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When Luttinger semimetal meets Melko-Hertog-Gingras 
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FIG. 2. (a) The Brillouin zone of the original pyrochlore
lattice. (b) Under the Q = 2⇡(001) “Melko-Hertog-Gingras”
spin state, the unit cell is enlarged. The plot is the magnetic
Brillouin zone corresponding to the enlarged unit cell. (c) The
spin configuration of the “Melko-Hertog-Gingras” spin state.
It is a 2-in 2-out spin wave with a finite ordering wavevector.
(d) The folded energy band without f -d exchange term shows
quadratic touching at � point. High symmetry momentum
lines are defined in (b) as red lines.

of various topological phases such as topological insula-
tor and Weyl semimetal. The Pr Ising magnetic order
breaks the time reversal symmetry, and the time rever-
sal symmetry breaking is transmitted to the Luttinger
semimetal of the Ir subsystem through the f -d exchange.
We here study the band structure reconstruction of the
Ir 5d electrons through the above mechanism.

A. Emergent Dirac band touchings

The Pr local moments were found to develop the
“Melko-Hertog-Gingras” spin ice state in the recent sam-
ples with di↵erent Ir and O contents from the old ones.
The “Melko-Hertog-Gingras” spin state breaks the time
reversal and the lattice translation by doubling the crys-
tal unit cell. Due to this interesting magnetic ordering
structure, the combination of the time reversal and cer-
tain lattice translations remains to be a symmetry of the
system. As we show below, this symmetry leads to a
remarkable band structure property of the Ir subsystem
after the band reconstruction.

The reconstructed band structure of the Ir conduction
electrons is governed by the Ir tight binding model and
the f -d exchange, H

tb

+H
fd

. As a comparison, we first
evaluate the Ir band structure in the magnetic Brillouin
zone corresponding to the doubled unit cell due to the
Pr Ising magnetic order. As we depict in Fig. 2, the Ir
conduction electron bands form a Luttinger semimetal
in the absence of the Pr magnetic order and give a

quadratic band touching at the �̃ point. Without losing
any generality, in Fig. 2(a) we choose the “Melko-Hertog-
Gingras” spin state of the Pr moments to have a prop-
agating wavevector Q = 2⇡(001) and the band structure
in Fig. 2(c) is plotted in the magnetic brioullin zone of
Fig. 2(b). Before the appearance of the Pr Ising mag-
netic order, the system has both time reversal and in-
version symmetries, and each band of the Ir electrons
has a two-fold degeneracy. The quadratic band touch-
ing at the � point results from the cubic symmetry. As
the Pr magnetic order appears, the Ir band structure
is immediately modified. Before we present the recon-
structed band structure in details, we first understand
the band structure properties from the symmetry point
of view. For our choice of the propagating wavevector,
the “Melko-Hertog-Gingras” spin state breaks the lat-
tice translations, t1 and t2. Here, t1 and t2 translate
the system by the lattice basis vector b1 ⌘ (0, 1/2, 1/2)
and b2 ⌘ (1/2, 0, 1/2), respectively. It turns out that, the
combination of time reversal and t1 or t2, i.e.,

T̃1 ⌘ t1 � T , T̃2 ⌘ t2 � T , (14)

remains to be a symmetry of the system after the devel-
opment of the Pr magnetic order. These two symmetries
of the “Melko-Hertog-Gingras” spin state are analogous
to the staggered time reversal for the antiferromagnetic
Néel state on a square lattice. Like the pure time rever-
sal, T̃1 and T̃2 are anti-unitary symmetries. Due to the
involvement of the lattice translations, T̃1 and T̃2 do not
lead to the Kramers degeneracy for all the time reversal
invariant momenta. It is ready to confirm that,

T̃1|�̃, "i = i|�̃, , #i, T̃2|�̃, "i = i|�̃, , #i, (15)

T̃1|M̃, "i = i|M̃, #i, T̃2|M̃ "i = �i|M̃, #i, (16)

T̃1|R̃, "i = �i|R̃, #i, T̃2|R̃, "i = �i|R̃, #i, (17)

and T̃ 2
1 = T̃ 2

2 = �1 for the momentum points at �, M
and R; and T̃ 2

1 = T̃ 2
2 = +1 for the momentum points at

X̃, Z̃ and Ã. This immediately indicates that there are
two-fold Kramers degeneracy at the �̃, M̃ and R̃ points
in the magnetic Brioullin zone, but not for the X̃, Z̃ and
Ã points. To confirm the above prediction, we carry out
the explicit calculation of the Ir band structure in the
presence of the Pr magnetic order. As we show in Fig. 3
for four specific choices of the f -d exchange couplings,
there exist emergent two-fold Kramers degeneracies with
Dirac band touchings at the �̃, M̃ and R̃ points.

B. Magnetic Weyl nodes

Besides the emergent and symmetry protected Dirac
band touchings at the �̃, M̃ and R̃ points, we discover the
presence of the Weyl nodes in the reconstructed Ir band
structure in Fig. 3. The reconstructed Ir band structure
is determined by the f -d exchange couplings. The actual
couplings of the f -d exchange in the material Pr2Ir2O7
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Peculiar one: Pr2Ir2O7

frozen at Tf. The observed T-independent behavior sug-
gests that only a partial fraction of spins freezes, while the
majority remain liquid.

The h111i Ising-like anisotropy of the 4f moments is
confirmed by the field dependence of the magnetization
M!B" along #100$, #110$, and #111$ at 70 mK (Fig. 3). The
4f ground-state-doublet contribution (thick curves) is esti-
mated by subtracting the sum of the Van Vleck and Pauli
paramagnetic contributions, which is estimated from !0B
(Fig. 3). At 13 T, M tends to saturate and approaches a
Brillouin function (thin curves) for noninteracting, local
h111i Ising spins with gJJz % 2:69, consistent with the
CEF analysis [11]. This slow saturation at the field scale,
B& ' kBjT&j=!gJ"BJz" ( 11 T, confirms an AF coupling
with an energy scale of jT&j % 20 K. At low fields, M
becomes isotropic (Fig. 3), as expected for h111i Ising
spins on a pyrochlore lattice [17]. Below 0.3 T, M changes
displaying a nearly constant derivative dM=dB (inset of
Fig. 3). This departure from a Brillouin function also
suggests liquidlike short-range correlations.

When such h111i Ising spins on a pyrochlore lattice
interact only through a nearest-neighbor AF coupling J,
mean-field theory predicts an ‘‘all-in and all-out’’ type of
LRO to appear at T ( J [18]. This indicates that in
Pr2Ir2O7, effects beyond the mean-field theory of nearest-
neighbor AF interaction, such as quantum fluctuations and
longer-range couplings, are crucial to suppress the LRO
down to T ) jT&j. Observed indications of such effects are
(1) the Kondo coupling between the 4f moments and the
5d-conduction electrons, and (2) the RKKY long-range
interactions between the 4f moments.

Although rare, the Kondo effect in Pr-based compounds
[19,20] and low carrier systems [14] has been reported. The
first evidence of Kondo effect in Pr2Ir2O7 is the lnT de-
pendence of the resistivity [Fig. 4(a)]. For such a depen-
dence in a stoichiometric high-quality metal, two mecha-
nisms can be considered: (i) CEF effect and (ii) Kondo

effect. Since the gap to the first excited level is (160 K,
the lnT dependence below 50 K cannot be due to a CEF
effect. Thus, the observed lnT dependence is likely due to
the Kondo effect, and in fact, over a decade in T between
3 K and 35 K, #!T" can be fit to the Hamann’s expression
(solid line) with TK % 25 K [21]. Interestingly, TK is close
to jT&j, and suggests that it is not the single-ion screening,
but the intersite screening that leads to the Kondo effect, as
discussed for low carrier-density and AF correlated Kondo
lattices [14,22]. In addition, the field dependence of the
resistivity is consistent with the Kondo effect [13]; the
negative magnetoresistance is proportional to M2 for all
axes under fields up to 2 T<B& [inset of Fig. 4(a)].

Second, the Kondo effect is also seen in the low T
decrease of the effective Curie constant C!T" ' T!!T";
see Fig. 4(b). The rapid decrease in C!T" below 10 K
suggests that the moment size diminishes owing to
Kondo screening. Correspondingly, !*1!T" follows the
CW law over a decade in T from 1.5 to 16 K [solid line
in the inset of Fig. 4(b)], yielding a slightly smaller effec-
tive moment 2:69"B, and a reduced Weiss temperature,
j$Wj % 1:7 K, in comparison with the high T values
(3:06"B, 20 K). These results and the crossover to lnT de-
pendence below j$Wj indicate partial screening of 4f mo-
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FIG. 3 (color online). Field dependence of the magnetization
M (thick curves) and the Brillouin function of h111i Ising spins
(thin curves) for fields along #100$, #110$, and #111$. Inset: low
field M and its derivative dM=dB along #111$.
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FIG. 4 (color online). (a) Low T resistivity #!T" vs lnT. Inset:
transverse magnetoresistance vs the square of the magnetization
M2 along various axes. (b) Effective Curie constant C!T" '
T!!T" vs lnT. Inset: inverse susceptibility !*1!T". (c) Mag-
netic part of the specific heat divided by temperature CM=T (left
axis) and the entropy !SM!T" ' S!T" * S!0:35 K" (right axis)
as a function of lnT. The horizontal broken line indicates
!SM!T" % R ln2. Inset: CM as a function of T1=2.
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Strongly frustrated magnetism of the metallic pyrochlore oxide Pr2Ir2O7 has been revealed by single
crystal study. While Pr 4f moments have an antiferromagnetic RKKY interaction energy scale of jT!j "
20 K mediated by Ir 5d-conduction electrons, no magnetic long-range order is found except for partial
spin freezing at 120 mK. Instead, the Kondo effect, including a lnT dependence in the resistivity, emerges
and leads to a partial screening of the moments below jT!j. Our results indicate that the underscreened
moments show spin-liquid behavior below a renormalized correlation scale of 1.7 K.

DOI: 10.1103/PhysRevLett.96.087204 PACS numbers: 75.20.Hr, 75.40.Cx, 75.50.Ee

Geometrically frustrated magnets have attracted great
interest because of the possible emergence of novel mag-
netic phases at low temperatures resulting from the sup-
pression of conventional order. Among them, the three-
dimensional pyrochlore lattice of corner sharing tetrahedra
has been studied extensively [1]. It is predicted theoreti-
cally that Heisenberg spins on a pyrochlore lattice with
nearest-neighbor antiferromagnetic (AF) coupling form a
spin-liquid state at T " 0 K [2]. However, only a few
compounds are believed to display a spin-liquid phase,
such as the insulator Tb2Ti2O7 [3].

In metallic systems, the frustration inherent to the pyro-
chlore lattice might also lead to new types of electronic
behavior. One remarkable possibility is the predominance
of the Kondo effect, and concomitant heavy-fermion be-
havior, in nearly localized d- and f-electron systems where
the Kondo temperature is generally too small to overcome
magnetic order without the frustration. Prominent ex-
amples are the heavy-fermion behavior in LiV2O4 and
Y#Sc$Mn2 with itinerant d-electron spins on a pyrochlore
lattice [4,5].

Connecting the two exotic states of frustrated magnets,
insulating spin-liquid and itinerant heavy fermions, there is
another exciting yet unprecedented possibility of metallic
spin liquid [6,7]. Ground states in f-electron based Kondo
lattices are generally classified into Fermi liquid and mag-
netic regimes as the result of the competition between the
Kondo effect and RKKY interactions. If the lattice has
geometrical frustration and the transition temperature is
depressed, the underscreened moments may stay disor-
dered even in the magnetic regime, and form a metallic
spin liquid on the geometrically frustrated Kondo lattice.
(See the inset of Fig. 1.)

There has been a number of reports on metallic systems
among the A2B2O7 pyrochlore oxides possessing localized
moments [1]. Yet, none is known to remain magnetically

disordered down to the lowest temperatures except for the
newly developed pyrochlore iridates [8]. In particular, the
AF correlated Pr 4f moments of Pr2Ir2O7 remain para-
magnetic down to at least 0.3 K in the metallic state due to
the Ir 5d-conduction bands [8]. This places Pr2Ir2O7 as a
candidate for a geometrically frustrated Kondo lattice.

Here we report on strongly frustrated magnetism in
single crystals of Pr2Ir2O7. We find that the h111i Ising-
like Pr3% moments have an AF RKKY interaction energy
scale jT!j " 20 K. However, the dc magnetization down to
70 mK does not exhibit any trace of long-range order
(LRO), except for an indication of partial freezing at
120 mK. Instead, the Kondo effect emerges below jT!j
and leads to a partial screening of the 4f moments, re-
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FIG. 1 (color online). Zero-field resistivity !#T$ (left axis), and
the inverse of susceptibility #"& "0$&1#T$ (right axis) measured
under a field of 100 mT along '100(, '110(, and '111(. The solid
line represents a fit to the Curie-Weiss law, while the broken line
indicates #"CEF & "vv$&1 based on the crystal electric field
analysis. Inset: the schematic phase diagram for geometrically
frustrated Kondo lattices.
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Theory is very elegant. How about reality? Any materials?

