0YUx39mBGxvcviVqnlA==</latexit><latexit sha1_base64="BiiNA5D6i0rwQDdQRLioiytmY3o=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5s6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyOCqVA=</latexit><latexit sha1_base64="BiiNA5D6i0rwQDdQRLioiytmY3o=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5s6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyOCqVA=</latexit><latexit sha1_base64="/OjvNA2n5jcX3MXeRudn+CE6jsc=">AAACJXicbZBNS8NAEIY39avWr1iPXlKL4MWS6EE9CEUvHisaW2hC2Ww37dLNB7sTaQ35K17tr/Ekgid/ieC2zcG2vjDw8s4MMzxezJkE0/zSCiura+sbxc3S1vbO7p6+X36SUSIItUnEI9HysKSchdQGBpy2YkFx4HHa9Aa3k37zmQrJovARRjF1A9wLmc8IBhV19PJDxwE6hBQiyJzKtVMxO3rVrJlTGcvGyk0V5Wp09B+nG5EkoCEQjqVsW2YMbooFMMJpVnISSWNMBrhH28qGOKDSTae/Z8axSrqGHwlVIRjT9O9GigMpR4GnJgMMfbnYm4T/9doJ+JduysI4ARqS2SE/4QZExgSE0WWCEuAjZTARTP1qkD4WmIDCNXcF2OAlW0pOz7sxV9BKipe1SGfZ2Ge1q5p1b1brNzm4IjpER+gEWegC1dEdaiAbETREr+gNjbWx9q59aJ+z0YKW7xygOWnfv6shpa8=</latexit>

S
tot

=1
<latexit sha1_base64="EHAKE/huAvrdFPRepOQ+NZMrAUE=">AAACJXicbZBNSwJRFIbP2JfZlxm0aTMmQZtkphbVIpDatFTKFByxO9erXrzzwb1nQhv8K23z17SKoE39kqDrxyK1Fw68vOcczuFxQ8EVWtankVhaXlldS66nNja3tnfSu5kHFUSSsjINRCCrLlFMcJ+VkaNg1VAy4rmCVdzuzahfeWJS8cC/x37I6h5p+7zFKUEdNdKZu4aDrIcxBjhwsldO1m6kc1beGstcNPbU5Ar7pa9HACg20j9OM6CRx3ykgihVs60Q6zGRyKlgg5QTKRYS2iVtVtPWJx5T9Xj8+8A80knTbAVSl4/mOP27ERNPqb7n6kmPYEfN90bhf71ahK2Lesz9MELm08mhViRMDMwRCLPJJaMo+toQKrn+1aQdIglFjWvmCvLu82AhOTlrhkJDS2le9jydRVM+zV/m7ZLmdg0TJeEADuEYbDiHAtxCEcpAoQcv8ApDY2i8Ge/Gx2Q0YUx39mBGxvcviwinlQ==</latexit><latexit sha1_base64="4SeJUqbt5BoDhPbHNP44seI7Mho=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5q6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyUwqVE=</latexit><latexit sha1_base64="4SeJUqbt5BoDhPbHNP44seI7Mho=">AAACJXicbZC7SgNBFIZn4y3G2xrBxmZjEGwMu1qohRBiY5mgawLZEGYnk2TI7IWZs5K47KvYmsa3sLYSwUafRHByKUziDwd+/nMO5/C5IWcSTPNTSy0tr6yupdczG5tb2zv6bvZeBpEg1CYBD0TNxZJy5lMbGHBaCwXFnstp1e1dj/rVByokC/w7GIS04eGOz9qMYFBRU8/eNh2gfYghgMTJXTk5q6nnzYI5lrForKnJF/crX+yl9Fpu6j9OKyCRR30gHEtZt8wQGjEWwAinScaJJA0x6eEOrSvrY4/KRjz+PTGOVNIy2oFQ5YMxTv9uxNiTcuC5atLD0JXzvVH4X68eQfuiETM/jID6ZHKoHXEDAmMEwmgxQQnwgTKYCKZ+NUgXC0xA4Zq5Aqz3mCwkJ2etkCtoGcXLmqezaOzTwmXBqihuJTRRGh2gQ3SMLHSOiugGlZGNCOqjJ/SMhtpQe9PetY/JaEqb7uyhGWnfvyUwqVE=</latexit><latexit sha1_base64="eWY41EuyZx7PSQctV9s3dw67zBM=">AAACJXicbZBNS8NAEIY39avWr1qPXlKL4MWS6EE9CEUvHisaW2hC2Gy27dLNJuxOpDX0r3i1v8aTCJ78JYLbj4NtfWHg5Z0ZZniChDMFlvVl5FZW19Y38puFre2d3b3ifulJxakk1CExj2UzwIpyJqgDDDhtJpLiKOC0EfRux/3GM5WKxeIRBgn1ItwRrM0IBh35xdKD7wLtQwYxDN3ytVu2/WLFqloTmcvGnpkKmqnuF3/cMCZpRAUQjpVq2VYCXoYlMMLpsOCmiiaY9HCHtrQVOKLKyya/D81jnYRmO5a6BJiT9O9GhiOlBlGgJyMMXbXYG4f/9VoptC+9jIkkBSrI9FA75SbE5hiEGTJJCfCBNphIpn81SRdLTEDjmrsCrPcyXEpOz8OEa2gFzctepLNsnLPqVdW+tyq1mxm4PDpER+gE2egC1dAdqiMHEdRHr+gNjYyR8W58GJ/T0Zwx2zlAczK+fwGsz6Ww</latexit>

