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• ⾃自旋有序态的新物理：理论，现象，机制，材料 

• ⾃自旋⽆无序态的新发展：理论，现象，机制，材料 
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⾃自旋的有序态
在⾃自旋体系中，有序态⼀一般被认为是没有意思的。

铁磁（500BC,中国、古希腊） 反铁磁 (Nobel Prize, 1970)

⽤用传统的朗道对称性破缺的序参量理论来描述
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我肤浅地认为⾃自旋有序态⾄至少可以在四个层⾯面上有意义： 

1. ⾮非平庸的⾃自旋结构 

2.  ⾃自旋有序态对其他⾃自由度的影响和调控 

3.  ⾃自旋有序态⾮非平庸的元激发 

4.  ⾮非传统的⾃自旋序

⺫⽬目前什么才是有意义的⾃自旋有序态？
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1. ⾮非平庸的⾃自旋结构 
（Non-trivial / topological spin texture）

例： Skyrmion 晶格 in MnSi (B20 结构)

Mühlbauer, etc, Science 2009
Skyrmion 晶格 

Skyrmion是磁序的拓扑缺陷 
可以类⽐比第⼆二类超导体的vortex晶格

⽥田明亮group也从事这⽅方⾯面的⼯工作。
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带有Skyrmion晶格的磁性体系
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物理机制

⼀一般要有⾃自旋轨道相互作⽤用(or Dzyaloshinskii-Moriya 
相互作⽤用)，也可以是阻挫的⾃自旋相互作⽤用。

Skyrmion晶格对电输运和⾃自旋输运都会有影响和调制， 
有潜在的spintronics⽅方⾯面的应⽤用。

Q: Skyrmion晶格是⼀一个经典的⾃自旋构型，如果有量⼦子效应, 

     对skyrmion晶格和skyrmion本⾝身有什么影响？ 

如果quantum disorder skyrmion晶格，会有什么可能的新的量⼦子⼒力学态？ 

量⼦子skyrmion？晶格被破坏了但保留topology, 出现skyrmion液体? 
有没有其他的类似拓扑缺陷，或者其他⾃自由度的拓扑缺陷？

Skyrmion 晶格

Gang Chen’s theory group 

Gang Chen’s theory groupGang Chen’s theory group 

Gang Chen’s theory group



2.  ⾃自旋有序态对其他物理⾃自由度的影响和调控

⾃自旋和传导电⼦子耦合,⾃自旋的有序调制了传导电⼦子能带的拓扑性质.

Cr-doped (Bi,Sb)2Te3 QAHE (Prof Xue的重⼤大发现)
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Prof Xue’s group

这⾥里的⾃自旋有序态 
是简单的铁磁态.

QAHE是局域磁矩和Dirac电⼦子(更普遍的是带强
⾃自旋轨道相互作⽤用的巡游电⼦子)的相互作⽤用和影
响的⼀一个具体的例⼦子.
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巡游电⼦子和局域磁矩的相互耦合拥有很丰富的物理。

局域磁矩 & 巡游电⼦子

RKKY + 超交换

通过传导电⼦子改变局域磁矩的相互作⽤用 
决定局域磁矩的状态， 
局域磁矩的状态⼜又反过来影响传导电⼦子。

如何在实验上调控？ 

1. 改变传导电⼦子 
2. 改变局域磁矩（例： 

Nd2Ir2O7 field-driven  
metal-insulator transition (⽥田召明⽼老师)）

复旦⼤大学和绵阳9院在4f/5f电⼦子开展合作研究, 
我们期待李世燕他们有exciting的发现。

Q: 能否超越⼀一般的磁偶极序，磁多极矩和巡游电⼦子的耦合？理论、模型、实验、材料？ 
因为⾃自旋轨道的纠缠，4f/5f电⼦子的磁矩拥有更加丰富的局域磁矩的结构和⾃自由度！
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Figure 1 | Thermal metal–insulator transition (MIT) in a Nd2Ir2O7 single
crystal. a, Two domain spin structures for the all-in–all-out state.
b, Temperature dependence of the zero-field resistivity ⇢(T) measured on
heating. The open circles and solid line denote the resistivity obtained in the
zero-field-cooled (ZFC) and field-cooled (FC, 9 T) sequences, respectively,
with the Bk[111] direction. The FC results have higher resistivity as it
stabilizes a single magnetic domain below the transition temperature TMI.
Inset shows the T derivative of ⇢(T) at approximately TMI =27 K (arrow).
c, Temperature dependence of the magnetic susceptibility � ⌘M/B of
Nd2Ir2O7 single crystal obtained under a field of 0.01 T along the [001],
[110] and [111] directions. The susceptibility obtained under the ZFC and FC
sequences is shown. Inset indicates that the bifurcation of the ZFC and FC
data starts below ⇠TMI.

paramagnetic state outside the ordered region (Fig. 2d). To
characterize the thermal phase transition, we took the temperature
derivative of the resistivity d⇢/dT (Supplementary Information).
For B= 0, 2 T, both d⇢/dT taken on cooling and warming across
TMI nearly overlap each other, indicating a second-order transition,
whereas above 6 T they show clear hystereses across TMI due to the
first-order character of the transition. This is consistent with the
hysteresis seen in the field-dependent data shown in Fig. 2a and
Supplementary Fig. 2. The MIT temperatures TMI and critical fields
BMI are determined for both increasing (red diamond and circle) and
decreasing (orange diamond and circle) sequences of temperature

and field and are summarized in the phase diagram of Fig. 2d.
This indicates that the tricritical point separating the second- and
first-order transition exists between 2 and 6T and approximately
18K (Fig. 2d).