There are many pyrochlore materials ! 
Some of them are actually quantum .

many many pyrochlore materials

1. rare-earth pyrochlores: Ho2Ti2O7, Dy2Ti2O7, Ho2Sn2O7, Dy2Sn2O7, 
    Er2Ti2O7, Yb2Ti2O7, Tb2Ti2O7, Er2Sn2O7, Tb2Sn2O7, Pr2Sn2O7,  
    Nd2Sn2O7, Gd2Sn2O7, …….

2. rare-earth B-site spinel: CdEr2S4,CdEr2Se4, CdYb2S4, CdYb2Se4, 
    MgYb2S4, MgYb2S4, MnYb2S4, MnYb2Se4, FeYb2S4, CdTm2S4 
    CdHo2S4, FeLu2S4, MnLu2S4, MnLu2Se4, ….

means lots of opportunity for experimental discovery
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HgCr2Se4 (double WSM) 
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. When analyzing our results for , we added a constant term
to describe the effect of the spin freezing.

Macroscopically broken time reversal symmetry
The macroscopically broken time reversal symmetry means that the time-reversal operation,
which inverts the spin and orbital angular momenta and the wavevector, , ,
and , as well as the fictitious magnetic field , should not be compensated
by any other symmetry operations of the crystal, e.g., translation, spatial inversion, reflection,
rotation, and their combinations.

Hall and longitudinal resistivities
Figure S1 shows the temperature dependence of the Hall resistivity (left axis) and the longi-
tudinal resistivity (right axis) under a magnetic field of = 0.05 T along the [111] direction.

clearly exhibits a bifurcation between the zero-field cooled (ZFC) and field-cooled (FC) pro-
cesses below 1.5 K, while does not show any bifurcation. Correspondingly, a bifurcation is
visible in but not in as shown in Fig. 2a and in the inset of Fig. 2b within the main text
because of the small Hall angle 0.01.

Metamagnetic transition and “2-in, 2-out” correlation
Figure S2 shows the field dependence of the magnetization along the [100], [110], and [111]
directions at 0.1 K. The clear anisotropy observed at high fields is fully consistent with an Ising-
like anisotropy for Pr 4 moments [S3,S4]. As shown in the inset of Fig. S2 and in Fig. 3b within
the main text, our measurements at 0.03 and 0.06 K clearly reveal a first-order metamagnetic
transition at 2.3 T for fields along the [111] direction. The associated anomaly is observed
already at 0.1 K in the vs. curve for fields along the [111] direction (Fig. S2). No anomaly
is seen for fields applied along the other two crystallographic directions.

The fact that the metamagnetic transition is observed only for fields along the [111] direction
is a clear evidence for the “2-in, 2-out” spin-configuration of Pr 4 moments, and for a FM
coupling between the nearest neighbors. In general, four Ising moments on a tetrahedron form
two distinct configurations, depending on the sign of the nearest-neighbor interaction: an “all-
in, all-out” and the “2-in, 2-out” (Fig. 1b in the main text) spin-configuration, respectively for
antiferromagnetic (AF) and ferromagnetic (FM) interactions. Locally, the “all-in, all-out” state
has no net magnetization. Therefore, to induce a finite magnetization for fields applied along
each one of the crystallographic directions, a metamagnetic transition would have to occur.
However, this is not what is observed in our experiment. In contrast, for the “2-in, 2-out” spin-
configuration, a metamagnetic transition would occur only for fields along the [111] direction
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Figure S2 Field dependence of the magnetization for fields along the [100], [110], and
[111] directions at 0.1 K. Inset: Hysteresis in the magnetization at the metamagnetic
transition for fields along the [111] direction at 0.03 K.

Theoretical calculation
For the tight-binding calculation, we took into account four different angles of rotation of a IrO
octahedron and the associated triply degenerate orbitals in the local coordinate frames.
No significant effect was found from the small splitting of the Ir 5 levels due to the trigonal
crystal-field of the pyrochlore structure. The orbital-dependent electron transfer between
the nearest-neighbor Ir sites was estimated from the Slater-Koster table [S12]. The amplitude
was chosen so that the total bandwidth becomes of the order of 3 eV as obtained by the first-
principles band calculation [S7], which also uncovered a single electron-like Fermi surface with
a carrier concentration comparable to the experimental estimate of per Ir. The relativistic
spin-orbit interaction for the electrons is large, and it has finite matrix elements within the
manifold. We took the spin-orbit coupling strength of eV, which was also estimated

from band structure calculations. The effective AF Kondo coupling to the Pr 4 moments
was estimated to be 4 meV. The calculations have been performed with wavevector meshes
for the zero-field-magnetic configuration shown in Fig. 1d in the main text. An energy broad-
ening of eV has been introduced for practical calculations, which is comparable to the
relaxation rate obtained from the observed longitudinal conductivity .
The results are shown in Fig. S3 (left axis) as a function of the number of electrons per Ir
site. For the expected Ir configuration with 5 , it gives for the zero-field spin
configuration shown in Fig. 1d in the main text.
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Some Pr2Ir2O7  sample does order magnetically

4

FIG. 2. (color online) Temperature dependence of elastic neu-
tron scattering intensity of Pr2+xIr2−xO7−δ at the position of
the qm = (100) reflection. The intensity measured at T = 2 K
was subtracted as a background. Curve: Ising mean-field the-
ory fit to the data, which yields a transition temperature of
TM = 0.93(1) K. Inset: sketch of the 2-in/2-out magnetic
structure.

Refinement of the magnetic structure using the
propagation vector qm was carried out on the high-
temperature-subtracted T = 0.5 K data collected on
SPINS. Assuming an Ising anisotropy in the [111] di-
rection for Pr3+ moments, as is well established for
Pr2Ir2O7 [5], the best refinement was obtained using an
ordered spin-ice 2-in/2-out structure for moments on a
unit tetrahedron (inset of Fig. 2), yielding an on-site mo-
ment µneu = 1.7(1)µB per Pr3+ ion [32]. The ordered
spin-ice structure is predicted for long-range ordering of
Heisenberg spins on the pyrochlore lattice due to dipole-
dipole interactions [33], although in Pr2Ir2O7 the Ising
nature of the Pr3+ moments and the strong dependence
of the ordering on stoichiometry suggest RKKY interac-
tions also play an important role.
To better understand the spatial and temporal coher-

ence of magnetism below the critical temperature TM , we
now turn to high-resolution magnetic neutron scattering.
The momentum dependence of the high-temperature-
subtracted scattering data [Fig. 3(a)] reveals four mag-
netic Bragg peaks, indexed by (100), (110), (102) and
(112), that appear sharp in both momentum and energy.
A fit to the 0.3 K data integrated over |E| < 0.03 meV
[Fig. 3(b)] yields a Gaussian momentum resolution of
FWHM 0.023(1) Å−1 at the (111) nuclear Bragg peak.
Using a phenomenological expression for the momentum
dependence of the momentum resolution, we fit the data
to a set of Gaussian-convoluted Lorentzian profiles. This
yields the intrinsic half-width-half-maximum (HWHM)
widths κ for each magnetic Bragg peak in Fig. 3(b). From
this analysis we obtain a lower bound ξmin = 1/κmax ≈
170 Å for the spatial correlation length.
The energy dependence of the two lowest-angle mag-

netic Bragg peaks, measured with λ = 9.04 Å, is com-
pared to that of the resolution-limited nuclear Bragg
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FIG. 3. (color online) Elastic and quasielastic neutron scat-
tering intensity of Pr2+xIr2−xO7−δ measured at 0.3 K on
CNCS, T = 1.7 K data subtracted. See text for defini-
tions. (a) Scattering intensity as a function of momentum
and energy, λ = 7.26 Å. (b) Momentum dependence of the
energy-integrated (|E| < 0.03 meV) intensity at T = 0.3 K.
Curve: fit to set of Voigt profiles plus a polynomial back-
ground. (c) Energy dependence at three Bragg positions,
λ = 9.04 Å. Solid curves: fits to Voigt profiles. Dashed
curves: associated Lorentzian broadening.

peak (111) in Fig. 3(c). A fit of the (100) and (110)
magnetic Bragg peaks to a quasielastic Lorentzian pro-
file convoluted with a fixed Gaussian energy resolution
(FWHM γ = 17(1) µeV) yields intrinsic HWHM widths
Γ = 0.9(2) µeV and 0.5(2) µeV, respectively. From this
analysis we obtain an upper bound of ≈ 1 µeV on any
intrinsic broadening, indicating that the observed order
is static on a time scale that exceeds !/Γ ≈ 0.7 ns.
Overall our elastic and quasielastic neutron results re-

veal that our Pr2+xIr2−xO7−δ sample experiences a tran-
sition at TM = 0.93(1) K from a paramagnetic state
to long-range spin-ice order characterized by spatial and
temporal correlations that span at least 170 Å and 0.7 ns,
respectively.

D. Muon spin relaxation

The present µSR studies of Pr2Ir2O7, like those re-
ported previously [9, 12], were carried out using the di-
lution refrigerator at the M15 muon beam channel at

3

Scanning electron microscopy coupled with energy dis-
persive x-ray analysis was used to determine the compo-
sition, yielding x = 0.4(3). Despite the large error, due
to the polycrystalline form of the samples and the impu-
rity phases, these results are consistent with excess Pr.
Furthermore, the lattice constants of all polycrystalline
samples investigated are larger than those of single crys-
tals, which appear to grow with integer stoichiometry.
This increase is also consistent with excess Pr, because
the ionic radius of Pr3+ is greater than that of Ir4+. Thus
the stoichiometry of polycrystalline samples appears to
be Pr2.4Ir1.6O7−δ.

B. Specific heat

a. Experiment. For the specific heat measurement
polycrystalline Pr2+xIr2−xO7−δ and silver powder for
thermal contact were thoroughly mixed with approxi-
mately 1:1 mass ratio and pressed into a solid pellet.
The heat capacity of this sample was measured over the
temperature range 50 mK–4 K by the adiabatic relax-
ation method, using a Quantum Design Physical Prop-
erty Measurement System with the Dilution Refrigera-
tor option. The heat capacity of Pr2+xIr2−xO7−δ was
then obtained by subtracting the known silver contri-
bution [30]. The temperature dependence of the specific
heat Cp of Pr2+xIr2−xO7−δ in zero field is shown in Fig. 1.
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FIG. 1. (color online) Temperature dependence of the specific
heat of Pr2+xIr2−xO7−δ in zero field. Filled circles: experi-
mental total specific heat. Dashed curve: calculated specific
heat due to a reduced nuclear Schottky anomaly (see text).
Open circles: specific heat after subtracting the nuclear Schot-
tky anomaly from the total specific heat.

b. Analysis. The resulting Cp(T ) shows a sharp
peak at TM ≈ 0.8 K, with a characteristic λ shape indi-
cating a bulk phase transition. We associate this tran-
sition with the ordering of the Pr3+ moments. At lower
temperatures another peak in the specific heat is ob-
served, which is attributed to a 141Pr nuclear Schottky

anomaly associated with the hyperfine field Bhf due to
ordered Pr3+ ionic moments. Assuming Bhf is static,
the peak position TS = 0.1 K and amplitude Cp(TS) =
4.6 J/K mole Pr of the Schottky anomaly determine, re-
spectively, an ordered Pr3+ moment µS = 1.7(1)µB/Pr
ion on a fraction f = 0.65(1) of the Pr sites. This mo-
ment value is the same as found from elastic neutron
scattering (Sec. II C): µS = µneu = µPr. Such agreement
is difficult to understand if a fraction 1 − f of the Pr3+

ions are not ordered, since then the neutron scattering
intensity would be correspondingly decreased. The re-
duction of the Schottky anomaly amplitude but not the
ordered moment is discussed further in Sec. III A.