E E E

B B B

M
z

<latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit>

M?
<latexit sha1_base64="bBBPQSIbCx+Ysw/c6OXKL1FCEro=">AAACJ3icbVDLSgNBEOyNrxhf8YEXL4tB8GLY1YN6C3rxIiRgTCAJcXYySYbM7g4zvUKy7L94NV/jSfQi+CGCk8fBJBY0FFXddFGeFFyj43xaqaXlldW19HpmY3Nreye7u/eow0hRVqahCFXVI5oJHrAychSsKhUjvidYxevdjvzKM1Oah8ED9iVr+KQT8DanBI3UzB7EdZ9g1/Pi+6QZ1yVTMkma2ZyTd8awF4k7JbnCYenrCQCKzexPvRXSyGcBUkG0rrmOxEZMFHIqWJKpR5pJQnukw2qGBsRnuhGP0yf2iVFadjtUZgK0x+rfi5j4Wvd9z2yOoup5byT+59UibF81Yh7ICFlAJ4/akbAxtEdV2C2uGEXRN4RQxU1Wm3aJIhRNYTNfkPcGyYJydtGSIsQkY/py59tZJOXz/HXeLZnebmCCNBzBMZyCC5dQgDsoQhkoDOAFXmFoDa036936mKymrOnNPszA+v4FGT6pkA==</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="vvXHW/iiKlDXd+F6KPG6DwHprb4=">AAACJ3icbVDLSsNAFJ3UV62v+Ni5CRbBjSXRhborunEjVDC20IQymU7boZNkmLkR2pB/cWu/xpXo0g8RnLRZ2NYDFw7n3Ms9nEBwpsC2v4zSyura+kZ5s7K1vbO7Z+4fPKs4kYS6JOaxbAVYUc4i6gIDTltCUhwGnDaD4V3uN1+oVCyOnmAkqB/ifsR6jGDQUsc8Sr0QwyAI0oesk3qCSpFlHbNq1+wprGXiFKSKCjQ65o/XjUkS0ggIx0q1HVuAn2IJjHCaVbxEUYHJEPdpW9MIh1T56TR9Zp1qpWv1YqknAmuq/r1IcajUKAz0Zh5VLXq5+J/XTqB37acsEgnQiMwe9RJuQWzlVVhdJikBPtIEE8l0VosMsMQEdGFzX4ANx9mScn7ZFTyGrKL7chbbWSbuRe2m5jza1fptUVwZHaMTdIYcdIXq6B41kIsIGqNX9IYmxsR4Nz6Mz9lqyShuDtEcjO9fOwWnqw==</latexit>