The strongly anisotropic character of the MIT can be seen from
the field-angle phase diagram made by the contour plot of the
resistivity (Fig. 2b). The full angle dependence shows that the field-
induced transition survives when the magnetic field is slightly tilted
from the [001] direction towards [112], by up to ✓ < 15�, but
the critical field increases rapidly with ✓ . The strong anisotropy
is also evident in the isothermal magnetization measured at 2 K
(Fig. 3a). In particular, a large hysteresis was observed for Bk [111],
whereasM(B) is smooth for Bk [001] and [110]. The field derivative
of the [111] magnetization curve reveals two distinct kinks, at
approximatelyBc1 =2.0 T andBc2 =3.9 T (Fig. 3b). Naively, these are
suggestive of Nd3+ spin flops (the Ir moments are negligibly small
on this scale17), which would arise in a classical ‘spin-ice’-like Ising
model18. Such a model (using the single-ion moment 2.4µB/Nd)
predicts saturation at 1.4, 1.2 and 0.98µB/Nd forB along [001], [111]
and [110], consistent with 1.4, 1.2 and 1.1µB/Nd in experiment.
However, the smoothness of the sweeps for the [001] and [110]
field orientations, as well as the fact that the down-sweep sequence
shows no anomaly and reaches zero magnetization at zero field, are
inconsistent with classical Ising spins.

We now discuss Nd2Ir2O7 theoretically, as a nearly critical Kondo
lattice system with a particular hierarchy of energy scales. The
largest energies are electronic, with bare local density approximation
(LDA) bandwidths of the order of 0.5 eV for the j=1/2-like bands
near the Fermi energy and Hubbard U of the order of 1–2 eV. The
Kondo interaction between Nd and Ir spins is at a much lower
energy scale, of the order of JK ⇠5–10meV (see below). However, a
large reduction of the e�ective bandwidth may occur due to corre-
lations and proximity to the zero-field quantum MIT, as indicated
by recent ARPES experiments19. This opens a window unique to
Nd2Ir2O7 where the Kondo coupling can influence the MIT.

We consider a model Hamiltonian H =HIr +HNd, where HIr
includes all terms containing only Ir electrons, and HNd contains
the Kondo interaction of overall strength JK and the Zeeman
term for Nd (see below). Details of the Hamiltonians are given in
Supplementary Information.

The problem for JK = B = 0 has been studied by mean-field
theory12, LDA+U(refs 10,20), dynamicalmean field theory (DMFT;
refs 20,21), and by field theory methods22. All methods agree that
with increasingU a non-magnetic ground state gives way atU >Uc
to an AIAO ordered state, which has a spectral gap for large enough
U . The critical valueUc is of the order of 1 eV, and varies according to
band parameters and approximationmethods. For fixedU >Uc, the
AIAO ordered state is favourable relative to the non-magnetic state
by a condensation energy that varies from Ec ⇠100meV to 15meV
depending on the method.

Now let us consider the role of Nd moments by turning on Jk.
According to the crystal electric field scheme obtained experimen-
tally, Nd3+ has a ‘dipolar–octupolar’ ground doublet, which can be
represented by a vector Pauli spin operator ⌧i, but which has an
infinitely anisotropic g -tensor: its moment lies exactly along its local
h111i axis. Accordingly, the full form ofHNd allowed by symmetry is

HNd = JK
X

ij

⇤µ⌫
ij S

µ
i ⌧

⌫
j ��

X

j

B · n̂j⌧
z
j (1)

where Si is the Ir spin at site i, n̂j is a unit vector along the local
h111i axis of Nd site j, and � =2.4µB, up to weaker direct exchange
interactions between Nd spins. Note that the Kondo couplings,
described by the matrix ⇤ (Supplementary Information) involve all
components of the Nd spin, but we expect those involving the local
z component ⌧ z dominate in most circumstances. An exception is
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Figure 2 | Field-induced metal–insulator transition (MIT) of Nd2Ir2O7 observed using the pulsed magnetic field. A Nd2Ir2O7 single crystal with zero-field
TMI ⇠20 K was used. a, Field-dependent magnetoresistivity obtained with both increasing and decreasing field at T =2 K for various field directions
between [001] and [110]. The angle ⇥ is measured from the [001] direction as shown in b. b, Field–angle phase diagram based on the contour plot of the
magnetoresistivity shown in a, and the angle dependence of the resistivity. The MIT critical field (open circle) is shown for the field where the resistivity
merges with the nearly constant resistivity ⇠2 m� cm of the high-field semimetallic phase. The inset indicates the geometric configuration for the
measurements. c, Field dependence of the magnetoresistivity obtained at various temperatures with decreasing Bk[001]. Inset, temperature dependence
of the resistivity measured on cooling under various d.c.-fields along the [001] direction. d, Temperature–field phase diagram for Nd2Ir2O7 under a
magnetic field along the [001] direction. The MIT critical temperatures obtained on heating and cooling are shown respectively by red and orange diamond
symbols, and the critical fields for increasing and decreasing field are shown by red and orange circles (Supplementary Information). A tricritical point
separating the second- and first-order transition should exist between 2 and 6 T and approximately 18 K.

in the evolution of the spin state from low to intermediate fields
(⇠10 T): there, the non-Ising interactions allow the Nd spins to
rotate smoothly rather than flop, except when the field is along
the [111] direction, which explains the main features of Fig. 3b,c
(Supplementary Information).

To JK-linear order, we can treat the Kondo interaction in mean
field, as e�ective self-consistent static fields on the Nd and Ir spins.
At zero field, this aligns the Nd spins into an AIAO state, and
splits the Nd doublet by JK⇤mIr. Using the measured splitting and
mIr ⇡ 0.1–0.2µB (ref. 15), we thereby determine JK ⇡ 5–10meV. In
turn, the ordered Nd spins induce a much larger e�ective field on
the Ir electrons. This significantly reinforces the order, increases the
condensation energy, and enhances the electronic gap, as observed5.
To check this proposition, we carried out Hartree–Fock calculations
on an e�ective Kondo lattice model (Supplementary Information).
Figure 4 shows results of AIAO staggered magnetization � and the
charge gap �. We indeed found the enhancement of the charge gap
by the Kondo coupling.

We now consider the field-tuned quantum MIT. This occurs for
B�10 T, whereM is nearly saturated: this implies the Zeeman term
for Nd dominates over JK, and hence the Nd spins are nearly fully
polarized along their local z axes: in particular, when the field is at
an angle |✓ |<15� from [001] they adopt a 2in–2out configuration,
whereas for other angles they take a 3in–1out form. With the Nd
spins polarized in the 2in–2out state, the condensation energy from
the Kondo term is completely lost, which provides a mechanism to

destroy the AF order. Indeed, we found a transition to a metallic
or semimetallic state at low field for the [001] orientation, and
not at all or at much higher fields along [110] or [111]. For the
same model, we also found that the Kondo coupling JK generally
stabilizes the zero-field AIAO order even when it is absent for JK =0
(Fig. 4). The order of the quantum field-tuned transition can be first
or second order in the Hartree–Fock approximation, but a first-
order behaviour is likely when fluctuations beyond Hartree–Fock
are included (Supplementary Information).