C. Elastic neutron scattering

a. Experiment. Powder elastic and inelastic neu-
tron scattering data were taken from the same
Pr2+xIr2−xO7−δ powder sample on the SPINS Triple
Axis Spectrometer at the NIST Center for Neutron Re-
search (NCNR) and on the Cold Neutron Chopper Spec-
trometer (CNCS) at Oak Ridge National Laboratory
(ORNL) [31]. In both experiments the powder sample
was enclosed in an aluminum can and cooled in 3He
cryostats to base temperatures of ∼0.3 K (ORNL) and
∼0.5 K (NCNR). The can was sealed under 4He atmo-
sphere at room temperature to provide thermal contact
for the powder. The can had an annular insert in or-
der to minimize the effects of the strong neutron ab-
sorption in Ir. On SPINS, measurements were taken
with a neutron wavelength of λ = 4.04 Å (Ei = Ef =
5 meV), with a cooled Be filter in the incoming beam
and 80′ collimation before and after the sample. On
CNCS, measurements were taken with two neutron wave-
lengths, λ = 7.26 Å (Ei = 1.55 meV) and λ = 9.04 Å
(Ei = 1.00 meV). The corresponding full-width-half-
maximum (FWHM) energy resolutions at the elastic line
were γ = 0.024(2) meV and γ = 0.017(1) meV for
λ = 7.26 Å with λ = 9.04 Å, respectively. The data
were normalized to absolute units using the intensity of
the (111) nuclear Bragg peak.
b. Analysis. The momentum dependence of the

elastic intensity was measured on SPINS over the tem-
perature range 0.5–2 K. The lattice constant of the cubic
space group was refined at 2 K to obtain a = 10.672(1) Å.
Extra Bragg peaks were observed below ∼0.9 K, and are
attributed to the ordering of the Pr3+ moments. Their
positions can be indexed using a magnetic propagation
wave vector qm = (100) in reciprocal lattice units of the
Fd3m space group. The temperature dependence of the
first peak, for which Q = |qm|, is shown in Fig. 2. The
order parameter increases continuously below TM , sug-
gesting a second-order phase transition. The data are,
however, also consistent with a heterogeneous distribu-
tion of first-order phase transitions. An Ising mean-field
theory provides an acceptable fit to the data (solid curve
in Fig. 2) with an ordering temperature TM = 0.93(1) K.
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Unstable Spin-Ice Order in the Stuffed Metallic Pyrochlore Pr2+xIr2−xO7−δ
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Specific heat, elastic neutron scattering, and muon spin rotation (µSR) experiments have been
carried out on a well-characterized sample of “stuffed” (Pr-rich) Pr2+xIr2−xO7−δ. Elastic neutron
scattering shows the onset of long-range spin-ice “2-in/2-out” magnetic order at TM = 0.93 K,
with an ordered moment of 1.7(1)µB/Pr ion at low temperatures. Approximate lower bounds on
the correlation length and correlation time in the ordered state are 170 Å and 0.7 ns, respectively.
µSR experiments yield an upper bound 2.6(7) mT on the local field B4f

loc at the muon site, which
is nearly two orders of magnitude smaller than the expected dipolar field for long-range spin-ice
ordering of 1.7µB moments (120–270 mT, depending on muon site). This shortfall is due in part
to splitting of the non-Kramers crystal-field ground-state doublets of near-neighbor Pr3+ ions by
the µ+-induced lattice distortion. For this to be the only effect, however, ∼160 Pr moments out
to a distance of ∼14 Å must be suppressed. An alternative scenario, which is consistent with the
observed reduced nuclear hyperfine Schottky anomaly in the specific heat, invokes slow correlated
Pr-moment fluctuations in the ordered state that average B4f

loc on the µSR time scale (∼10−7 s),
but are static on the time scale of the elastic neutron scattering experiments (∼10−9 s). In this
picture the dynamic muon relaxation suggests a Pr3+ 4f correlation time of a few nanoseconds,
which should be observable in a neutron spin echo experiment.

PACS numbers: 75.10.Jm, 75.25.-j, 75.40.Gb, 76.75.+i

I. INTRODUCTION

Geometrically frustrated systems, including pyrochlore
oxides, have been extensively studied because of possi-
ble novel phenomena arising from suppression of con-
ventional order. The series of rare-earth iridate py-
rochlores R2Ir2O7 [1] shows a nonmetal-metal transi-
tion with increasing rare-earth ionic radius [2]. The
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† Present address: Department of Applied Physics, Stanford Uni-
versity, Stanford, CA 94305, USA.

‡ Present address: School of Physics, Georgia Institute of Technol-
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nology, Meguro 152-8551, Japan.
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compounds with R = Yb, Ho, Dy, Tb, Gd, and Y
are nonmetallic, and those with R = Eu, Sm, and
Nd have metal-insulator transitions to antiferromagnetic
ground states [3]. Only Pr2Ir2O7, with the largest rare-
earth ionic radius among the known pyrochlore iridates,
remains metallic down to low temperatures (at least
50 mK). Novel ground states such as spin ices and spin
liquids have been proposed in the insulating pyrochlore
magnets [4].
In the metallic pyrochlore Pr2Ir2O7 the Pr3+ (J = 4)

crystalline electric field (CEF) ground state is a non-
Kramers doublet that is well isolated from higher CEF
levels and consists of almost pure |±4⟩ states with a
magnetic moment of ∼3.0µB [5]. The anisotropic field
dependence of the magnetization indicates the Pr3+ 4f
moments have Ising-like anisotropy along the ⟨111⟩ easy
directions. The dc susceptibility above 100 K yields an
antiferromagnetic Weiss temperature T ∗ = −20 K that
has been attributed to RKKY interactions between Pr3+

actually “Melko-Hertog-Gingras" spin state 
(obtained numerically for a different and classical system)
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“Magnetic monopole” condensation of the pyrochlore ice U(1) quantum spin liquid:
Application to Pr2Ir2O7 and Yb2Ti2O7
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Pyrochlore iridates and pyrochlore ices are two families of materials where novel quantum phenomena
are intertwined with strong spin-orbit coupling, substantial electron correlation, and geometrical frustration.
Motivated by the puzzling experiments on two pyrochlore systems Pr2Ir2O7 and Yb2Ti2O7, we study the proximate
Ising orders and the quantum phase transition out of quantum spin ice U(1) quantum spin liquid (QSL). We apply
the electromagnetic duality of the compact quantum electrodynamics to analyze the condensation of the “magnetic
monopoles” in the U(1) QSL. The monopole condensation naturally and necessarily leads to the Ising orders
that generically break the lattice translation symmetry. We demonstrate that the antiferromagnetic Ising order
with the ordering wave vector Q = 2π (001) is proximate to the U(1) QSL while the ferromagnetic Ising state
with Q = (000) is not proximate to the U(1) QSL. This implies that if there exists a direct transition from the
U(1) QSL to the ferromagnetic Ising order, the transition must be strongly first order. We apply the monopole
condensation to explain the magnetic orders and the transitions in Pr2Ir2O7 and Yb2Ti2O7.

DOI: 10.1103/PhysRevB.94.205107

I. INTRODUCTION

Pyrochlore iridates (R2Ir2O7) [1,2] have stimulated a wide
interest in recent years, and many interesting results, including
topological Mott insulator [3], quadratic band touching [4],
Weyl semimetal [5–8], non-Fermi liquid [9], and so on,
have been proposed. Among these materials, Pr2Ir2O7 is of
particular interest. In Pr2Ir2O7, the Ir system remains metallic
at low temperatures [10]. More intriguingly, no magnetic
order was found except a partial spin freezing of the Pr local
moments due to disorder at very low temperatures in the
early experiments [10–12]. A recent experiment on different
Pr2Ir2O7 samples, however, discovered an antiferromagnetic
long-range Ising order for the Pr moments [13]. While most
theoretical works on pyrochlore iridates focused on the Ir
pyrochlores and explored the interplay between the electron
correlation and the strong spin-orbit coupling of the Ir 5d
electrons [3,14], very few works considered the influence and
the physics of the local moments from the rare-earth sites
that also form a pyrochlore lattice [7,15–17]. In this paper,
we address the local moment physics in Pr2Ir2O7 and propose
that the disordered state of the Pr moments is in the quantum
spin ice (QSI) U(1) quantum spin liquid state. We explore
the proximate Ising order and the confinement transition of
the QSI U(1) quantum spin liquid (QSL) for the Pr local
moments.

The QSI U(1) QSL is an exotic quantum phase of matter and
is described by emergent compact quantum electrodynamics
or, equivalently, by the compact U(1) lattice gauge theory
(LGT) with a gapless U(1) gauge photon and deconfined
spinon excitations [18–20]. Recently, several rare-earth py-
rochlores with 4f electron local moments and systems
alike are proposed as candidates for the QSI U(1) QSLs
[21–31]. In these systems, the predominant antiferromagnetic

*Corresponding author: gangchen.physics@gmail.com

exchange interaction between the Ising components of the
local moments favors an extensively degenerate “2-in–2-out”
spin ice manifold on the pyrochlore lattice [19,21,32–36]. The
transverse spin interaction allows the system to tunnel quantum
mechanically within the ice manifold, giving rise to a U(1)
QSL ground state [35–40].

Like Pr2Ir2O7, the experimental results on the QSI U(1)
QSL candidate materials depend sensitively on the stoichiom-
etry and the sample preparation [21]. In particular, for the
pyrochlore ice system Yb2Ti2O7, while some samples remain
disordered down to the lowest temperature and the neutron
scattering shows a diffusive scattering [22], others develop a
ferromagnetic order [24,41–43]. This suggests that both the Yb
moments in Yb2Ti2O7 and the Pr moments in Pr2Ir2O7 could
be located near a phase transition between a disordered state
[which we propose to be a QSI U(1) QSL] and the magnetic
orders.

FIG. 1. The monopole condensation transition from the QSI U(1)
QSL to the proximate antiferromagnetic Ising order. The dashed
(solid) line represents a thermal crossover (transition). “g” is a tuning
parameter that corresponds to the mass of “magnetic monopole” (see
the discussion in the main text). The inset Ising order has an ordering
wave vector Q = 2π (001). The Pr moment of Pr2Ir2O7 is likely to be
close to this quantum critical point (QCP).

2469-9950/2016/94(20)/205107(14) 205107-1 ©2016 American Physical Society
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Microscopics: different samples have different Fermi energy, induces  
different RKKY interaction between Pr local moments.

The Pr subsystem is proximate to a quantum phase transition  
from pyrochlore ice U(1) QSL to Ising magnetic order.

Our proposal for Pr subsystem

there may be some jump in logic
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Ir conduction electron: Luttinger semimetal

T Kondo, …Ru Chen, …, Nakatsuji, Balents, Shin 
Nature Comm, 2015  
P Amitage’s optical measurement 2017 
Correlation effect:   EG Moon, L Savary, YB Kim,  Cenke Xu, L Balents

ARPES: Quadratic band touching

Partial screening of long 
range Coulomb interaction
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What is the impact of Pr magnetism  
on Ir conduction electrons in the ordered regime? 

When electron behaves as electron,  
when spin behaves as spin !

MHG spin ice stateIr Luttinger semimetal

+ = ????
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FIG. 2. (a) The Brillouin zone of the original pyrochlore
lattice. (b) Under the Q = 2⇡(001) “Melko-Hertog-Gingras”
spin state, the unit cell is enlarged. The plot is the magnetic
Brillouin zone corresponding to the enlarged unit cell. (c) The
spin configuration of the “Melko-Hertog-Gingras” spin state.
It is a 2-in 2-out spin wave with a finite ordering wavevector.
(d) The folded energy band without f -d exchange term shows
quadratic touching at � point. High symmetry momentum
lines are defined in (b) as red lines.

of various topological phases such as topological insula-
tor and Weyl semimetal. The Pr Ising magnetic order
breaks the time reversal symmetry, and the time rever-
sal symmetry breaking is transmitted to the Luttinger
semimetal of the Ir subsystem through the f -d exchange.
We here study the band structure reconstruction of the
Ir 5d electrons through the above mechanism.

A. Emergent Dirac band touchings

The Pr local moments were found to develop the
“Melko-Hertog-Gingras” spin ice state in the recent sam-
ples with di↵erent Ir and O contents from the old ones.
The “Melko-Hertog-Gingras” spin state breaks the time
reversal and the lattice translation by doubling the crys-
tal unit cell. Due to this interesting magnetic ordering
structure, the combination of the time reversal and cer-
tain lattice translations remains to be a symmetry of the
system. As we show below, this symmetry leads to a
remarkable band structure property of the Ir subsystem
after the band reconstruction.