M
z

<latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit>

M?
<latexit sha1_base64="bBBPQSIbCx+Ysw/c6OXKL1FCEro=">AAACJ3icbVDLSgNBEOyNrxhf8YEXL4tB8GLY1YN6C3rxIiRgTCAJcXYySYbM7g4zvUKy7L94NV/jSfQi+CGCk8fBJBY0FFXddFGeFFyj43xaqaXlldW19HpmY3Nreye7u/eow0hRVqahCFXVI5oJHrAychSsKhUjvidYxevdjvzKM1Oah8ED9iVr+KQT8DanBI3UzB7EdZ9g1/Pi+6QZ1yVTMkma2ZyTd8awF4k7JbnCYenrCQCKzexPvRXSyGcBUkG0rrmOxEZMFHIqWJKpR5pJQnukw2qGBsRnuhGP0yf2iVFadjtUZgK0x+rfi5j4Wvd9z2yOoup5byT+59UibF81Yh7ICFlAJ4/akbAxtEdV2C2uGEXRN4RQxU1Wm3aJIhRNYTNfkPcGyYJydtGSIsQkY/py59tZJOXz/HXeLZnebmCCNBzBMZyCC5dQgDsoQhkoDOAFXmFoDa036936mKymrOnNPszA+v4FGT6pkA==</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="vvXHW/iiKlDXd+F6KPG6DwHprb4=">AAACJ3icbVDLSsNAFJ3UV62v+Ni5CRbBjSXRhborunEjVDC20IQymU7boZNkmLkR2pB/cWu/xpXo0g8RnLRZ2NYDFw7n3Ms9nEBwpsC2v4zSyura+kZ5s7K1vbO7Z+4fPKs4kYS6JOaxbAVYUc4i6gIDTltCUhwGnDaD4V3uN1+oVCyOnmAkqB/ifsR6jGDQUsc8Sr0QwyAI0oesk3qCSpFlHbNq1+wprGXiFKSKCjQ65o/XjUkS0ggIx0q1HVuAn2IJjHCaVbxEUYHJEPdpW9MIh1T56TR9Zp1qpWv1YqknAmuq/r1IcajUKAz0Zh5VLXq5+J/XTqB37acsEgnQiMwe9RJuQWzlVVhdJikBPtIEE8l0VosMsMQEdGFzX4ANx9mScn7ZFTyGrKL7chbbWSbuRe2m5jza1fptUVwZHaMTdIYcdIXq6B41kIsIGqNX9IYmxsR4Nz6Mz9lqyShuDtEcjO9fOwWnqw==</latexit>

M
z

<latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit>

M?
<latexit sha1_base64="bBBPQSIbCx+Ysw/c6OXKL1FCEro=">AAACJ3icbVDLSgNBEOyNrxhf8YEXL4tB8GLY1YN6C3rxIiRgTCAJcXYySYbM7g4zvUKy7L94NV/jSfQi+CGCk8fBJBY0FFXddFGeFFyj43xaqaXlldW19HpmY3Nreye7u/eow0hRVqahCFXVI5oJHrAychSsKhUjvidYxevdjvzKM1Oah8ED9iVr+KQT8DanBI3UzB7EdZ9g1/Pi+6QZ1yVTMkma2ZyTd8awF4k7JbnCYenrCQCKzexPvRXSyGcBUkG0rrmOxEZMFHIqWJKpR5pJQnukw2qGBsRnuhGP0yf2iVFadjtUZgK0x+rfi5j4Wvd9z2yOoup5byT+59UibF81Yh7ICFlAJ4/akbAxtEdV2C2uGEXRN4RQxU1Wm3aJIhRNYTNfkPcGyYJydtGSIsQkY/py59tZJOXz/HXeLZnebmCCNBzBMZyCC5dQgDsoQhkoDOAFXmFoDa036936mKymrOnNPszA+v4FGT6pkA==</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="vvXHW/iiKlDXd+F6KPG6DwHprb4=">AAACJ3icbVDLSsNAFJ3UV62v+Ni5CRbBjSXRhborunEjVDC20IQymU7boZNkmLkR2pB/cWu/xpXo0g8RnLRZ2NYDFw7n3Ms9nEBwpsC2v4zSyura+kZ5s7K1vbO7Z+4fPKs4kYS6JOaxbAVYUc4i6gIDTltCUhwGnDaD4V3uN1+oVCyOnmAkqB/ifsR6jGDQUsc8Sr0QwyAI0oesk3qCSpFlHbNq1+wprGXiFKSKCjQ65o/XjUkS0ggIx0q1HVuAn2IJjHCaVbxEUYHJEPdpW9MIh1T56TR9Zp1qpWv1YqknAmuq/r1IcajUKAz0Zh5VLXq5+J/XTqB37acsEgnQiMwe9RJuQWzlVVhdJikBPtIEE8l0VosMsMQEdGFzX4ANx9mScn7ZFTyGrKL7chbbWSbuRe2m5jza1fptUVwZHaMTdIYcdIXq6B41kIsIGqNX9IYmxsR4Nz6Mz9lqyShuDtEcjO9fOwWnqw==</latexit>