Finally, we discuss e�ects related to domain boundaries.We focus
on the low-field part of the anisotropic MR e�ect in Fig. 2a. Com-
pared to the [001] direction, no marked MIT is seen for Bk [111].
Instead, the [111] MR shows complex hysteresis corresponding to
changes in the Nd spin structure (Fig. 3c). The results (black line) in
the initial up-sweep process after ZFC show a gradual decrease with
field and spikes sharply, reaching a minimum value at 3.4 T. In the
consecutive field cycles, the resistance exhibits dips at±3.9 T, where
the derivative of M peaks, revealing the close correlations between
the MR and magnetization. Notably, the MR after the initial sweep
forms a smooth curve interrupted only near the spin-flop transition
by a temporary dip.

These observations can be understood in terms of two Ising
domains of the AIAO order (Fig. 1a) which can be aligned by a [111]
field23.Without such alignment, the initial zero-field state hasmulti-
domains, and hence its lower resistivity may be attributed to more
conductive domain walls. This is also consistent with the dip in the
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Nd ordering in Nd2Ir2O7

磁场诱导的⾦金属绝缘体相变

ZM Tian, etc, NatPhys 
电阻改变近600倍！ 外场主要和局域磁矩耦合， 

进⽽而影响传导电⼦子能带结构 
和载流⼦子浓度 这样的物理应该会⽐比较普遍，很多的体系 

都应该有，这个显然会有很⼤大的应⽤用价值.
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阻挫的相互作⽤用 -> non-collinear的⾃自旋结构 -> ⾮非平凡的Berry相 -> ⼏几何/拓扑霍尔效应

⾃自旋结构的Berry相以及拓扑霍尔效应

AHE in Nd2Mo2O7

外磁场诱导调制spin chirality (Berry phase) 
最初的理论: Jinwu Ye, etc PRL 1999

Gang Chen’s theory group 

Gang Chen’s theory groupGang Chen’s theory group 

Gang Chen’s theory group



多铁材料: ⾃自旋对电⼦子密度的耦合和影响

of Coulomb repulsion (we take the unit where !h ! 1 here-
after). Here the magnetic moment at jth site is described by
the unit vector ~ej ! "cos!j sin"j; sin!j sin"j; cos"j#. Sj is
the electronic spin operator at site j. For each site j, we
restrict the Hilbert space to the two-dimensional one
spanned by the above two states, and the effective
Hamiltonian is reduced to the 2$ 2 matrix

%U
3

% cos" sin"e%i!

sin"ei! cos"

" #

: (2)

We diagonalize this Hamiltonian matrix to obtain eigen-
states jPi, jAPi as

jPi ! sin
"
2
jai& ei! cos

"
2
jbi;

jAPi ! cos
"
2
jai% ei! sin

"
2
jbi:

(3)

Here jPi and jAPi mean the spin state parallel and anti-
parallel to the unit vector ~e, and the corresponding eigen-
values are % U

3 and & U
3 , respectively. For convenience, we

define the coefficients Ai# and Bi# and abbreviate the
above two states as jPi ! "i#Ai#jdi#i, and jAPi !
"i#Bi#jdi#i, where i ! xy; yz; zx, # !"; # .

For the moment, we focus on the three atom model as
shown in Fig. 1, which represents the bond between the
two transition metal ions M1, M2 through the oxygen atom
O. We take the hole picture below, where the oxygen
orbitals are empty. We assume the generic case of ~e1 and
~e2 including the noncollinear configuration. Each site has
two states, i.e., jPi and jAPi, mentioned above. So we
define jPij and jAPij (j ! 1, 2) corresponding to the
magnetic order on each site. Because of the existence of
the oxygen atom, there are hopping processes between
the M site and the O site. The Hamiltonian for the elec-

tron transfer is given by [15] Ht ! H1%m
t &H2%m

t & H:c:,
with H1%m

t ! &V"#"py
y;#d

"1#
xy;# & py

z;#d
"1#
zx;##, H2%m

t !
%V"#"py

y;#d
"2#
xy;# & py

z;#d
"2#
zx;##, where V">0# is the transfer

integral and the superscript j denotes the corresponding
site number. Our total Hamiltonian is HU &Ht and we
treat Ht perturbatively. The eight bases needed are jPij,
jAPij, (j ! 1, 2), and pi;#, (i ! y; z, # !"; # ). Using the
second-order perturbation theory, the four lowest lying
states and corresponding perturbed energies are obtained
as follows:

j1i!$e%i#!=2
!!!

2
p

j$j

"

jPi1&
V
#

X

#
"Axy;#

"1# jpy;#i&Azx;#
"1# jpz;#i#

#

& 1
!!!

2
p

"

jPi2%
V
#

X

#
"Axy;#

"2# jpy;#i&Azx;#
"2# jpz;#i#

#

;

with E1 ! % 4
3
V2

# "1& j$j#,

j2i!%$e%i#!=2
!!!

2
p

j$j

"

jPi1&
V
#

X

#
"Axy;#

"1# jpy;#i&Azx;#
"1# jpz;#i#

#

& 1
!!!

2
p

"

jPi2%
V
#

X

#
"Axy;#

"2# jpy;#i&Azx;#
"2# jpz;#i#

#

;

with E2 ! % 4
3
V2

# "1% j$j#, and two other higher energy
states. Here #">0# is the energy difference between the p
orbitals and jPij, #! ! !1 %!2, and we have introduced
the complex number $ ! cos"12 cos"22 e

%i#!=2 & sin"12 $
sin"22 e

&i#!=2. Before calculating the expected value of
the polarization, it is useful to note that only the following
matrix elements are nonzero from the shapes of d and p
orbitals;

I !
Z

d3 ~rd"j#yz " ~r#ypz" ~r#; "j ! 1; 2#;

and its cyclic permutations. The integral I is approximately
estimated as I ' 16

27ZO
5=2ZM

7=2"ZO
2 & ZM

3 #%6a0, where a0 is
Bohr radius and ZO=ZM is the atomic number of O=M. We
can easily check the above results by expanding wave-
functions in terms of lattice constant a. So let us now
calculate the expected value of polarization in the follow-
ing two cases.