The reconstructed band structure of the Ir conduction
electrons is governed by the Ir tight binding model and
the f -d exchange, H

tb

+H
fd

. As a comparison, we first
evaluate the Ir band structure in the magnetic Brillouin
zone corresponding to the doubled unit cell due to the
Pr Ising magnetic order. As we depict in Fig. 2, the Ir
conduction electron bands form a Luttinger semimetal
in the absence of the Pr magnetic order and give a

quadratic band touching at the �̃ point. Without losing
any generality, in Fig. 2(a) we choose the “Melko-Hertog-
Gingras” spin state of the Pr moments to have a prop-
agating wavevector Q = 2⇡(001) and the band structure
in Fig. 2(c) is plotted in the magnetic brioullin zone of
Fig. 2(b). Before the appearance of the Pr Ising mag-
netic order, the system has both time reversal and in-
version symmetries, and each band of the Ir electrons
has a two-fold degeneracy. The quadratic band touch-
ing at the � point results from the cubic symmetry. As
the Pr magnetic order appears, the Ir band structure
is immediately modified. Before we present the recon-
structed band structure in details, we first understand
the band structure properties from the symmetry point
of view. For our choice of the propagating wavevector,
the “Melko-Hertog-Gingras” spin state breaks the lat-
tice translations, t1 and t2. Here, t1 and t2 translate
the system by the lattice basis vector b1 ⌘ (0, 1/2, 1/2)
and b2 ⌘ (1/2, 0, 1/2), respectively. It turns out that, the
combination of time reversal and t1 or t2, i.e.,

T̃1 ⌘ t1 � T , T̃2 ⌘ t2 � T , (14)

remains to be a symmetry of the system after the devel-
opment of the Pr magnetic order. These two symmetries
of the “Melko-Hertog-Gingras” spin state are analogous
to the staggered time reversal for the antiferromagnetic
Néel state on a square lattice. Like the pure time rever-
sal, T̃1 and T̃2 are anti-unitary symmetries. Due to the
involvement of the lattice translations, T̃1 and T̃2 do not
lead to the Kramers degeneracy for all the time reversal
invariant momenta. It is ready to confirm that,

T̃1|�̃, "i = i|�̃, , #i, T̃2|�̃, "i = i|�̃, , #i, (15)

T̃1|M̃, "i = i|M̃, #i, T̃2|M̃ "i = �i|M̃, #i, (16)

T̃1|R̃, "i = �i|R̃, #i, T̃2|R̃, "i = �i|R̃, #i, (17)

and T̃ 2
1 = T̃ 2

2 = �1 for the momentum points at �, M
and R; and T̃ 2

1 = T̃ 2
2 = +1 for the momentum points at

X̃, Z̃ and Ã. This immediately indicates that there are
two-fold Kramers degeneracy at the �̃, M̃ and R̃ points
in the magnetic Brioullin zone, but not for the X̃, Z̃ and
Ã points. To confirm the above prediction, we carry out
the explicit calculation of the Ir band structure in the
presence of the Pr magnetic order. As we show in Fig. 3
for four specific choices of the f -d exchange couplings,
there exist emergent two-fold Kramers degeneracies with
Dirac band touchings at the �̃, M̃ and R̃ points.

B. Magnetic Weyl nodes

Besides the emergent and symmetry protected Dirac
band touchings at the �̃, M̃ and R̃ points, we discover the
presence of the Weyl nodes in the reconstructed Ir band
structure in Fig. 3. The reconstructed Ir band structure
is determined by the f -d exchange couplings. The actual
couplings of the f -d exchange in the material Pr2Ir2O7

T Kondo, etc, 2015 C Broholm, etc, 2015
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Digression: Quantum Anomalous Hall Effect

1. One understanding: TI -> Dirac cone ferromagnetism 
-> gapped Dirac fermion -> QAHE

2. Our understand: QAHE is an example of interplay  
between conduction electron and local moments.  
Here in QAHE, itinerant electron band topology is  
modulated by magnetism, and magnetism is rather  
simple.

Here, we study the system with both local moments 
and itinerant electrons, trying to understand their 
interplay and interactions.  How local moments  
influence conduction electrons, and ice versa.
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Microscopics: Ir conduction electron + Pr local moments

GC, Hermele, PRB 2012 
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on the Ir electron structure from the Pr Ising magnetic
order, so the quantum dynamics of the Pr local moment
is irrelevant for this purpose. In Sec. III of the paper,
we would simply regard the Ising magnetic order that
is observed in Pr2Ir2O7 as a given condition, and this
exchange Hamiltonian is not invoked until in Sec. IV
where the external Zeeman coupling competes with the
exchange and modifies the Pr magnetic order.

The extended interaction for the Pr local moments in
Pr2Ir2O7 is expected because the RKKY interaction that
is mediated by the Ir conduction electrons is not short-
ranged. This is quite di↵erent from the usual rare-earth
magnets where the exchange interaction is often short-
ranged and most of time restricted to the nearest neigh-
bors. The long-range or extended RKKY interaction is
the reason that we point out the Ir conduction drives the
quantum phase transition of the Pr moments.

Due to the Ising nature of the moment in the ap-
proximate exchange model, the ground state is anti-
ferromagnetically ordered with an ordering wavevector
Q = 2⇡(001) for J3z > 0. Clearly, the approximate
model captures the observed magnetic order in Pr2Ir2O7.

C. Pr-Ir coupling

Precisely because of the non-Kramers doublet nature
of the Pr local moment, it was pointed out in Ref. ?
based on the symmetry analysis that, the ⌧z component
couples to the spin density of the Ir conduction electron
while the transverse component would couple to the elec-
tron density. The transverse component may also couple
to the spin current that is even under time reversal. The
general expression for the f -d exchange between the Pr
local moment and the Ir spin density has been obtained in
the previous work. The coupling between the transverse
component ⌧x,y and the Ir electron density was worked
out in Ref. ? . Again, since it is the Ising component ⌧z

of the Pr local moment that develops the magnetic order
in Pr2Ir2O7, the leading order e↵ect on the Ir conduc-
tion electron originates from the coupling between the Ir
spin density and the Pr Ising component. Therefore, we
consider the following f -d exchange between the Pr Ising
moment and the Ir spin density,

H
fd

=
X

hiji

X

i2Pr

X

j2Ir

⌧z
i

[(d†
j↵

�
↵�

2
d
j�

) · v
ij

], (8)

where v
ij

is a vector that defines the coupling between
the Ir spin density and the Pr local moments. For each
Ir ion, there are six Pr ions nearby, and these six Pr ions
form a hexagon with the Ir ion in the hexagon center
(see Fig. 1). Under the nearest-neighbor Kondo-like cou-
pling assumption, the standard symmetry analysis gives
for example

v11 = (, , ), (9)

v12 = (, , ), (10)

v13 = (, , ), (11)

(a) (b)

x

y

z

b1
b2

b3

FIG. 1. The pyrochlore lattice structure for Pr2Ir2O7. (a)
Both Ir and Pr ions form pyrochlore lattices of corner-sharing
tetrahedra. Di↵erent marks are used to distinguish Ir (pink
faces solid edges) and Pr (white faces and dashed edges). (b)
For each Ir ion, six nearest Pr ions form a hexagon with the
Ir ion in the center.

v14 = (, , ), (12)

and other v
ij

’s can be obtained by simple lattice symme-
try operations.
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where n̂ is the direction of the external magnetic field.
The ẑ
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direction is defined locally for each sublattice of
the Pr subsystem.

E. Energy scales

Clearly, the largest energy scale in the model is the
bandwidth and interaction of the Ir conduction interac-
tion. The second largest energy scale is the f -d exchange
coupling. The lowest ones would be the exchange cou-
pling between the Pr moments and the Zeeman coupling.
Since the Zeeman coupling can be tuned experimentally,
the magnetic state of the Pr local moments can thus be
manipulated by the external magnetic field.
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For Pr2Ir2O7, the Ir conduction electrons were found
to develop a Luttinger semimetallic band structure. It is
well-known that the Luttinger semimetal is a parent state
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on the Ir electron structure from the Pr Ising magnetic
order, so the quantum dynamics of the Pr local moment
is irrelevant for this purpose. In Sec. III of the paper,
we would simply regard the Ising magnetic order that
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is a vector that defines the coupling between
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pling assumption, the standard symmetry analysis gives
for example

v11 = (, , ), (9)

v12 = (, , ), (10)

v13 = (, , ), (11)

(a) (b)

x

y

z

b1
b2

b3

FIG. 1. The pyrochlore lattice structure for Pr2Ir2O7. (a)
Both Ir and Pr ions form pyrochlore lattices of corner-sharing
tetrahedra. Di↵erent marks are used to distinguish Ir (pink
faces solid edges) and Pr (white faces and dashed edges). (b)
For each Ir ion, six nearest Pr ions form a hexagon with the
Ir ion in the center.
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Since the Zeeman coupling can be tuned experimentally,
the magnetic state of the Pr local moments can thus be
manipulated by the external magnetic field.
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its p

y

orbital (green) with respect to the coordinate system of site 0, and p
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orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⇡84�. Electrons
can hop from the local d
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orbital on site 0 onto p

y

, and from the d

xy

orbital on site 3 onto p

x

. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
$
001, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⇡ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing �/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi↵ = e�i✓Ri fRi↵ , where the angle ✓Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi↵ carries the rest of the degrees of freedom.
The constraint LRi =

P
↵ f

†
Ri↵fRi↵ �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ! AhBi + BhAi. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
X

Ri↵

("↵ �µ�h)f †
Ri↵fRi↵ + tQf

X

hRi,R0 i0i
↵↵0

T ii0
↵↵0 f †

Ri↵fR0 i0↵0

H✓ = U
2

X

Ri

L2Ri +h(LRi +nd)+ tQ✓

X

hRi,R0 i0i
ei✓Ri�i✓R0 i0

Here LRi = �i(@/@✓Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q✓ need to be determined
self-consistently fromQf =

⌦
ei✓Ri�i✓Ri0

↵
,Q✓ =P

↵↵0T ii0
↵↵0

⌦
f †
Ri↵fRi0↵0

↵
(note

Q✓  0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, �, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ✓ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength �/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H✓ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, hf †

Ri↵fRi↵i = nd , and hence hLRii = 0.
We therefore take h= 0, which guarantees the latter condition, as
H✓ then has particle–hole symmetry, LRi ! �LRi,✓Ri ! �✓Ri. H✓

is then expected to have two phases. For U/(Q✓ t )⌧ 1, the rotors
are condensed, hei✓Rii 6= 0, whereas for U/(tQ✓ ) � 1, they form
an uncondensed Bose Mott insulator with a gap and hei✓Rii = 0.
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Pr local moments: non-Kramers doublets

SOC CEF

⌧ = 1/2

Non-Kramers  
doublet

�

Indication:  
1. Only z (or Ising) component couples to external magnetic field. 
2. Magnetic order necessarily implies z (or Ising) component ordering.  
3. Only z (or Ising) component couples to the Ir electron spin density. 

S = 1
L = 5

J = 4Pr3+

4f2

T : ⌧z ! �⌧z

T : ⌧x,y ! +⌧x,y

quickly skip

Gang Chen’s theory group 

Gang Chen’s theory group



Pr-Ir interaction: 4f-5d exchange 
GANG CHEN AND MICHAEL HERMELE PHYSICAL REVIEW B 86, 235129 (2012)
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FIG. 1. (Color online) A projective view of R2Ir2O7 in the (111)
plane. Left: The neighboring Ir (in dark red) and R (in light blue)
tetrahedra. “1,2,3,4” label the four sublattices. Ir/R atoms are marked
with big/small (red/blue) circles. Empty/dark/light circles indicate
that the atoms are below/above/in the (111) plane. Right: An IrR6

complex singled out from the left figure.

other hand, under time reversal j → −j. This property leads
to a remarkable simplification of the coupling—only τ z

couples to the Ir spin j. We consider the nearest-neighbor
(NN) R-Ir exchange, which, due to space group symmetry,
is parametrized by two couplings c1,c2. For the single Ir site
labeled Ir1 in Fig. 1, the f -d exchange is

Hfd =
[
c1τ

z
4 − c2

(
τ z

2 + τ z
3

)]
jx

1 +
[
c1τ

z
3 − c2

(
τ z

2 + τ z
4

)]
j

y
1

+
[
c1τ

z
2 − c2

(
τ z

3 + τ z
4

)]
jz

1 + [2 ↔ 2′,3 ↔ 3′,4 ↔ 4′],

(1)

where the labeling of sites is given in Fig. 1. Further details
are given in Appendix. A.

In the Kramers case, the Ising part of the f -d exchange
(coupling of τ z to j) is identical. Transverse exchange
involving τ x,y is also permitted by time-reversal symmetry.
Even in the non-Kramers case, while τ x,y does not couple to the
Ir effective spin, it can couple to the Ir charge density. In both
cases we ignore these transverse couplings, both for simplicity
and because they may be suppressed by strong easy-axis
anisotropy of the f moments along local [111] axes, which is
known to be present in R = Dy, Ho pyrochlore oxides,14 and
may be present more broadly. However, effects of transverse
exchange may be important, and will be an interesting topic
for future study.