M
z

<latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit><latexit sha1_base64="mOtK1qun4S/YIBzy27Fl7U15MnQ=">AAACJHicbVC7TgJBFJ3FF+ILtLSZCCY2kl0sfFQkNjYmmLhCApvN7DDAhNlHZu5qYLOfYitfY2UsbPwTE2eBQsCT3OTknHtzT44XCa7ANL+M3Nr6xuZWfruws7u3f1AsHT6pMJaU2TQUoWx5RDHBA2YDB8FakWTE9wRresPbzG8+M6l4GDzCKGKOT/oB73FKQEtusYQrHZ/AwPOS+9RNxmnFLZbNqjkFXiXWnJTRHA23+NPphjT2WQBUEKXalhmBkxAJnAqWFjqxYhGhQ9JnbU0D4jPlJNPoKT7VShf3QqknADxV/14kxFdq5Ht6M4uplr1M/M9rx9C7chIeRDGwgM4e9WKBIcRZD7jLJaMgRpoQKrnOiumASEJBt7XwBfhwnK4o5xfdSISQFnRf1nI7q8SuVa+r1kOtXL+ZF5dHx+gEnSELXaI6ukMNZCOKXtArekMTY2K8Gx/G52w1Z8xvjtACjO9fCF+lXg==</latexit>

M?
<latexit sha1_base64="bBBPQSIbCx+Ysw/c6OXKL1FCEro=">AAACJ3icbVDLSgNBEOyNrxhf8YEXL4tB8GLY1YN6C3rxIiRgTCAJcXYySYbM7g4zvUKy7L94NV/jSfQi+CGCk8fBJBY0FFXddFGeFFyj43xaqaXlldW19HpmY3Nreye7u/eow0hRVqahCFXVI5oJHrAychSsKhUjvidYxevdjvzKM1Oah8ED9iVr+KQT8DanBI3UzB7EdZ9g1/Pi+6QZ1yVTMkma2ZyTd8awF4k7JbnCYenrCQCKzexPvRXSyGcBUkG0rrmOxEZMFHIqWJKpR5pJQnukw2qGBsRnuhGP0yf2iVFadjtUZgK0x+rfi5j4Wvd9z2yOoup5byT+59UibF81Yh7ICFlAJ4/akbAxtEdV2C2uGEXRN4RQxU1Wm3aJIhRNYTNfkPcGyYJydtGSIsQkY/py59tZJOXz/HXeLZnebmCCNBzBMZyCC5dQgDsoQhkoDOAFXmFoDa036936mKymrOnNPszA+v4FGT6pkA==</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="QgFQ/R5mXcncyJeazo4OPSajfKY=">AAACJ3icbVDLSsNAFJ3UV62v+sCNm2AR3FgSXai7UjduhBaMLTShTKbTdugkGWZuhDbkX9xa8C/8AFeiG8EPEZw+Frb1wIXDOfdyD8cXnCmwrE8js7S8srqWXc9tbG5t7+R39x5UFEtCHRLxSNZ9rChnIXWAAad1ISkOfE5rfu9m5NceqVQsCu+hL6gX4E7I2oxg0FIzf5C4AYau7yd3aTNxBZUiTZv5glW0xjAXiT0lhdJh9Yu9lF8rzfyP24pIHNAQCMdKNWxLgJdgCYxwmubcWFGBSQ93aEPTEAdUeck4fWqeaKVltiOpJwRzrP69SHCgVD/w9eYoqpr3RuJ/XiOG9pWXsFDEQEMyedSOuQmROarCbDFJCfC+JphIprOapIslJqALm/kCrDdIF5Szi5bgEaQ53Zc9384icc6L10W7qnsrowmy6Agdo1Nko0tUQreoghxE0AA9oWc0NIbGm/FufExWM8b0Zh/NwPj+BbNXq0w=</latexit><latexit sha1_base64="vvXHW/iiKlDXd+F6KPG6DwHprb4=">AAACJ3icbVDLSsNAFJ3UV62v+Ni5CRbBjSXRhborunEjVDC20IQymU7boZNkmLkR2pB/cWu/xpXo0g8RnLRZ2NYDFw7n3Ms9nEBwpsC2v4zSyura+kZ5s7K1vbO7Z+4fPKs4kYS6JOaxbAVYUc4i6gIDTltCUhwGnDaD4V3uN1+oVCyOnmAkqB/ifsR6jGDQUsc8Sr0QwyAI0oesk3qCSpFlHbNq1+wprGXiFKSKCjQ65o/XjUkS0ggIx0q1HVuAn2IJjHCaVbxEUYHJEPdpW9MIh1T56TR9Zp1qpWv1YqknAmuq/r1IcajUKAz0Zh5VLXq5+J/XTqB37acsEgnQiMwe9RJuQWzlVVhdJikBPtIEE8l0VosMsMQEdGFzX4ANx9mScn7ZFTyGrKL7chbbWSbuRe2m5jza1fptUVwZHaMTdIYcdIXq6B41kIsIGqNX9IYmxsR4Nz6Mz9lqyShuDtEcjO9fOwWnqw==</latexit>