Double-exchange interaction [16,17].—First, we con-
sider the situation where only one hole is present. In this
case, this hole is put into the ground state, determined by
the above second-order perturbation theory, and the ex-
pected value of polarization, h1jerj1i=h1j1i, is given by

~P ' % eV
3#

I
~e12 $ " ~e1 $ ~e2#

j cos"122 j
(4)

where ~e12 is the unit vector parallel to the direction of the
bond from site M1 to site M2, and "12 is the angle between
the two vectors ~e1 and ~e2, i.e., ~e1 ( ~e2 ! cos"12. In this
case, the spin current is derived from the equation of
motion of the electronic spin operator ~Si [18];

P
V

d-orbitals
sj

1e p-orbitals

d-orbitals

2e

M1 O M2

FIG. 1 (color online). The cluster model with two transition
metal ions M1, M2 with the oxygen atom O between them. With
the noncollinear spin directions ~e1 and ~e2, there arises the spin
current ~js / ~e1 $ ~e2 between M1 and M2. Here the direction of
the vector ~js (denoted by the short arrow near the middle of the
diagram) is that of the spin polarization carried by the spin
current. The direction of the electric polarization ~P is given by
~P / ~e12 $ ~js where ~e12 is the unit vector connecting M1 and M2.

PRL 95, 057205 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
29 JULY 2005

057205-2

~j i
s !

i
!h

X

j">i#

X

!"

"tjidyj! ~#!"di" $ tijd
y
i! ~#!"dj"# (5)

where !;" ! a; b and tij ! V2=" is the effective trans-
fer integral between the d orbitals after integrating over
the p orbital. Following the above definition, spin current
~js is approximately given by ~js % "V2="#a0" ~e1 & ~e2#=
cos"$12=2#, and Eq. (4) can be rewritten as ~P%
"e=V# ~e12 & ~js. Therefore the spin current is essential to
the electric polarization.

Superexchange interaction [19].—Next we consider the
case of two holes. From a viewpoint of Hartree-Fock ap-
proximation, two holes are put into the ground state j1i and
the second low-lying state j2i, and the expected value of
the polarization is given by

~P ' $ 4e
9

!
V
"

"
3
I ~e12 & " ~e1 & ~e2#: (6)

In this case, the dominant term comes from the difference
of the normalization factor between the two perturbed
states, i.e., h1j1i$1 ' 1$ 2

3 "V"#2"1$ j!j# and h2j2i$1 '
1$ 2

3 "V"#2"1( j!j#. By using the superexchange inter-
action J, i.e., J ' V4="3, (6) can be rewritten as ~P%
$e"J=V#I ~e12 & " ~e1 & ~e2#. Again this equation can be in-
terpreted in terms of the spin current ~P% "e=V# ~e12 & ~js
since the spin current ~js % J ~e1 & ~e2 [see the discussion
below Eq. (7)]. Let us give here a rough estimate on the
order of magnitude for ~P. With the lattice constant a !
5 #A, Eq. (6) gives ~P% 104 & "V="#3 %C=m2, which is
comparable to that obtained in "Ga; Fe#O3 at H ! 10 T [9].

For more general models, the magnitude of the electric
polarization induced by the spin current depends on the
details of the electronic level structure, and most likely is
smaller than in the present case, especially for the eg
systems. Also the band structure should be considered for
the crystal extending the cluster calculation. However the
geometrical relation between the spin current and electric
polarization is allowed by symmetry and remains un-
changed, and the cluster results are semiquantitatively in
agreement with those of the band picture, as will be dis-
cussed below.

Applications to the spiral magnets.—Now we turn to the
discussion on realistic noncollinear magnets. One of the
typical examples is the spiral structure where the direc-
tion of the spin rotates along the wavevector ~q. Figure 2(a)
shows the most generic spiral spin configuration where the
spiral axis is along the x axis, the cone axis direction have
the angle ! measured from the z axis, and the cone angle is
". The angle &j for the jth spin direction is measured from
the zx plane, and the undistorted spiral means &j ! qj(
&0. The spin at site j can be written as ~Sj!S"cos"sin!(
sin"cos!cos&j; sin"sin&j; cos"cos!$sin"sin!cos&j#.
With this configurationone can easily calculate the spin cur-
rent ~jsj(1=2 and resultant electric polarization ~Pj(1=2 at each

link connecting j and j(1 as "Pj(1=2#x!0, "Pj(1=2#y %
$ cos " sin" sin!)sin &j(1 $ sin&j* $ sin2" cos!&
sin"&j(1 $ &j#, "Pj(1=2#z % cos" sin")cos&j(1 $ cos&j*.
Therefore only the y component of the uniform electric
polarization ~P ! $j