For the Ir subsystem, we follow Ref. 6 and include both the
indirect hopping of 5d electrons through oxygen, and direct
hopping between Ir sites, using the following Hubbard model:

HIr =
∑

⟨rr ′⟩

(
T d

rr ′,αβ + T id
rr ′,αβ

)
d†

rαdr ′β + U
∑

r

nr,↑nr,↓, (2)

where d
†
r,α is the electron creation operator, with α =↑ , ↓

labeling the effective spin jz = 1/2, − 1/2 states at site r ,
and nr,α = d

†
r,αdr,α . The sum is over NN pairs of Ir sites. The

direct hoppings (T d
rr ′ ) involve two parameters,6 tσ and tπ , that

describe the σ and π bonding, respectively. To be specific, we
follow Ref. 6 and set tπ = − 2

3 tσ throughout the paper. The
indirect hopping (T id

rr ′) only has one hopping parameter which
we denote as t .4

The R local moments can couple to each other either via su-
perexchange through intermediate atoms, by dipole-dipole in-
teraction, or by the RKKY (Ruderman-Kittel-Kasuya-Yosida)

exchange mediated by Ir electrons. Dipole-dipole interactions
may play an important role for R (= Gd, Tb, Dy, Ho) where a
large local magnetic moment is observed.26 RKKY exchange
is likely to be the dominant exchange for the other compounds,
as the Curie-Weiss temperatures in many of the isostructural
insulating materials R2Sn2O7

32 are of much lower magnitude
than the corresponding iridates. For example, The Curie-Weiss
temperatures &CW are −0.35 K in Pr2Sn2O7 and −1026 or
−20 K33 in Pr2Ir2O7. For the R = Nd compounds, &CW ≈
−0.31 K in the stannate32 and &CW ≈ −19 K in the iridate.26

From the above analysis, we obtain our minimal model
for R2Ir2O7, which includes the R-Ir exchange coupling in
Eq. (1) and the Ir-Ir hopping and interaction Eq. (2), Hmin =
Hfd + HIr.

To analyze the phase diagram we start with the tight-binding
model of the Ir subsystem. Following Ref. 6, a semimetal
phase is obtained for −1.67t ! tσ ! −0.67t . Otherwise, a
strong topological band insulator (STI) with topological class
(1;000) is obtained.34–36 In the semimetal phase, at the
' point there is a quadratic band touching (protected by
cubic symmetry) at the Fermi energy (EF ). There are also
nondispersing bands at EF along the '-L lines; this feature
is a consequence of fine tuning; it can be removed by adding
a weak next-nearest-neighbor hopping (t ′).6 The low-energy
features of the band structure agree rather well with the
first-principles calculation for Y2Ir2O7,5,37 with the differences
that the quadratic '-point touching is below EF and the '-L
lines have a small dispersion.

Due to the Ising form of the coupling, the model with the
f -d exchange does not contain quantum fluctuations of the
f moments, and reduces to a free fermion problem for any
fixed configuration of localized moments. Finding the ground
state amounts to finding the minimum-energy configuration
of local moments. Moreover, certainly c1,c2 ≪ t , so the f -d
exchange can be treated perturbatively, and the leading effect
is to generate a RKKY exchange between the f moments. As
shown in Appendix A, we find that beyond fourth neighbors
the RKKY exchange becomes significantly smaller, so we
keep only up through fourth-neighbor exchange. Using the
Luttinger-Tizsa method,38 we find that the ground state of the
truncated RKKY exchange has a q = 0 magnetic order except
in the light shaded regions of Figs. 2(a) and 2(b). In the light
shaded regions, the hard-spin constraint cannot be satisfied,
and the nature of the ground state is not presently clear.
However, it is likely that the q = 0 magnetic order extends
at least somewhat into to the light shaded regions.

Without losing any generality, we can simply focus on
the case with c1 > 0 and define ( ≡ tan−1(c2/c1) and c ≡√

c2
1 + c2

2. As shown in Figs. 2(a) and 2(b), for most of
parameter space, “all-in all-out” magnetic order is favored,
where every tetrahedron of neighboring R sites has either
all τ z pointing in (i.e., toward the tetrahedron center), or all
pointing out. In the dark shaded region, q = 0 “two-in two-out”
magnetic order is obtained, where on every tetrahedron, two τ z

point in and two point out. (The q = 0 two-in two-out state also
has lowest energy, at least among q = 0 states, in the vertically
hatched regions.) Since no ferromagnetic state is observed
in any R2Ir2O7, we restrict our discussion to all-in all-out
state. Such order of the R subsystem also induces all-in all-out
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other hand, under time reversal j → −j. This property leads
to a remarkable simplification of the coupling—only τ z

couples to the Ir spin j. We consider the nearest-neighbor
(NN) R-Ir exchange, which, due to space group symmetry,
is parametrized by two couplings c1,c2. For the single Ir site
labeled Ir1 in Fig. 1, the f -d exchange is
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where the labeling of sites is given in Fig. 1. Further details
are given in Appendix. A.

In the Kramers case, the Ising part of the f -d exchange
(coupling of τ z to j) is identical. Transverse exchange
involving τ x,y is also permitted by time-reversal symmetry.
Even in the non-Kramers case, while τ x,y does not couple to the
Ir effective spin, it can couple to the Ir charge density. In both
cases we ignore these transverse couplings, both for simplicity
and because they may be suppressed by strong easy-axis
anisotropy of the f moments along local [111] axes, which is
known to be present in R = Dy, Ho pyrochlore oxides,14 and
may be present more broadly. However, effects of transverse
exchange may be important, and will be an interesting topic
for future study.

For the Ir subsystem, we follow Ref. 6 and include both the
indirect hopping of 5d electrons through oxygen, and direct
hopping between Ir sites, using the following Hubbard model:

HIr =
∑

⟨rr ′⟩

(
T d

rr ′,αβ + T id
rr ′,αβ

)
d†

rαdr ′β + U
∑

r

nr,↑nr,↓, (2)

where d
†
r,α is the electron creation operator, with α =↑ , ↓

labeling the effective spin jz = 1/2, − 1/2 states at site r ,
and nr,α = d

†
r,αdr,α . The sum is over NN pairs of Ir sites. The

direct hoppings (T d
rr ′ ) involve two parameters,6 tσ and tπ , that

describe the σ and π bonding, respectively. To be specific, we
follow Ref. 6 and set tπ = − 2

3 tσ throughout the paper. The
indirect hopping (T id

rr ′) only has one hopping parameter which
we denote as t .4

The R local moments can couple to each other either via su-
perexchange through intermediate atoms, by dipole-dipole in-
teraction, or by the RKKY (Ruderman-Kittel-Kasuya-Yosida)

exchange mediated by Ir electrons. Dipole-dipole interactions
may play an important role for R (= Gd, Tb, Dy, Ho) where a
large local magnetic moment is observed.26 RKKY exchange
is likely to be the dominant exchange for the other compounds,
as the Curie-Weiss temperatures in many of the isostructural
insulating materials R2Sn2O7

32 are of much lower magnitude
than the corresponding iridates. For example, The Curie-Weiss
temperatures &CW are −0.35 K in Pr2Sn2O7 and −1026 or
−20 K33 in Pr2Ir2O7. For the R = Nd compounds, &CW ≈
−0.31 K in the stannate32 and &CW ≈ −19 K in the iridate.26

From the above analysis, we obtain our minimal model
for R2Ir2O7, which includes the R-Ir exchange coupling in
Eq. (1) and the Ir-Ir hopping and interaction Eq. (2), Hmin =
Hfd + HIr.

To analyze the phase diagram we start with the tight-binding
model of the Ir subsystem. Following Ref. 6, a semimetal
phase is obtained for −1.67t ! tσ ! −0.67t . Otherwise, a
strong topological band insulator (STI) with topological class
(1;000) is obtained.34–36 In the semimetal phase, at the
' point there is a quadratic band touching (protected by
cubic symmetry) at the Fermi energy (EF ). There are also
nondispersing bands at EF along the '-L lines; this feature
is a consequence of fine tuning; it can be removed by adding
a weak next-nearest-neighbor hopping (t ′).6 The low-energy
features of the band structure agree rather well with the
first-principles calculation for Y2Ir2O7,5,37 with the differences
that the quadratic '-point touching is below EF and the '-L
lines have a small dispersion.

Due to the Ising form of the coupling, the model with the
f -d exchange does not contain quantum fluctuations of the
f moments, and reduces to a free fermion problem for any
fixed configuration of localized moments. Finding the ground
state amounts to finding the minimum-energy configuration
of local moments. Moreover, certainly c1,c2 ≪ t , so the f -d
exchange can be treated perturbatively, and the leading effect
is to generate a RKKY exchange between the f moments. As
shown in Appendix A, we find that beyond fourth neighbors
the RKKY exchange becomes significantly smaller, so we
keep only up through fourth-neighbor exchange. Using the
Luttinger-Tizsa method,38 we find that the ground state of the
truncated RKKY exchange has a q = 0 magnetic order except
in the light shaded regions of Figs. 2(a) and 2(b). In the light
shaded regions, the hard-spin constraint cannot be satisfied,
and the nature of the ground state is not presently clear.
However, it is likely that the q = 0 magnetic order extends
at least somewhat into to the light shaded regions.

Without losing any generality, we can simply focus on
the case with c1 > 0 and define ( ≡ tan−1(c2/c1) and c ≡√

c2
1 + c2

2. As shown in Figs. 2(a) and 2(b), for most of
parameter space, “all-in all-out” magnetic order is favored,
where every tetrahedron of neighboring R sites has either
all τ z pointing in (i.e., toward the tetrahedron center), or all
pointing out. In the dark shaded region, q = 0 “two-in two-out”
magnetic order is obtained, where on every tetrahedron, two τ z

point in and two point out. (The q = 0 two-in two-out state also
has lowest energy, at least among q = 0 states, in the vertically
hatched regions.) Since no ferromagnetic state is observed
in any R2Ir2O7, we restrict our discussion to all-in all-out
state. Such order of the R subsystem also induces all-in all-out
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Magnetic translation of MHG spin ice state
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FIG. 2. (a) The Brillouin zone of the original pyrochlore
lattice. (b) Under the Q = 2⇡(001) “Melko-Hertog-Gingras”
spin state, the unit cell is enlarged. The plot is the magnetic
Brillouin zone corresponding to the enlarged unit cell. (c) The
spin configuration of the “Melko-Hertog-Gingras” spin state.
It is a 2-in 2-out spin wave with a finite ordering wavevector.
(d) The folded energy band without f -d exchange term shows
quadratic touching at � point. High symmetry momentum
lines are defined in (b) as red lines.

of various topological phases such as topological insula-
tor and Weyl semimetal. The Pr Ising magnetic order
breaks the time reversal symmetry, and the time rever-
sal symmetry breaking is transmitted to the Luttinger
semimetal of the Ir subsystem through the f -d exchange.
We here study the band structure reconstruction of the
Ir 5d electrons through the above mechanism.

A. Emergent Dirac band touchings

The Pr local moments were found to develop the
“Melko-Hertog-Gingras” spin ice state in the recent sam-
ples with di↵erent Ir and O contents from the old ones.
The “Melko-Hertog-Gingras” spin state breaks the time
reversal and the lattice translation by doubling the crys-
tal unit cell. Due to this interesting magnetic ordering
structure, the combination of the time reversal and cer-
tain lattice translations remains to be a symmetry of the
system. As we show below, this symmetry leads to a
remarkable band structure property of the Ir subsystem
after the band reconstruction.

The reconstructed band structure of the Ir conduction
electrons is governed by the Ir tight binding model and
the f -d exchange, H

tb

+H
fd

. As a comparison, we first
evaluate the Ir band structure in the magnetic Brillouin
zone corresponding to the doubled unit cell due to the
Pr Ising magnetic order. As we depict in Fig. 2, the Ir
conduction electron bands form a Luttinger semimetal
in the absence of the Pr magnetic order and give a

quadratic band touching at the �̃ point. Without losing
any generality, in Fig. 2(a) we choose the “Melko-Hertog-
Gingras” spin state of the Pr moments to have a prop-
agating wavevector Q = 2⇡(001) and the band structure
in Fig. 2(c) is plotted in the magnetic brioullin zone of
Fig. 2(b). Before the appearance of the Pr Ising mag-
netic order, the system has both time reversal and in-
version symmetries, and each band of the Ir electrons
has a two-fold degeneracy. The quadratic band touch-
ing at the � point results from the cubic symmetry. As
the Pr magnetic order appears, the Ir band structure
is immediately modified. Before we present the recon-
structed band structure in details, we first understand
the band structure properties from the symmetry point
of view. For our choice of the propagating wavevector,
the “Melko-Hertog-Gingras” spin state breaks the lat-
tice translations, t1 and t2. Here, t1 and t2 translate
the system by the lattice basis vector b1 ⌘ (0, 1/2, 1/2)
and b2 ⌘ (1/2, 0, 1/2), respectively. It turns out that, the
combination of time reversal and t1 or t2, i.e.,

T̃1 ⌘ t1 � T , T̃2 ⌘ t2 � T , (14)

remains to be a symmetry of the system after the devel-
opment of the Pr magnetic order. These two symmetries
of the “Melko-Hertog-Gingras” spin state are analogous
to the staggered time reversal for the antiferromagnetic
Néel state on a square lattice. Like the pure time rever-
sal, T̃1 and T̃2 are anti-unitary symmetries. Due to the
involvement of the lattice translations, T̃1 and T̃2 do not
lead to the Kramers degeneracy for all the time reversal
invariant momenta. It is ready to confirm that,

T̃1|�̃, "i = i|�̃, , #i, T̃2|�̃, "i = i|�̃, , #i, (15)

T̃1|M̃, "i = i|M̃, #i, T̃2|M̃ "i = �i|M̃, #i, (16)

T̃1|R̃, "i = �i|R̃, #i, T̃2|R̃, "i = �i|R̃, #i, (17)

and T̃ 2
1 = T̃ 2

2 = �1 for the momentum points at �, M
and R; and T̃ 2

1 = T̃ 2
2 = +1 for the momentum points at

X̃, Z̃ and Ã. This immediately indicates that there are
two-fold Kramers degeneracy at the �̃, M̃ and R̃ points
in the magnetic Brioullin zone, but not for the X̃, Z̃ and
Ã points. To confirm the above prediction, we carry out
the explicit calculation of the Ir band structure in the
presence of the Pr magnetic order. As we show in Fig. 3
for four specific choices of the f -d exchange couplings,
there exist emergent two-fold Kramers degeneracies with
Dirac band touchings at the �̃, M̃ and R̃ points.