d8 Diamond AFM
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FIG. 2. (Color online.) (a)-(d): Single-ion energy level schemes versus magnetic field for (a) NiRh2O4, (b) FeSc2S4, (c) spin-1/2
dimerized magnets, (d) spin-1 dimerized magnets. The ground state (excited state) energy levels are depicted by red (blue)
lines. Arrows in (a), (c) and (d) indicate the ground state level crossings. The black (dashed) lines in (a), (b) indicate that
the singlet sate gains energy when the magnetic field is switched on, which is directly related to the growth of Mz in (e), (f).
(e)-(h): Schematic magnetization curves for systems (a)-(d). See discussion in text.
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with � > 0, spin S = 2 and the pseudospin T = 1/2,
where T acts on the x2 � y2 and 3z2 � r2 orbitals in the
e
g

subspace. The orbital angular momentum is quenched
and the magnetic field couples to spin only. Again the
lowest singlet state at zero-field can gain energy from po-
larization when the magnetic field is switched on. More-
over, it adiabatically evolves to the fully polarized state
without level crossing, so M? remains zero, see Fig. 2(b),
(f). For strong enough H

ex

, the initial state of the system
is a magnetic ordered state with nonzero M?. And the
e↵ect of the magnetic field is to suppress the magnetic
order, leading to a monotonic decrease of M?.

For dimerized magnets, one has

H
0

=J
0

X

i

S
i,1

· S
i,2

�
X

i

B(Sz

i,1

+ Sz

i,2

)

=J
0

X

i

(S
i,tot

)2/2 �
X

i

BSz

i,tot

, (23)

with J
0

> 0. Here, S
i,1

and S
i,2

are two spins on the
dimer i. At zero-field, J

0

splits the single-ion energy
levels to the lowest S

tot

= 0 singlet and higher high-
spin multiplets. Due to Zeeman splitting, the magnetic
field brings down high-Sz

tot

states and the ground state
level crossing happens. The same argument as that for
NiRh

2

O
4

can explain the single- (double-) dome struc-
ture in the M? curve of spin-1/2 (spin-1) dimerized mag-
nets. Interestingly, since both S

tot

and Sz

tot

are con-
served, M

z

can only grow within the ranges correspond-
ing to level crossings, i.e. within the domes in the M ?
curve, and becomes plateaus out of that2,3. See Fig. 2(c),
(g) ((d), (h)) for the spin-1/2 (spin-1) case.
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FIG. 4. (Color online.) The phase diagram with uniaxial
strain U/J1 = 0.5. The Néelz phase indicates that the Néel
order is along the z axis. For comparison, the red (dashed)
line gives the original boundary between the quantum para-
magnet and the magnetic ordered phases when U/J1 = 0.

The spiral surface is given by

⇤ (q) =
J2

1

16J2

2

� 1. (32)

EFFECT OF UNIAXIAL STRAIN

With the uniaxial strain term
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the flavor-wave mean-filed Hamiltonian becomes
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The uniaxial strain lowers the energy of the t
i,z

mode
and splits the three-fold degeneracy. The dispersion of
the triplon excitation now reads
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where !±
z

(q) are not degenerate and !±
xy

(q) are two-fold
degenerate.

The triplon gap is closed at a critical SOC and the
e↵ect of U term is to raise the critical strength of SOC
by U/3, i.e. to enhance the magnetic order, see Fig. 4.
For J

2

/J
1

< 1/8, Néel order along the z axis is stabilized
from condensing !�

z

(q) at � point. For J
2

/J
1

> 1/8, the
minima are realized on the “spiral surface” and generally
the critical modes prefer a magnetic order with nonuni-
form magnitude on each site. We dub this ordered region
”spiral state” in Fig. 4.