~Pj(1=2 is nonzero and is given by Py /
$jsin

2" cos! sin"&j(1 $ &j#.
Figures 2(b)–2(d) show some typical cases and their

spin current and electric polarization. When the spins are
within the xy plane as in Fig. 2(b), i.e., ! ! 0, " ! '=2,
the spin current ~js is along the z direction, and the electric
polarization ~P is along the y direction for each site.
Therefore the total uniform polarization is finite along
the y direction. Note that even when the spiral wave
number ~q is incommensurate with the lattice periodicity,
the uniform polarization, i.e., the ferroelectricity, is real-
ized. This is in sharp contrast to the usual improper ferro-
electrics where the polarization is induced by the transition
to the commensurate phase. In the inset, we show the
results of the cluster and band model. In the latter case,
we put the one-dimensional array of the d and p orbitals
with the trivial extension of the transfer Hamiltonian Ht.
The calculated polarizations are semiquantitatively in
agreement with each other. When the spins are in the yz
plane [Fig. 2(c)], i.e., ! ! '=2, " ! '=2, both ~ejj(1 and
~js are in the x direction and their vector product is zero.
Therefore we do not expect any electric polarization in-
duced in this case. Figure 2(d) shows the ‘‘conical’’ spin
structure, where the finite x component of the spin is
induced starting from the structure in Fig. 2(c), i.e., ! !
'=2, 0< "< '=2. In this case, the finite Sx component at
each site produces the rotating polarization with the same
wave vector q as the spins, but these cancel out to zero with
no uniform electric polarization formed.
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FIG. 2 (color online). (a) Generic spiral spin configuration. (b–
d) Some of the specific configurations where the geometrical
relation among spins (black arrows), spin current (gray arrows
on or below the long right horizontal arrow), and electric
polarization [gray arrows above the long right horizontal arrow
in (b) and (d)] are shown. The inset shows the comparison of the
polarization between the cluster (dotted line) and the periodic
array (solid line) at half filling, i.e., superexchange interaction
case with the spin configuration in (b).
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of Coulomb repulsion (we take the unit where !h ! 1 here-
after). Here the magnetic moment at jth site is described by
the unit vector ~ej ! "cos!j sin"j; sin!j sin"j; cos"j#. Sj is
the electronic spin operator at site j. For each site j, we
restrict the Hilbert space to the two-dimensional one
spanned by the above two states, and the effective
Hamiltonian is reduced to the 2$ 2 matrix

%U
3

% cos" sin"e%i!

sin"ei! cos"

" #

: (2)

We diagonalize this Hamiltonian matrix to obtain eigen-
states jPi, jAPi as

jPi ! sin
"
2
jai& ei! cos

"
2
jbi;

jAPi ! cos
"
2
jai% ei! sin

"
2
jbi:

(3)

Here jPi and jAPi mean the spin state parallel and anti-
parallel to the unit vector ~e, and the corresponding eigen-
values are % U

3 and & U
3 , respectively. For convenience, we

define the coefficients Ai# and Bi# and abbreviate the
above two states as jPi ! "i#Ai#jdi#i, and jAPi !
"i#Bi#jdi#i, where i ! xy; yz; zx, # !"; # .

For the moment, we focus on the three atom model as
shown in Fig. 1, which represents the bond between the
two transition metal ions M1, M2 through the oxygen atom
O. We take the hole picture below, where the oxygen
orbitals are empty. We assume the generic case of ~e1 and
~e2 including the noncollinear configuration. Each site has
two states, i.e., jPi and jAPi, mentioned above. So we
define jPij and jAPij (j ! 1, 2) corresponding to the
magnetic order on each site. Because of the existence of
the oxygen atom, there are hopping processes between
the M site and the O site. The Hamiltonian for the elec-

tron transfer is given by [15] Ht ! H1%m
t &H2%m

t & H:c:,
with H1%m

t ! &V"#"py
y;#d

"1#
xy;# & py

z;#d
"1#
zx;##, H2%m

t !
%V"#"py

y;#d
"2#
xy;# & py

z;#d
"2#
zx;##, where V">0# is the transfer

integral and the superscript j denotes the corresponding
site number. Our total Hamiltonian is HU &Ht and we
treat Ht perturbatively. The eight bases needed are jPij,
jAPij, (j ! 1, 2), and pi;#, (i ! y; z, # !"; # ). Using the
second-order perturbation theory, the four lowest lying
states and corresponding perturbed energies are obtained
as follows:

j1i!$e%i#!=2
!!!

2
p

j$j

"

jPi1&
V
#

X

#
"Axy;#

"1# jpy;#i&Azx;#
"1# jpz;#i#

#

& 1
!!!

2
p

"

jPi2%
V
#

X

#
"Axy;#

"2# jpy;#i&Azx;#
"2# jpz;#i#

#

;

with E1 ! % 4
3
V2

# "1& j$j#,

j2i!%$e%i#!=2
!!!

2
p

j$j

"

jPi1&
V
#

X

#
"Axy;#

"1# jpy;#i&Azx;#
"1# jpz;#i#

#

& 1
!!!

2
p

"

jPi2%
V
#

X

#
"Axy;#

"2# jpy;#i&Azx;#
"2# jpz;#i#

#

;

with E2 ! % 4
3
V2

# "1% j$j#, and two other higher energy
states. Here #">0# is the energy difference between the p
orbitals and jPij, #! ! !1 %!2, and we have introduced
the complex number $ ! cos"12 cos"22 e

%i#!=2 & sin"12 $
sin"22 e

&i#!=2. Before calculating the expected value of
the polarization, it is useful to note that only the following
matrix elements are nonzero from the shapes of d and p
orbitals;

I !
Z

d3 ~rd"j#yz " ~r#ypz" ~r#; "j ! 1; 2#;

and its cyclic permutations. The integral I is approximately
estimated as I ' 16

27ZO
5=2ZM

7=2"ZO
2 & ZM

3 #%6a0, where a0 is
Bohr radius and ZO=ZM is the atomic number of O=M. We
can easily check the above results by expanding wave-
functions in terms of lattice constant a. So let us now
calculate the expected value of polarization in the follow-
ing two cases.

Double-exchange interaction [16,17].—First, we con-
sider the situation where only one hole is present. In this
case, this hole is put into the ground state, determined by
the above second-order perturbation theory, and the ex-
pected value of polarization, h1jerj1i=h1j1i, is given by

~P ' % eV
3#

I
~e12 $ " ~e1 $ ~e2#

j cos"122 j
(4)

where ~e12 is the unit vector parallel to the direction of the
bond from site M1 to site M2, and "12 is the angle between
the two vectors ~e1 and ~e2, i.e., ~e1 ( ~e2 ! cos"12. In this
case, the spin current is derived from the equation of
motion of the electronic spin operator ~Si [18];

P
V

d-orbitals
sj

1e p-orbitals

d-orbitals

2e

M1 O M2

FIG. 1 (color online). The cluster model with two transition
metal ions M1, M2 with the oxygen atom O between them. With
the noncollinear spin directions ~e1 and ~e2, there arises the spin
current ~js / ~e1 $ ~e2 between M1 and M2. Here the direction of
the vector ~js (denoted by the short arrow near the middle of the
diagram) is that of the spin polarization carried by the spin
current. The direction of the electric polarization ~P is given by
~P / ~e12 $ ~js where ~e12 is the unit vector connecting M1 and M2.
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3.  ⾃自旋有序态⾮非平庸的元激发

如前所诉，有序态⼀一般可能是平庸的, 但是基态的平庸并不代表激发态也是平庸的. 
磁有序态的激发可以有⾮非平庸的拓扑能带结构。
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 三维威尔磁⼦子(Weyl Magnon) 
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spin interactions are well described by the Heisenberg Hamil-
tonian HS = −

!
⟨ij⟩ Jij S(A)

i · S(B)
j , where the summation runs

over nearest neighbors. In a general bipartite lattice we
assign spins S(A)

i and S(B)
i to the two different sublattices.