B. Magnetic Weyl nodes

Besides the emergent and symmetry protected Dirac
band touchings at the �̃, M̃ and R̃ points, we discover the
presence of the Weyl nodes in the reconstructed Ir band
structure in Fig. 3. The reconstructed Ir band structure
is determined by the f -d exchange couplings. The actual
couplings of the f -d exchange in the material Pr2Ir2O7

Neel state on square lattice

T̃ ⌘ T � t

3D analogue of the magnetic translation for Neel state
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FIG. 2. (a) The Brillouin zone of the original pyrochlore
lattice. (b) Under the Q = 2⇡(001) “Melko-Hertog-Gingras”
spin state, the unit cell is enlarged. The plot is the magnetic
Brillouin zone corresponding to the enlarged unit cell. (c) The
spin configuration of the “Melko-Hertog-Gingras” spin state.
It is a 2-in 2-out spin wave with a finite ordering wavevector.
(d) The folded energy band without f -d exchange term shows
quadratic touching at � point. High symmetry momentum
lines are defined in (b) as red lines.

of various topological phases such as topological insula-
tor and Weyl semimetal. The Pr Ising magnetic order
breaks the time reversal symmetry, and the time rever-
sal symmetry breaking is transmitted to the Luttinger
semimetal of the Ir subsystem through the f -d exchange.
We here study the band structure reconstruction of the
Ir 5d electrons through the above mechanism.

A. Emergent Dirac band touchings

The Pr local moments were found to develop the
“Melko-Hertog-Gingras” spin ice state in the recent sam-
ples with di↵erent Ir and O contents from the old ones.
The “Melko-Hertog-Gingras” spin state breaks the time
reversal and the lattice translation by doubling the crys-
tal unit cell. Due to this interesting magnetic ordering
structure, the combination of the time reversal and cer-
tain lattice translations remains to be a symmetry of the
system. As we show below, this symmetry leads to a
remarkable band structure property of the Ir subsystem
after the band reconstruction.

The reconstructed band structure of the Ir conduction
electrons is governed by the Ir tight binding model and
the f -d exchange, H

tb

+H
fd

. As a comparison, we first
evaluate the Ir band structure in the magnetic Brillouin
zone corresponding to the doubled unit cell due to the
Pr Ising magnetic order. As we depict in Fig. 2, the Ir
conduction electron bands form a Luttinger semimetal
in the absence of the Pr magnetic order and give a

quadratic band touching at the �̃ point. Without losing
any generality, in Fig. 2(a) we choose the “Melko-Hertog-
Gingras” spin state of the Pr moments to have a prop-
agating wavevector Q = 2⇡(001) and the band structure
in Fig. 2(c) is plotted in the magnetic brioullin zone of
Fig. 2(b). Before the appearance of the Pr Ising mag-
netic order, the system has both time reversal and in-
version symmetries, and each band of the Ir electrons
has a two-fold degeneracy. The quadratic band touch-
ing at the � point results from the cubic symmetry. As
the Pr magnetic order appears, the Ir band structure
is immediately modified. Before we present the recon-
structed band structure in details, we first understand
the band structure properties from the symmetry point
of view. For our choice of the propagating wavevector,
the “Melko-Hertog-Gingras” spin state breaks the lat-
tice translations, t1 and t2. Here, t1 and t2 translate
the system by the lattice basis vector b1 ⌘ (0, 1/2, 1/2)
and b2 ⌘ (1/2, 0, 1/2), respectively. It turns out that, the
combination of time reversal and t1 or t2, i.e.,

T̃1 ⌘ t1 � T , T̃2 ⌘ t2 � T , (14)

remains to be a symmetry of the system after the devel-
opment of the Pr magnetic order. These two symmetries
of the “Melko-Hertog-Gingras” spin state are analogous
to the staggered time reversal for the antiferromagnetic
Néel state on a square lattice. Like the pure time rever-
sal, T̃1 and T̃2 are anti-unitary symmetries. Due to the
involvement of the lattice translations, T̃1 and T̃2 do not
lead to the Kramers degeneracy for all the time reversal
invariant momenta. It is ready to confirm that,

T̃1|�̃, "i = i|�̃, , #i, T̃2|�̃, "i = i|�̃, , #i, (15)

T̃1|M̃, "i = i|M̃, #i, T̃2|M̃ "i = �i|M̃, #i, (16)

T̃1|R̃, "i = �i|R̃, #i, T̃2|R̃, "i = �i|R̃, #i, (17)

and T̃ 2
1 = T̃ 2

2 = �1 for the momentum points at �, M
and R; and T̃ 2

1 = T̃ 2
2 = +1 for the momentum points at

X̃, Z̃ and Ã. This immediately indicates that there are
two-fold Kramers degeneracy at the �̃, M̃ and R̃ points
in the magnetic Brioullin zone, but not for the X̃, Z̃ and
Ã points. To confirm the above prediction, we carry out
the explicit calculation of the Ir band structure in the
presence of the Pr magnetic order. As we show in Fig. 3
for four specific choices of the f -d exchange couplings,
there exist emergent two-fold Kramers degeneracies with
Dirac band touchings at the �̃, M̃ and R̃ points.

B. Magnetic Weyl nodes

Besides the emergent and symmetry protected Dirac
band touchings at the �̃, M̃ and R̃ points, we discover the
presence of the Weyl nodes in the reconstructed Ir band
structure in Fig. 3. The reconstructed Ir band structure
is determined by the f -d exchange couplings. The actual
couplings of the f -d exchange in the material Pr2Ir2O7
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Symmetry protected Dirac band touching

magnetic Brillouin zone
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in addition, there are Weyl nodes 
whose existence does not require symmetry

Pr magnetic order transfers its time reversal  
symmetry breaking to Ir Luttinger semimetal. 
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FIG. 2. (a) The (crystal) Brillouin zone of the original pyrochlore lattice. (b) Under the Q = 2⇡(001) “Melko-Hertog-Gingras”
(MHG) spin state, the unit cell is enlarged. The plot is the magnetic Brillouin zone corresponding to the enlarged unit cell.
(c) The spin configuration of the MHG spin state. It is a “2-in 2-out” spin state with Q = 2⇡(001) ordering wavevector. The
magnetic unit cell with b̃

i

’s is defined in the Appendix A. (d) The folded band of the Ir electrons without f -d exchange develops
a quadratic touching at �̃. High symmetry momentum lines are defined in (b) as blue lines.

⌘ �h
X

i2Pr

⌧z
i

(ẑ
i

· n̂), (13)

where n̂ is the direction of the external magnetic field.
The ẑ

i

direction is defined locally for each sublattice of
the Pr subsystem.

E. Energy scales

Clearly, the largest energy scale in the model is the
bandwidth and interaction of the Ir conduction electrons.
The second largest energy scale is the f -d exchange cou-
pling. The lowest ones would be the exchange coupling
between the Pr moments and the Zeeman coupling. Since
the Zeeman coupling can be tuned experimentally, the
magnetic state of the Pr local moments can thus be ma-
nipulated by the external magnetic field. As the rare-
earth local moments such as Pr moments here interact
with a rather small energy scale, a magnetic field in the
laboratory setting could achieve the goal.

III. DIRAC BAND TOUCHINGS AND WEYL
NODES OF THE IRIDIUM SUBSYSTEM

For Pr2Ir2O7, the Ir conduction electrons were found
to develop a Luttinger semimetallic band structure that
is similar to the bulk HgTe39–43. It is well-known that
the Luttinger semimetal is a parent state of various topo-
logical phases such as topological insulator and Weyl
semimetal39,42,43. The Pr Ising order breaks the time re-
versal symmetry, and the time reversal symmetry break-
ing is transmitted to the Luttinger semimetal of the Ir
subsystem through the f -d exchange. We here study
the band structure reconstruction of the Ir 5d electrons
through the above mechanism.

A. Emergent Dirac band touchings

The Pr local moments were found to develop the MHG
spin ice state in the recent samples with di↵erent Ir and

O contents from the old ones36. The MHG spin state
breaks the time reversal and the lattice translation by
doubling the crystal unit cell. Due to this interesting
magnetic ordering structure, the combination of the time
reversal and certain lattice translations remains to be a
symmetry of the system after the development of the
magnetic ordering. As we show below, this symmetry
leads to a remarkable band structure property of the Ir
subsystem after the band reconstruction.
The reconstructed band structure of the Ir conduction

electrons is governed by the Ir tight binding model and
the f -d exchange, H

tb

+H
fd

. As a comparison, we first
evaluate the Ir band structure in the magnetic Brillouin
zone corresponding to the doubled unit cell due to the
Pr Ising magnetic order. As we depict in Fig. 2, the Ir
conduction electron bands form a Luttinger semimetal in
the absence of the Pr magnetic order and give a quadratic
band touching at the �̃ point. Without losing any gen-
erality, in Fig. 2 we choose the MHG spin state of the Pr
moments to have a propagating wavevector Q = 2⇡(001)
and the band structure in Fig. 2(d) is plotted in the mag-
netic Brillouin zone of Fig. 2(b). Before the appearance
of the Pr Ising order, the system has both time rever-
sal (T ) and inversion (I) symmetries, and each band of
the Ir electrons has a two-fold Kramers degeneracy. The
quadratic band touching at the �̃ point results from the
cubic symmetry. As the Pr magnetic order appears, the
Ir band structure is immediately modified. Before we
present the reconstructed band structure in details, we
first understand the band structure properties from the
symmetry point of view. For our choice of the propa-
gating wavevector, the MHG spin state breaks the lat-
tice translations, t1 and t2. Here, t1 and t2 translate
the system by the lattice basis vector b1 ⌘ (0, 1/2, 1/2)
and b2 ⌘ (1/2, 0, 1/2), respectively. It turns out that, the
combination of time reversal and t1 or t2, i.e.,

T̃1 ⌘ t1 � T , T̃2 ⌘ t2 � T , (14)

remains to be a symmetry of the system after the develop-
ment of the Pr magnetic order. These two symmetries of
the MHG spin state are analogous to the staggered time
reversal of the antiferromagnetic Néel state on a square
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(a) c1 = 0.25, c2 = 0.10
Q = 2⇡(001),

E
/t

i
d

(b) c1 = 0.05, c2 = 0.30
Q = 2⇡(001),

(c) c1 = 0.15, c2 = 0.15
Q = 2⇡(001),

(d) c1 = 0.30, c2 = 0.30
Q = 2⇡(001),

FIG. 3. Evolution of the Ir band structure as a function of f -d exchange parameters c1 and c2. The dashed (solid) circle marks
the usual (double) Weyl node. Here, usual Weyl node has linear dispersions along all three momentum directions while the
double Weyl node has quadratic dispersions along two momentum direction and linear along one momentum direction58. For
su�ciently large parameters in (d), the Weyl nodes disappear and a band gap is opened. Here, “2I2O” refers to the “2-in
2-out” spin configuration. The energy unit in the plots is t

id

. The dashed line refers to the Fermi energy. Here only a finite
energy range is plotted for clarity. See Appendix. B for full band structures.

lattice. Like the pure time reversal, T̃1 and T̃2 are anti-
unitary operations. Similar anti-unitary symmetry has
been considered in the early proposal of antiferromagnetc
topological insulator by Mong, Essin and Moore57. Due
to the involvement of the lattice translations, T̃1 and T̃2
do not lead to the Kramers degeneracy for all the time re-
versal invariant momenta in the magnetic Brillouin zone.
It is ready to confirm that,

T̃1|�̃, "i = i|�̃, #i, T̃2|�̃, "i = i|�̃, #i, (15)

T̃1|M̃, "i = i|M̃, #i, T̃2|M̃ "i = �i|M̃, #i, (16)

T̃1|R̃, "i = �i|R̃, #i, T̃2|R̃, "i = �i|R̃, #i, (17)

and T̃ 2
1 = T̃ 2

2 = �1 for the momentum points at �̃, M̃
and R̃; and T̃ 2

1 = T̃ 2
2 = +1 for the momentum points at

X̃, Z̃ and Ã. Note that �̃, M̃ and R̃ are also time reversal
invariant momenta of the crystal Brillouin zone while X̃,
Z̃ and Ã are not. It immediately indicates that there are
two-fold Kramers degeneracy at the �̃, M̃ and R̃ points,
but not for the X̃, Z̃ and Ã points. Actually the for-
mer holds for other time reversal invariant momenta of
the crystal Brillouin zone. To confirm the above predic-
tion, we carry out the explicit calculation of the Ir band
structure in the presence of the Pr magnetic order. As
we show in Fig. 3 for four specific choices of the f -d ex-
change couplings, there exist emergent two-fold Kramers
degeneracies with Dirac band touchings at the �̃, M̃ and
R̃ points.