RESPONSE BEHAVIOR TO MAGNETIC FIELD

In this section, we discuss the response behavior to
magnetic field of (1) our simplified model for NiRh

2

O
4

,
(2) FeSc

2

S
4

, (3) spin-1/2 and spin-1 dimerized magnets.
For each system, the Hamiltonian can be separated

into the single-ion part H
0

and the exchange part H
ex

(for
dimerized magnets, the building block is spin dimer, H

0

is the isolated dimer part and H
ex

should be understood
as interdimer exchange interactions). Whether the ini-
tial state of the system at the zero field is a non-magnetic
state or a magnetic ordered state depends on the strength
of H

ex

. When H
ex

is small, in all three cases the system
starts from the non-magnetic singlet side and finally be-
comes fully polarized. The response behavior meanwhile
is directly related to the single-ion energy level scheme
evolution under the magnetic field, see Fig. 5.

As in main text, we assume that the magnetic field is
applied along the ẑ direction, and hS

i

i = M?n̂i

+ M
z

ẑ,
where n̂

i

is a unit vector on the xy plane. So M? and M
z

represent the magnetizations on the xy plane and along
the z axis, respectively.

The single-ion Hamiltonian of our simplified model for
NiRh
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reads
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with � > 0, spin S = 1, the e↵ective orbital angular mo-
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tuplets. Since Jz is conserved and J is not, the sin-
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with � > 0, spin S = 2 and the pseudospin T = 1/2,
where T acts on the x2 � y2 and 3z2 � r2 orbitals in the
e
g

subspace. The orbital angular momentum is quenched
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27], which is di↵erent from results here.

The field response of our model is also quite di↵erent
from that of FeSc

2

S
4

, where the magnetic order will be
suppressed by applying the magnetic field, indicating a
di↵erent entangled structure of the spin and the orbital
degrees of freedom [3, 4]. All the three cases can be natu-
rally understood from the evolution of the single-ion level
scheme under the magnetic field that are summarized in
the Supplementary material [22]. From our simple com-
parison, we immediately conclude that the double-dome
structure in the M? curve and the re-entrant transitions,
together with the growth behavior of the magnetization
M

z

, reflect the unique entangled structure of the spin and
the orbitals in H

soc

.

Uniaxial strain.—We introduce the perturbation from
the uniaxial strain that is modeled by H

Uni

=
�U

P

i

(Lz

i

)2. This term captures the low-temperature
tetragonal distortion of NiRh

2

O
4

[13, 28] that modifies
the tetrahedral crystal field of the Ni2+ ion in Fig. 1. This
distortion, however, preserves the two-fold degeneracy of
the xz and yz orbitals [19]. Within our mean-field the-
ory, we find the critical strength of SOC is raised by U/3
compared to the one without the uniaxial strain, i.e. the
magnetic order is enhanced (see details in Supplementary
materials [22]).

Discussion.—In summary, we propose a simple spin-
orbital model for the diamond lattice antiferromagnet
NiRh

2

O
4

and related systems, capturing the competition
between the atomic SOC and the exchange interaction.
We point out that this competition leads to a quantum
criticality between the spin-orbital singlet and the mag-
netic ordered states. We further study the unique re-
sponse behavior of our model to the magnetic field and
the perturbation e↵ect from the uniaxial strain.

The material NiRh
2

O
4

shows a Rln 6 magnetic en-
tropy that is greater than the pure spin-1 moments [13],
indicating the presence of additional (two-fold) orbital
degrees of freedom. This was suggested to arise from
the residual degeneracy of the xz and yz orbitals in the

presence of the tetragonal distortion [19]. Since this is
the orbital degeneracy in the t

2g

manifold, the atomic
SOC is active at the linear order. The tetragonal dis-
tortion was then included on top of the SOC and the
exchange interactions. We expect our model to qualita-
tively describe the properties of the material and that
the general physics revealed by this model is relevant
to other similar materials. Due to the absence of ob-
vious magnetic orders, the material is probably located
on the spin-orbital singlet side. Various experimental
probes can be useful to study the e↵ect of spin-orbital
entanglement and can probably drive the system to quan-
tum criticality via pressures. The magnetic excitations
in the quantum paramagnet and the critical behaviors
near the quantum criticality are detectable through the
usual spectroscopic and thermodynamic measurements.
The Higgs mode (or amplitude mode) is one of the char-
acteristic properties associated with the criticality in our
model, and can thus be probed by inelastic neutron scat-
tering near the criticality but on the ordered side. This
has actually been previously studied in dimerized magnet
TlCuCl