Applying the Holstein-Primakoff transformation, assuming
that the magnonic fluctuations are much smaller than the
total spin SA/B = |S(A/B)|, and, for now, assuming uniform
ferromagnetic interactions Jij = J > 0, we can write the
effective quadratic magnon model

HFM =
"

i

(εAa
†
i ai + εBb

†
i bi)

− J
#

SASB

"

⟨ij ⟩
(a†

i bj + H.c.) − 3JNSASB. (1)

The first term describes the on-site magnon energies εA(B) =
3JSB(A) + gµBB, where we have included an external mag-
netic field, while the second contribution describes the cou-
pling between sublattices A and B. In reciprocal space, letting
ai =

!
k ake

ik·ri /
√

N and bj =
!

k bke
ik·rj /

√
N , we obtain

HFM =
"

k

{εAa
†
kak + εBb

†
kbk + [φ(k)a†

kbk + H.c.]}

− 3JNSASB, (2)

where the structure factor φ(k) = −J
√

SASB

!
i exp(ik · δi)

is given in terms of the nearest-neighbor vectors δi . The
eigenenergies are

E±(k) = [εA + εB ± #(k)]/2, (3)

where #2(k) = $2 + 4|φ(k)|2, with $ = εA − εB =
−3J (SA − SB). Here, we then retain the normal quadratic
magnon dispersion around % (k = 0); see Fig. 1 (middle and
right lower panels).

For FM structures SA(B) = S and thus $ = 0, giving
#(k) = |φ(k)|. For the honeycomb lattice, where δ1 =
a(

√
3,1)/2, δ2 = −a(

√
3,−1)/2, and δ3 = −a(0,1) with lat-

tice parameter a (see Fig. 2), this leads to the emer-
gence of band degeneracy points at ±K = ±2π (

√
3/3,1)/3a,

around which the dispersion is linear, φ(k ± K) ≈
±vJ k exp[±i(π/3 − ϕ)] (vJ = 3aJS/2, tan ϕ = ky/kx); see

FIG. 1. Characteristic features of the honeycomb lattice with
AFM, ferrimagnetic, and FM configurations. The upper panels show
the spin lattices while the lower panels show typical calculated
magnon band structures.

FIG. 2. (a) Impurity correction δN (ω) to the integrated density
of magnon states in rising order for the scattering potential V0/vJ ∈
{103, 104, 105, 106}. (b) Real-space distribution of the impurity
correction. Inset: Fourier transform of the impurity correction.

Fig. 1 (right column). In the ferrimagnetic case, on the
other hand, SA ̸= SB , such that $ ̸= 0, which leads to a gap
opening at ±K, with the gap size ∼3J |SA − SB | set by the
difference of the spins in the two sublattices; see Fig. 1
(middle column). For momenta and energies around K, and
analogously around −K, we can thus summarize the Dirac
magnon model as HFM =

!
k *

†
k(ϵ + vJ k · σ )*k − 3JNS2,

where the pseudospinor *
†
k = (a†

k b
†
k) and ϵ = diag{εA εB}.

This shows that the spectrum hosts the required chirality for
a DM, which directly leads to a π Berry phase [6,28] and the
absence of backscattering off smooth inhomogeneities [29].
These results show that a magnetic impurity honeycomb lattice
provides a very simple example for realizing Dirac magnons;
at the same time, we cannot exclude that more complicated
systems give rise to similar properties.

III. ANTIFERROMAGNETIC LATTICE

Next, we consider the emergence of Dirac bands around the
% point in AFM honeycomb lattices. Starting from the same
Heisenberg model on the honeycomb lattice, we rotate the
spins in, say, the B sublattice, since the magnetism in the two
sublattices points in opposite directions. Hence, for the spin
operators in the B sublattice we let Sx → −Sx , Sy → Sy , and
Sz → −Sz, which ensures that we capture the correct magnetic
states of the A and B sublattices. Application of the Holstein-
Primakoff and Fourier transformations lead to the quadratic
effective magnon model

HAFM =
"

k

{EAa
†
kak + EBb

†
kbk − [φ∗(k)akb−k + H.c.]}

+ 3JNSASB, (4)

where EA = −3JSB − gµBB, EB = −3JSA + gµBB. In
this case, the magnon spectrum assumes the form

E±(k) = − 1
2 ($ + 2gµBB ±

#
9J 2(SA + SB)2 − 4|φ(k)|2),

(5)

up to the added constant in Eq. (4), making the energies overall
positive. In the strictly AFM case (SA/B = S) the energy
dispersion has degeneracy points only at the % point, around
which we find the linear dispersion relation E±(k) ≈ gµBB ±√

2vJ k; see Fig. 1 (left column). While a linear dispersion near
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威尔磁⼦子(Weyl Magnon) 3

Holstein-Primarko↵ bosons, one can readily write down
the spin wave Hamiltonian as

Hsw =
P

k

P
µ,⌫ [Aµ⌫(k)a

†
k,µak,⌫ +Bµ⌫(k)a�k,µak,⌫

+B⇤
µ⌫(�k)a†k,µa

†
�k,⌫ ] + Ecl, (3)

where Ecl is the classical ground state energy, and Aµ⌫ ,
Bµ⌫ satisfy Aµ⌫(k) = A⇤

µ⌫(k), Bµ⌫(k) = Bµ⌫(�k) and
depend on the angular variable ✓. Although the clas-
sical energy Ecl is independent of ✓ due to the U(1)
degeneracy, the quantum zero point energy �E of the
spin wave modes depends on ✓ and is given by �E =P

k

P
µ

1
2 [!µ(k) � Aµµ(k)], where !µ(k) is the excita-

tion energy of the µ-th spin wave mode at momentum k

and is determined for every classical spin ground state.
The minimum of �E occurs at ✓ = ⇡/6 + n⇡/3 (n⇡/3)
with n 2 Z in region I and III (region II). The U(1)
degeneracy of the classical ground states is thus broken
by quantum fluctuations. This is the well-known phe-
nomenon known as “quantum order by disorder” [11–13].
The resulting state is a non-collinear state and the spin
is pointing along the local h112i (h11̄0i) lattice direction
at each sublattice in region I and III (region II).