B. Magnetic Weyl nodes

Besides the emergent and symmetry protected Dirac
band touchings at the �̃, M̃ and R̃ points, we discover the
presence of the Weyl nodes in the reconstructed Ir band
structure in Fig. 3. The reconstructed Ir band structure

is determined by the f -d exchange couplings. The actual
couplings of the f -d exchange in the material Pr2Ir2O7

are unknown to us. To proceed, we fix the tight-binding
part of the Ir hopping Hamiltonian and study the band
structure phase diagram of Ir electrons by varying the f -
d exchange couplings. This approach is not designed to
be self-consistent, but is phenomenological. The Pr Ising
order, that is observed experimentally36, is used as the
input information to the Ir band structure calculation in
this section. We expect, the realistic case for Pr2Ir2O7

would be located at one specific parameter point in the
phase diagram. It is possible that the pressure could vary
the exchange couplings and allow the system to access
di↵erent parameters of the phase diagram.

In Fig. 4, we depict our phase diagram according to
the exchange couplings. For small exchange couplings,
a semimetal is always obtained. The name “semimetal”
here not only refers to the Dirac band touching or disper-
sion at some time reversal invariant momenta, but also
refers to the (topologically protected) Weyl nodes in the
magnetic Brillouin zone. In fact, Weyl semimetal with
the surface Fermi arcs was first predicted for pyrochlore
iridates with the all-in all-out magnetic order, and the
magnetic order is suggested to be driven by the Ir elec-
tron correlation15. In our result here, the magnetic order
comes from the Pr Ising order, and the time reversal sym-
metry breaking is then transmitted to the Ir conduction
electron via the f -d exchange. The Pr magnetic order is
not the simple all-in all-out magnetic order. It was also
suggested that the correlation-driven Weyl semimetal for
pyrochlore iridates appears in a rather narrow parameter
regime16. The f -d exchange, however, could significantly
enlarge the parameter regime for Weyl semimetal14. In-
deed, in Fig. 4, the semimetal region does support sev-
eral Weyl nodes near the Fermi level, and thus, we expect
the usual properties for Weyl semimetal15 to hold in this
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Band engineering by external magnetic field

1. Magnetic field primarily couples to Pr moments, modifies Pr spin state,  
    thereby indirectly influence the Ir band structure,  
2. Field immediately removes the Dirac band touching, 
3. Field induces Weyl nodes on the Ir band structure as well, anomalous Hall effect

(a) (b)

(a) (b)

Γ X W L Γ K X
-1.0

-0.5

0.0

0.5

1.0

1.5

Γ X W L Γ K X

-1.0

-0.5

0.0

0.5

1.0

1.5

(a)c1 = 0.01, c2 = 0.02 (b)c1 = 0.07, c2 = 0.01Q = 2π(000) Q = 2π(000)

Γ X W L Γ K X

-1.0

-0.5

0.0

0.5

1.0

1.5

Γ X W L Γ K X

-1.0

-0.5

0.0

0.5

1.0

1.5

(c)c1 = 0.09, c2 = 0.08 (d)c1 = 0.04, c2 = 0.11Q = 2π(000) Q = 2π(000)

Γ X W L Γ K X

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

Γ X W L Γ K X
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5
2.0

(e)c1 = 0.10, c2 = 0.10 (f )c1 = 0.25, c2 = 0.05Q = 2π(000) Q = 2π(000)

Γ X W L Γ K X

-1

0

1

2

Γ X W L Γ K X
-2

-1

0

1

2

3
(g)c1 = 0.15, c2 = 0.30 (h)c1 = 0.30, c2 = 0.40Q = 2π(000) Q = 2π(000)

(a) (b)

example: double Weyl nodes

5

(a) (b)

k

x

k

y

k

z

kb1

kb2

kb3

�

X

L

W

K

U

k

x

k

y

k

z

kb̃1

kb̃2

kb̃3�̃

Z̃

Ã
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FIG. 2. (a) The Brillouin zone of the original pyrochlore
lattice. (b) Under the Q = 2⇡(001) “Melko-Hertog-Gingras”
spin state, the unit cell is enlarged. The plot is the magnetic
Brillouin zone corresponding to the enlarged unit cell. (c) The
spin configuration of the “Melko-Hertog-Gingras” spin state.
It is a 2-in 2-out spin wave with a finite ordering wavevector.
(d) The folded energy band without f -d exchange term shows
quadratic touching at � point. High symmetry momentum
lines are defined in (b) as red lines.

of various topological phases such as topological insula-
tor and Weyl semimetal. The Pr Ising magnetic order
breaks the time reversal symmetry, and the time rever-
sal symmetry breaking is transmitted to the Luttinger
semimetal of the Ir subsystem through the f -d exchange.
We here study the band structure reconstruction of the
Ir 5d electrons through the above mechanism.

A. Emergent Dirac band touchings

The Pr local moments were found to develop the
“Melko-Hertog-Gingras” spin ice state in the recent sam-
ples with di↵erent Ir and O contents from the old ones.
The “Melko-Hertog-Gingras” spin state breaks the time
reversal and the lattice translation by doubling the crys-
tal unit cell. Due to this interesting magnetic ordering
structure, the combination of the time reversal and cer-
tain lattice translations remains to be a symmetry of the
system. As we show below, this symmetry leads to a
remarkable band structure property of the Ir subsystem
after the band reconstruction.

The reconstructed band structure of the Ir conduction
electrons is governed by the Ir tight binding model and
the f -d exchange, H

tb

+H
fd

. As a comparison, we first
evaluate the Ir band structure in the magnetic Brillouin
zone corresponding to the doubled unit cell due to the
Pr Ising magnetic order. As we depict in Fig. 2, the Ir
conduction electron bands form a Luttinger semimetal
in the absence of the Pr magnetic order and give a

quadratic band touching at the �̃ point. Without losing
any generality, in Fig. 2(a) we choose the “Melko-Hertog-
Gingras” spin state of the Pr moments to have a prop-
agating wavevector Q = 2⇡(001) and the band structure
in Fig. 2(c) is plotted in the magnetic brioullin zone of
Fig. 2(b). Before the appearance of the Pr Ising mag-
netic order, the system has both time reversal and in-
version symmetries, and each band of the Ir electrons
has a two-fold degeneracy. The quadratic band touch-
ing at the � point results from the cubic symmetry. As
the Pr magnetic order appears, the Ir band structure
is immediately modified. Before we present the recon-
structed band structure in details, we first understand
the band structure properties from the symmetry point
of view. For our choice of the propagating wavevector,
the “Melko-Hertog-Gingras” spin state breaks the lat-
tice translations, t1 and t2. Here, t1 and t2 translate
the system by the lattice basis vector b1 ⌘ (0, 1/2, 1/2)
and b2 ⌘ (1/2, 0, 1/2), respectively. It turns out that, the
combination of time reversal and t1 or t2, i.e.,

T̃1 ⌘ t1 � T , T̃2 ⌘ t2 � T , (14)

remains to be a symmetry of the system after the devel-
opment of the Pr magnetic order. These two symmetries
of the “Melko-Hertog-Gingras” spin state are analogous
to the staggered time reversal for the antiferromagnetic
Néel state on a square lattice. Like the pure time rever-
sal, T̃1 and T̃2 are anti-unitary symmetries. Due to the
involvement of the lattice translations, T̃1 and T̃2 do not
lead to the Kramers degeneracy for all the time reversal
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two-fold Kramers degeneracy at the �̃, M̃ and R̃ points
in the magnetic Brioullin zone, but not for the X̃, Z̃ and
Ã points. To confirm the above prediction, we carry out
the explicit calculation of the Ir band structure in the
presence of the Pr magnetic order. As we show in Fig. 3
for four specific choices of the f -d exchange couplings,
there exist emergent two-fold Kramers degeneracies with
Dirac band touchings at the �̃, M̃ and R̃ points.

B. Magnetic Weyl nodes

Besides the emergent and symmetry protected Dirac
band touchings at the �̃, M̃ and R̃ points, we discover the
presence of the Weyl nodes in the reconstructed Ir band
structure in Fig. 3. The reconstructed Ir band structure
is determined by the f -d exchange couplings. The actual
couplings of the f -d exchange in the material Pr2Ir2O7
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rameter space of the f -d exchange couplings. The bold dots
refer to the four parameter choices in Fig. 3.

regime. Moreover, since the f -d exchange coupling is
much smaller than the e↵ective hoppings of the Ir elec-
trons, so the realistic case for the ordered Pr2Ir2O7 is
expected to occur in the semimetallic region of Fig. 4.

IV. ROLE OF EXTERNAL MAGNETIC FIELDS

To further control the property of the system, we sug-
gest to apply an (uniform) external magnetic field to the
system. As we have explained in Sec. I, the magnetic field
would primarily couple to the Pr local moments. A uni-
form magnetic field induces a finite magnetic polarization
on the Pr local moments, and thus breaks the T̃1 and T̃2
symmetries of the ordered Pr2Ir2O7. As a consequence,
the emergent Dirac band touchings at the �̃, M̃ and R̃
points, that are protected by the T̃1 and T̃2 symmetries,
should disappear immediately in a generic magnetic field
along a random direction. Here the choice of a random
direction for the magnetic field simply avoids the acci-
dental degeneracy/band touching that is protected by
the reduced lattice symmetry of the system if the field
is applied along high symmetry directions.

Like the previous section where the Ir band structure is
controlled by the f -d exchange and the Ir tight-binding
model, the Ir band structure in the magnetic field re-
quires the knowledge of the Pr magnetic state that is
now modified by the external magnetic field. As we have
explained in Sec. I, the external magnetic field first mod-
ifies the Pr magnetic state and then indirectly influences
the Ir band structure through the f -d exchange interac-
tion. For the Pr subsystem, we consider the following
Hamiltonian,

HPr = H̃
ex

+HZeeman, (18)

where the exchange part includes both the first neighbor
and third neigbhor Ising exchange interactions. Since
here the Pr local moment is set to be an Ising degree of
freedom, the magnetic phase diagram of the Pr moments
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FIG. 5. Phase diagram of the Pr local moments under the ex-
ternal magnetic fields along di↵erent directions. Here “1I3O”
refers to “1-in 3-out” spin configuration.