3

[29, 30] and the quasi-two-dimensional antifer-
romagnet CaRu

2

O
4

[31]. From the quantum paramag-
netic side, one could use INS to detect the magnetic field
dependence of the excitations, as it was performed for
the powder sample of FeSc

2

S
4

[6]. A completely oppo-
site tendency, however, is expected for NiRh

2

O
4

.
The atomic SOC acts quite similarly for the Ni2+ in

the tetrahedral environment and the 4d4/5d4 electron
configuration in the octahedral environment. From this
observation, we list the correspondence between the elec-
tron configurations under these two crystal field environ-
ments in Table. I. This list can be further expanded with
more examples. This correspondence immediately sug-
gests some of the physics on one side may be extended to
the other side. For instance, doping-induced ferromag-
netism and unconventional superconductivity were pro-
posed for the doped d4 systems such as CaRu

2

O
4

[15, 32].
Without much creativity, one may think such phenom-
ena could be relevant for the doped d8 materials with the
tetrahedral crystal field environments.
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Doping-Induced Ferromagnetism and Possible Triplet Pairing in d4 Mott Insulators
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We study the effects of electron doping in Mott insulators containing d4 ions such as Ru4+, Os4+,
Rh5+, and Ir5+ with J = 0 singlet ground state. Depending on the strength of the spin-orbit cou-
pling, the undoped systems are either nonmagnetic or host an unusual, excitonic magnetism arising
from a condensation of the excited J = 1 triplet states of t42g . We find that the interaction between
J-excitons and doped carriers strongly supports ferromagnetism, converting both the nonmagnetic
and antiferromagnetic phases of the parent insulator into a ferromagnetic metal, and further to a
nonmagnetic metal. Close to the ferromagnetic phase, the low-energy spin response is dominated
by intense paramagnon excitations that may act as mediators of a triplet pairing.

PACS numbers: 75.10.Jm, 75.25.Dk, 75.30.Et, 74.10.+v

A distinct feature of Mott insulators is the presence of
low-energy magnetic degrees of freedom, and their cou-
pling to doped charge carriers plays the central role in
transition metal compounds [1]. In large spin systems
like manganites, this coupling converts parent antiferro-
magnet (AF) into a ferromagnetic (FM) metal and gives
rise to large magnetoresistivity effects. The doping of
spin one-half compounds like cuprates and titanites, on
the other hand, suppresses magnetic order and a para-
magnetic (PM) metal emerges. In general, the fate of
magnetism upon charge doping is dictated by spin-orbital
structure of parent insulators.

In compounds with an even number of electrons on
the d shell, one may encounter a curious situation when
the ionic ground state has no magnetic moment at all,
yet they may order magnetically by virtue of low-lying
magnetic levels with finite spin, if the exchange interac-
tions are strong enough to overcome single-ion magnetic
gap. The d4 ions such as Ru4+, Os4+, Rh5+, Ir5+ pos-
sess exactly this type level structure [2] due to spin-orbit
coupling λ(S ·L): the spin S = 1 and orbital L = 1 mo-
ments form a nonmagnetic ground state with total J = 0
moment, separated from the excited level J = 1 by λ.
A competition of the exchange and spin-orbit couplings
results then in a quantum critical point (QCP) between
nonmagnetic Mott insulator and magnetic order [3, 4].
Since magnetic order is due to condensation of the vir-
tual J = 1 levels and hence “soft”, the amplitude (Higgs)
mode is expected. The corollary of the “d4 excitonic mag-
netism” [3] is the presence of magnetic QCP that does
not require any special lattice geometry, and the energy
scales involved are large. The recent neutron scattering
data [5] in d4 Ca2RuO4 seem to support the theoretical
expectations.