To obtain the phase diagram in Fig.X, we have im-
plemented the semiclassical approach and included the
quantum fluctuation within the linear spin wave anal-
ysis. This treatment may underestimate the quantum
fluctuation in the parameter regimes when J � J 0, D or
J 0 � J,D. In these regimes, one may first consider the
tetrahedron with the strongest coupling and treat other
couplings as perturbations. The ground state in these
regimes might be non-magnetic and will be addressed in
the future work. For the purpose of the current work, we
will focus on the ordered ground states in Fig.X.

Magnon Weyl nodes and surface states.

Although region I and III of the phase diagram have the
same magnetic ordering structure, the magnetic excita-
tions of the two regions are distinct in a topological man-
ner. Without losing any generality, we choose ✓ = ⇡/2
and thus fix the magnetic order to orient along the ŷ
directions of the local coordinate systems. Using the lin-
ear spin-wave theory, we obtain the magnetic excitation
spectrum with respect to this magnetic state in region I
and III. In Fig.X, we depict a representative excitation
spectrum along the high symmetry lines in the Brillouin
zone for region I.

Here we comment on the magnon spectrum in Fig.X.
First of all, the gapless mode of the spectrum is simply an
artifact of the linear spin-wave approximation. Because
there is no symmetry that protects the gapless mode, a
small gap would eventually be created when the inter-
action between the Holstein-Primarko↵ bosons is taken
into account. Secondly, the spectrum in Fig.X has a lin-
ear band touching at the momentum point from � to X.
In fact, as we show in Fig.X, there are in total four such

FIG. 3. (Color Online.) (a) The spin wave spectrum along
high symmetry momentum lines. (b) Four Weyl nodes are
located at (±k0, 0, 0), (0,±k0, 0) with k0 = 1.072⇡. Red and
blue indicate the opposite chirality. We have set D = 0.2J ,
J

0 = 0.6J and ✓ = ⇡/2 in the plots.

linear band touchings. These linear band touchings occur
at a finite energy and are the Weyl nodes of the magnon
spectrum. Just like the Weyl nodes in the electronic band
structure of Weyl semimetals [2], the magnon Weyl nodes
are sources and sinks of Berry curvatures and are char-
acterized by the chirality number that takes ±1. Unlike
the Weyl semimetal in the electron systems where one
can tune the Fermi energy to the Weyl nodes by varying
the electron density, the magnon Weyl nodes of our sys-
tem must appear at finite energies because of the bosonic
nature of magnons. Likewise, due to the bulk-edge cor-
respondence, the chiral surface magnon arc states also
appear at the finite energy and connect the bulk magnon
Weyl nodes with opposite chiralites (see Fig.X).
Once the magnon Weyl nodes emerge in the magnon

spectrum, they are robust and thus exist over a finite
regime in the parameter space. We find that the magnon
Weyl nodes exist in region I. As one varies the couplings
towards the phase boundary with region III, the magnon
Weyl nodes move together, get annihilated in pairs and
disappear in the spectrum. In region III, there is no Weyl
band crossing, and this is what really distinguishes region
III from region I.
When we apply an external magnetic field to the sys-

tem, the spin only couples to the field via a Zeeman cou-
pling. This is quite di↵erent from the couplings to the
magnetic field of the Weyl semimetal in the electron sys-
tems where there exists an orbital coupling in addition
to the Zeeman coupling. Because of this di↵erence, the
magnetic field merely shifts the positions of the magnon
Weyl nodes for our system while in the electron systems
the magnetic field converts the Weyl band touchings into
dispersive Landau bands. Therefore, the magnetic field
can be used to manipulate the Weyl nodes. To demon-
strate this explicitly, we apply a magnetic field along the
global z direction. The magnetic field modifies the clas-
sical ground state and indirectly changes the spin-wave
Hamiltonian. As we show in Fig.X, ....

Discussion.

4

FIG. 4. (Color Online.) Surface states of a slab (cut in [110]
direction) by setting D = 0.2J , J 0 = 0.6J and ✓ = ⇡/2. (a)
Surface band in surface Brillouin zone(k1-k2 plane). States
with E = EWeyl form (red) arcs connecting the projection of
Weyl nodes (Pink and Light Blue, only four nodes indepen-
dent). States near the two longer(shorter) arcs are localized
in one(another) boundary. The chiral semi-classical velocity
of states can be implied by the gradient of the band, there
is no net current in each boundary due to cancellation. (b)
Dispersion along (k,⇡) (Blue, Dashed line in (a)): projected
bulk spectrum(Blue), chiral edge states(Red), Eweyl(Dashed,
Green).

The magnon Weyl nodes are magnetic excitations, there-
fore, inelastic neutron scattering is an ideal tool to de-
tect the bulk magnon Weyl nodes as well as the surface
magnon arc states in the excitation spectrum. Because
of the surface dependence of the magnon arc states, one
could probe the system with di↵erent slab geometries and
surface orientations. Like the Weyl fermion, the Weyl
magnon can be potentially detected optically [? ]. As it
appears at finite energies, one necessarily needs to use the
pump-probe approach to measure the optical absorption.
In addition to the spectoscopic property, the presence of
the Weyl magnon spectrum may lead to thermal Hall
e↵ect, just like the Weyl fermion that gives rise to the
anomalous Hall current in the electron systems [14, 15].
Moreover, one could use magnetic field to control thermal
Hall signal despite the absence of the Lorentz coupling
of the spin to the external magnetic field.

Although the exisiting experiments suggest that both
LiGaCr4O8 and LiInCr4O8 develop AFM long-range or-
ders at low temperature [7, 8], the precise structures of
the magnetic order in these two systems are not yet clear.
Therefore, it is certainly of interest to confirm the mag-
netic order and detect possible Weyl magnon excitations
in these systems.