is readily obtained by comparing energies of candidate
ground states. The magnetic phase diagram for the Pr
moments is depicted in Fig. 5, where three di↵erent di-
rections of magnetic fields are considered.
Here we focus on one specific field orientation,

n̂ ⌘ (1, 1, 1)/
p
3, and evaluate the feedback of the Pr

magnetic state on the Ir conduction electrons. Besides
the original MHG spin state, two additional spin states
are obtained. While the Ir band structure in the pres-
ence of the MHG spin state stays the same as the ones
in Sec. III under this approximation, this should be the
caveat of the approximation of the Pr local moment as
the Ising spin that ignores the quantum nature of the
Pr local moment. In reality, the magnetic field would
create a finite polarization for the Pr local moment and
modifies the Ir band structure immediately, even though
the modification can be small. This would allow us to
move the positions of the Weyl nodes in the momentum
space. The other two spin configurations of the Pr mo-
ments, that result from strong magnetic field, have an
ordering wavevector Q = 0 and restores the lattice trans-
lation symmetry. Hence, we expect two di↵erent Ir band
structures for the Q = 0 “2-in 2-out” and “1-in 3-out” Pr
spin states. In Fig. 6, we depict the Ir band structures
for specific choices of the f -d exchanges with two Q = 0
spin configurations from the phase diagram in Fig. 5(a).
By letting the Pr moments have the specified spin con-
figurations, we explicitly calculate the Ir band structure
that is depicted in Fig. 6. We find that the Dirac band
touchings at the �̃(⌘ �), R̃(⌘ L) points are absent in
the magnetic field, and now the magnetic unit cell is now
identical to the crystal unit cell. Moreover, although the
time reversal symmetry breaking is transmitted by the Pr
spin configuration due to the external magnetic field, the
overall e↵ect is equivalent to applying the time reversal
symmetry breaking to the Ir Luttinger semimetal. Since
Luttinger semimetal can be regarded as the parent state
of the Weyl semimetal19,39, it seems natural to expect
the occurrence of the Weyl nodes. Indeed, as we show
in Fig. 7, we obtain the Weyl semimetal (or Weyl metal)
for a large parameter regime in the phase diagram.
With large magnetic fields along (001) and (110) di-
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touchings at the �̃(⌘ �), R̃(⌘ L) points are absent in
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spin configuration due to the external magnetic field, the
overall e↵ect is equivalent to applying the time reversal
symmetry breaking to the Ir Luttinger semimetal. Since
Luttinger semimetal can be regarded as the parent state
of the Weyl semimetal19,39, it seems natural to expect
the occurrence of the Weyl nodes. Indeed, as we show
in Fig. 7, we obtain the Weyl semimetal (or Weyl metal)
for a large parameter regime in the phase diagram.
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the magnetic field, and now the magnetic unit cell is now
identical to the crystal unit cell. Moreover, although the
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overall e↵ect is equivalent to applying the time reversal
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FIG. 7. Phase diagram for the Ir band structure in the pa-
rameter space of the f -d exchange couplings for di↵erent Pr
magnetic states from Fig. 5(a). The bold dots in the plots are
the parameter choices for Fig. 6.

structure after the reconstruction from the Pr Ising mag-
netic state, we here propose the future experiments.
The quadratic band touching at the � point of the
non-magnetic Pr2Ir2O7 sample was first revealed by the
angle-resolved photo-emission spectroscopy (ARPES)39.
Thus, the reconstructed Ir band structure in the mag-
netically ordered Pr2Ir2O7 sample (without the magnetic
field) would be best detected by the ARPES. Although
the Pr magnetic domain may complicate the data analy-
sis, the non-trivial features at and near the � point should
not be modified by the multiple Pr magnetic domains as
these features are near zero-momentum properties. On
the other hand, the optical measurements are useful for
detecting the inter-band particle-hole transition near the
band touching points that gives rise to power-law optical
conductivity. As ARPES fails in the presence of magnetic
fields, the optical measurements can thus be complemen-
tary. The Dirac band touchings at some of the time
reversal invariant momenta, that are protected by the
magnetic translation of the MHG spin state, would im-
mediately disappear when the magnetic field is applied.
This prediction could be a sharp feature for the experi-
mental confirmation in the optical measurement.

Besides the direct band structure measurements with
ARPES and/or optics, the magneto-transport can serve
as a useful indirect probe. Due to the breaking of the
cubic symmetry, the Weyl semimetal that is induced by
the external magnetic field would show anomalous Hall
e↵ects. Furthermore, we point out the field-driven metal-
insulator transition. Although it was not emphasized in
Sec. IV, the large portion of the semimetallic region in the
phase diagram of Fig. 4 is converted into the insulating
region in the phase diagram of Fig. 7(a). From the expe-
rience in Nd2Ir2O7 with the dipole-octupole Nd3+ mag-
netic ions14,32,59,60, this field-driven metal-insulator tran-
sition via the f -d exchange could be the most visible ex-
perimental signature in the transport measurement and
may find an application in magnetic storage and mag-
netic control of electric transports. Finally, as we have

mentioned in Sec. II A, we note several theoretical works
have considered the e↵ect of the long-range Coulomb in-
teraction on the Ir conduction electron with quadratic
band touching17,47–53. Due to the partial screening of
the Coulomb interaction, various interesting correlated
phases may be stabilized. Now we have included the Pr
magnetism into the system, it can thus be interesting to
consider the long-range Coulomb interaction on top of
the reconstructed Ir bands in presence of the Pr mag-
netism in the future work.

We explain the feasibility of the magnetic control of the
physical properties such as magnetic, transport and band
structure properties of Pr2Ir2O7. From the experience
with the rare-earth pyrochlores and the rare-earth trian-
gular magnets, the interactions between the rare-earth
local moments are usually quite small60–66. In Pr2Ir2O7,
the Ir conduction electrons mediate the RKKY interac-
tion between the Pr local moments and could slightly
enhance the energy scale of the Pr-Pr interactions. Even
that, the Pr-Pr energy scale is of the order of ⇠10K from
the early susceptibility measurement34. Due to the low-
energy scale of Pr-Pr interactions, a magnetic field of the
order of several Tesla could readily modify the Pr mag-
netic structures. Indeed, early transport measurement in
magnetic fields have already hinted the change of the Pr
magnetic structures34. Although the extenal field that
one actually applies can be small, the indirect e↵ect on
the Ir conduction electron is huge due to the large in-
ternal field that is generated by the f -d exchange. This

amplification e↵ect is rather non-trivial and arises from
the separation of energy scales in Pr2Ir2O7. This e↵ect
can be immediately tested in the current laboratory set-
ting.

From a much broader perspective, Pr2Ir2O7 is a proto-
type and singular example of hybrid quantum materials
with both itinerant electrons and local moments. The
separation of the energy scales among distinct degrees of
freedom allows the quantum control between each other.
Quite recently, several rare-earth based hybrid quantum
materials have been discovered and studied. The can-
didate examples are the half heusler compounds RGeX
(R=rare earth, X=Si/Ge)67 and the rare-earth pnictide
CeSb where the itinerant electron part was proposed to
realize Weyl semimetals68,69. The rare-earth parts of
these materials could then contribute to magnetism. In
the half heusler compounds RGeX, the interesting sin-
gular angular magnetoresistance was observed and is be-
lieved to arise from the coupling between the rare-earth
moments and the itinerant electrons. Due to the sim-
ilarity of the physical contents in these systems with
Pr2Ir2O7, we propose similar physics and theories could
be well realized and readily extended to these new mate-
rials. Therefore, we think our work could inspire further
interests in these hybrid quantum materials with both
itinerant electrons and local moments.

finite field
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Summary

1. We point out the Pr local moment is proximate to a quantum phase transition from  
U(1) QSL to the Ising magnetic order in Pr2Ir2O7.  

2.  We predict the band structure reconstruction of the Ir conduction electrons by  
     the Pr magnetic order. We predict symmetry protected Dirac band touching  
     and topologically protected Weyl nodes. 

3. This work points out the interesting interplay of conduction electron and local moments  
    in hybrid quantum materials.
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Figure 1. Magnetic susceptibility, heat capacity and magnetizations of TmMgGaO4. a, Temperature dependence of the magnetic suscep-

tibility � measured under ZFC and FC with external fields of 10 kOe applied along and perpendicular to the c axis. The inset shows the linear

fitting of the inverse susceptibility with Curie-Weiss temperature of -19.1 K. b, Field dependence of the magnetization at T = 2 K. Linear

fitting of the magnetization at high field gives Lande-g factor of 12.11(5) (solid blue line). c, Magnetic heat capacity and the corresponding

magnetic entropy measured under zero field. The phonon contribution is subtracted by measuring the non-magnetic reference compound

LuMgGaO4. A Schottky anomaly is observed below 0.4 K which contributes partially to the calculated entropy. d, Constant energy cuts across

the magnetic dipolar Bragg peak Q = (1/3, 1/3, 0) along transverse direction at di↵erent temperatures. e, Temperature dependence of the fitted

peak amplitudes of the Bragg peak at Q = (1/3, 1/3, 0). f, Constant energy cuts across the magnetic multipolar Bragg peak Q = (1, 0, 0) along

transverse direction at di↵erent temperatures. g, Temperature dependence of the elastic signal at Q = (1, 0, 0). The solid and dashed lines in

d-g are guides to the eye. h, i, Momentum dependence of the magnetic Bragg peak at the indicated temperature. The di↵usive signals at the

up-left corner are the elastic contamination from the sample environment close to the direct beam which is absent in inelastic channel. Similar

spurion is also available in Fig. 2a due to its low energy. The white dashed lines indicate the zone boundaries. j, L dependence of the elastic

signals around Q = (1/3, -2/3, 0). k, Schematic of the three-sublattice magnetic structure of TmMgGaO4. The data shown in d, f and g are

collected on PANDA and the data in h-j are measured on LET. In e both the data collected on PANDA and LET are presented. The wave

vector Q is defined as Q = Ha⇤ + Kb⇤ + Lc⇤; arb. unit, arbitrary unit; r.l.u. reciprocal lattice unit; cts/min, counts per minute.

approximately thought as non-Kramers doublets
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Figure 1. Magnetic susceptibility, heat capacity and magnetizations of TmMgGaO4. a, Temperature dependence of the magnetic suscep-

tibility � measured under ZFC and FC with external fields of 10 kOe applied along and perpendicular to the c axis. The inset shows the linear

fitting of the inverse susceptibility with Curie-Weiss temperature of -19.1 K. b, Field dependence of the magnetization at T = 2 K. Linear

fitting of the magnetization at high field gives Lande-g factor of 12.11(5) (solid blue line). c, Magnetic heat capacity and the corresponding

magnetic entropy measured under zero field. The phonon contribution is subtracted by measuring the non-magnetic reference compound

LuMgGaO4. A Schottky anomaly is observed below 0.4 K which contributes partially to the calculated entropy. d, Constant energy cuts across

the magnetic dipolar Bragg peak Q = (1/3, 1/3, 0) along transverse direction at di↵erent temperatures. e, Temperature dependence of the fitted

peak amplitudes of the Bragg peak at Q = (1/3, 1/3, 0). f, Constant energy cuts across the magnetic multipolar Bragg peak Q = (1, 0, 0) along

transverse direction at di↵erent temperatures. g, Temperature dependence of the elastic signal at Q = (1, 0, 0). The solid and dashed lines in

d-g are guides to the eye. h, i, Momentum dependence of the magnetic Bragg peak at the indicated temperature. The di↵usive signals at the

up-left corner are the elastic contamination from the sample environment close to the direct beam which is absent in inelastic channel. Similar

spurion is also available in Fig. 2a due to its low energy. The white dashed lines indicate the zone boundaries. j, L dependence of the elastic

signals around Q = (1/3, -2/3, 0). k, Schematic of the three-sublattice magnetic structure of TmMgGaO4. The data shown in d, f and g are

collected on PANDA and the data in h-j are measured on LET. In e both the data collected on PANDA and LET are presented. The wave

vector Q is defined as Q = Ha⇤ + Kb⇤ + Lc⇤; arb. unit, arbitrary unit; r.l.u. reciprocal lattice unit; cts/min, counts per minute.
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Figure 2. Momentum dependence of the spin excitations in TmMgGaO4 at the indicated energies and T = 0.05 K. Clear spin wave

stemmed from K points can be seen. The dashed lines indicate the zone boundaries. The measurements were performed on LET spectrometer

with Ei = 4.8 meV. All the data are presented without background subtractions or symmetrizing.The presence of well-defined spin wave indicates  
the presence of the hidden order !
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Figure 3. Observed and calculated spin wave dispersion in TmMgGaO4 at T = 0.05 K. a, Intensity of the spin-excitation spectra as a

function of momentum and energy transfer along the high-symmetry directions illustrated by the black solid lines in d with Ei = 4.8 meV. The

strong signal around the zero energy transfer comes from the elastic incoherent scattering. b, The spectral intensity calculated by LSW with

Jzz
1 = 0.57 meV, Jzz

2 = 0.026 meV and h = 0.776 meV [15]. The calculated result is convoluted with Gaussian distribution with width of 0.25

meV. c, Energy-momentum (E-k) slice along high-symmetry points illustrated by the grey lines in d with Ei = 1.7 meV. The white dashed

lines stand for the high-symmetry points. d, Sketch of the reciprocal space. Black dashed lines indicate the Brillouin zone boundaries.
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Figure 3. Observed and calculated spin wave dispersion in TmMgGaO4 at T = 0.05 K. a, Intensity of the spin-excitation spectra as a

function of momentum and energy transfer along the high-symmetry directions illustrated by the black solid lines in d with Ei = 4.8 meV. The

strong signal around the zero energy transfer comes from the elastic incoherent scattering. b, The spectral intensity calculated by LSW with

Jzz
1 = 0.57 meV, Jzz

2 = 0.026 meV and h = 0.776 meV [15]. The calculated result is convoluted with Gaussian distribution with width of 0.25

meV. c, Energy-momentum (E-k) slice along high-symmetry points illustrated by the grey lines in d with Ei = 1.7 meV. The white dashed

lines stand for the high-symmetry points. d, Sketch of the reciprocal space. Black dashed lines indicate the Brillouin zone boundaries.
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