As we show in this Letter, unusual magnetism of d4

insulators, where the “soft” J-spins fluctuate between
0 and 1, results also in anomalous doping effects that
differ drastically from conventional cases as manganites
and cuprates. Indeed, while common wisdom suggests

that the PM phase with yet uncondensed J-moments
near QCP would get even “more PM” upon doping,
we find that mobile carriers induce long-range order
instead. The order is of FM type and is promoted
by carrier-driven condensation of J-moments. By the
same mechanism, the exchange dominated AF phase also
readily switches to FM metal, as observed in La-doped
Ca2RuO4 [6, 7]. The theory might be relevant also to
electric-field-induced FM of Ca2RuO4 [8] and FM state
of the RuO2 planes in oxide superlattices [9]. Further
doping suppresses any magnetic order, and we suggest
that residual FM correlations may lead to a triplet su-
perconductivity (SC).
Model.– There are a number of d4 compounds, mag-

netic as well nonmagnetic, with various lattice struc-
tures [10–17]. To be specific, we consider a square lattice
d4 insulator lightly doped by electrons. Assuming rela-
tively large spin-orbit coupling (SOC), the relevant states
are pseudospin J = 0, 1 states of t42g and J = 1/2 states of
t52g [see Fig. 1(a)]. The d4 singlet s (J = 0) and triplon
T0,±1 (J = 1) states obey the Hamiltonian derived in
Ref. 3. Adopting the Cartesian basis Tx=(T1−T−1)/

√
2i,

Ty=(T1+T−1)/
√
2, and Tz= iT0, it can be written as

Hd4 = λ
∑

i

T
†
i ·Ti + 1

4K
∑

⟨ij⟩

[

sis
†
j(T

†
i · Tj −

1
3T

†
iγTjγ)

−s†is
†
j(

5
6Ti · Tj− 1

6TiγTjγ) + H.c.
]

, (1)

where γ is determined by the bond direction. The model
shows AF transition due to a condensation of T at a
critical value Kc = 6

11λ of the interaction parameter
K = 4t20/U . The degenerate Tx,y,z levels split upon
material-dependent lattice distortion, affecting the de-
tails of the model behavior [19]. We will consider the
cubic symmetry case and make a few comments on the
possible effects of the tetragonal splitting.
The d4 system is doped by introducing a small amount

of d5 objects – fermions fσ carrying the pseudospin
J = 1/2 of t52g. The on-site constraint ns+nT +nf = 1 is
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U/t ⌧ 1, a metallic or semi-conducting state at small U may be converted to a semi-metal or to a

TI. What happens when both SOC and correlations are present? Several arguments suggest that

� and U tend to cooperate rather than compete, in generating insulating states. Including SOC

first, we have already remarked upon the splitting of degeneracies and the consequent generation

of multiple narrow bands from relatively mixed ones. The narrow bands generated by SOC are

more susceptible to Mott localization by U , which implies that the horizontal boundary in Figure 1

shifts downward with increasing �. If we include correlations first, the U tends to localize electrons,

diminishing their kinetic energy. Consequently the on-site SOC �, which is insensitive to or even

reduced by delocalization, is relatively enhanced. Indeed, in the strong Mott regime U/t � 1,

one should compare � with the spin exchange coupling J / t2/U , rather than t. As a result, the

vertical boundary shifts to the left for large U/t. We see that there is an intermediate regime in

which insulating states are obtained only from the combined influence of SOC and correlations –

these may be considered spin-orbit assisted Mott insulators. Here we are using the term “Mott

insulator” to denote any state which is insulating by virtue of electron-electron interactions. In

Sec. IV, we will remark briefly on a somewhat philosophical debate as to what should “properly”

be called a Mott insulator.

Terminology aside, an increasing number of experimental systems have appeared in recent

years in this interesting correlated SOC regime. Most prolific are a collection of iridates, weakly

conducting or insulating oxides containing iridium, primarily in the Ir4+ oxidation state. This

FIG. 1. Sketch of a generic phase diagram for electronic materials, in terms of the interaction strength
U/t and SOC �/t. The materials in this review reside on the right half of the figure.



Summary

1. We point out that NiRh2O4 spin-1 diamond lattice antiferromagnet  
is NOT the topological quantum paramagnet.  
 

2. Through a minimal model, we find that the ground state can be a  
trivial quantum paramagnet. But due to the frustrated interaction,  
the excitations with respect to this trivial state develop an extensively  
degenerate minima in the reciprocal space.  
 

3. Moreover, as the system approaches the phase transition to a  
magnetic order, these extensively degenerate low-energy bosonic  
modes condense at the same time, leading to an unusual critical  
behavior.  
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