To summarize, we have studied a realistic spin model
on the Cr-based breathing pyrochlore lattice. We show
that the combination of the single-ion spin anisotropy
and the superexchange interaction leads to conventional
magnetic ordered ground states. We further find that the
magnetic excitations in a large parameter regime devel-
ops magnon Weyl nodes in the magnon spectrum.

Methods (to be filled).

Present the local coordinate systems

Present spin wave Hamiltonian for all-in all-out state
and plot the gapped spectrum

Present spin wave Hamiltonian for the other state and
plot the magnon spectrum that has no weyl nodes
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拓扑保护的表⾯面弧
4

FIG. 4. Surface states of a slab (cut in h110i direction)
by setting D = 0.2J , J

0 = 0.6J and ✓ = ⇡/2. (a) Sur-
face band dispersion in surface Brillouin zone (k1-k2 plane).
States with E = EWeyl form (red) arcs connecting the pro-
jection of Weyl nodes (Pink and Light Blue, only four nodes
independent). States near the two longer(shorter) arcs are
localized in one(another) surface. The chiral semi-classical
velocity of states can be implied by the gradient of the band
dispersion. (b) Dispersion along (k,⇡) (Blue, Dashed line in
(a)): projected bulk spectrum(Blue), chiral edge states(Red),
EWeyl(Green, Dashed).

Weyl nodes move together, get annihilated in pairs and
disappear in the spectrum. In region II, there is no Weyl
band crossing, and this is what really distinguishes region
II from region I.

When we apply an external magnetic field to the sys-
tem, the spin only couples to the field via a Zeeman cou-
pling. This is quite di↵erent from the couplings to the
magnetic field of the Weyl semimetal in the electron sys-
tems where there exists an orbital coupling in addition
to the Zeeman coupling. Because of this di↵erence, the
magnetic field merely shifts the positions of the magnon
Weyl nodes for our system while in the electron systems
the magnetic field converts the Weyl band touchings into
dispersive Landau bands. Therefore, the magnetic field
can be used to manipulate the Weyl nodes. To demon-
strate this explicitly, we apply a magnetic field along the
global z direction. The magnetic field modifies the clas-
sical ground state and indirectly changes the spin-wave
Hamiltonian [11]. As we show in Figure 5, Weyl nodes
are shifted gradually and finally annihilated when mag-

FIG. 5. The evolution of Weyl nodes under the mag-

netic field. Applying a magnetic field along the global z

direction, B = B[001], Weyl nodes are shifted but still in
kz = 0 plane. They are annihilated at � when magnetic field
is strong enough. Red and blue indicate the opposite chiral-
ity. (a) to (f): B = 0, 0.1, 0.5, 0.9, 1.0, 1.1. We have set
D = 0.2J , J 0 = 0.6J and ✓ = ⇡/2.

netic field increasing.

Discussion.

The magnon Weyl nodes are magnetic excitations, there-
fore, inelastic neutron scattering is an ideal probe to de-
tect the bulk magnon Weyl nodes as well as the surface
magnon arc states in the excitation spectrum. Because
of the surface dependence of the magnon arc states, one
could probe the system with di↵erent slab geometries and
surface orientations. Moreover, the Weyl magnon can be
potentially detected optically [16]. As it appears at finite
energies, one necessarily needs to use the pump-probe
approach to measure the optical absorption. In addition
to the spectrascopic property, the presence of the Weyl
magnon spectrum may lead to thermal Hall e↵ect, just
like the Weyl fermion that gives rise to the anomalous
Hall current in the electron systems [17, 18]. Further-
more, one could use magnetic field to control thermal
Hall signal despite the absence of the Lorentz coupling
of the spin to the external magnetic field.

Although the exisiting experiments suggest that both
LiGaCr4O8 and LiInCr4O8 develop the AFM long-range
orders at low temperature [8, 9], the precise structures of
the magnetic order in these two systems are not yet clear
at this stage. Therefore, it is certainly of interest to con-
firm the magnetic order and detect possible Weyl magnon
excitations in these systems and other three dimensional
Mott insulators with long range magnetic orders.

To summarize, we have studied a realistic spin model
on the Cr-based breathing pyrochlore lattice. We show
that the combination of the single-ion spin anisotropy
and the superexchange interaction leads to conventional

FY Li,YD Li, Kim, Balents, Yue Yu, GC,   
Nature Comm 2016

可以通过外场来调控威尔点， 
这是威尔磁⼦子的独特的地⽅方！
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拓扑⾃自旋波理论

⼀一般的理论⺫⽬目前并不存在，需要我们去发展它。 

⼀一些特殊的feature: Magnon的能带是由⾃自旋的相互作⽤用Hamiltonian和⾃自旋序 
共同决定，这个和以前电⼦子能带的理论是不⼀一样的。

实验: Magnon不带电，所以磁场很好地可以调控它 -> Magnonics 
Hall热输运的后果。 
中⼦子散射直接测量。

FY Li,YD Li, Kim, Balents, Yue Yu, GC,  Nature Comm 2016
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4. ⾮非传统的⾃自旋序

由于⾃自旋轨道作⽤用，4f, 5f的电⼦子拥有相当丰富的磁矩结构 
磁多极矩相当普遍，⾼高阶磁矩不好直接测量 (hidden order)

铁基超导 (FeSe)中也可能有类似的magnetic quadrupolar order 
(四极矩) / spin nematic order（向列序）

Gang Chen’s theory group 

Gang Chen’s theory groupGang Chen’s theory group 

Gang Chen’s theory group



RXS 与 RIXS 探测隐藏序

 Resonant X-ray 散射 
 Resonant inelastic X-ray 散射

是⼀一个⼆二阶过程，可以 
有选择enhanced某些channel

既可以测量static order， 
也可以测量元激发

隐藏序, 轨道序等等 
⺫⽬目前的限制在能量的分辨率
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⾃自旋的⽆无序态

1. 接近量⼦子临界点的量⼦子顺磁态 

2. 拓扑顺磁态：Haldane S=1 chain,  
spin SPT, topological paramagnet  

3. 量⼦子⾃自旋液体

这⾥里不讨论spin glass这些东⻄西

这⾥里应该还有其他的⽆无序态。
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1. 接近量⼦子临界点的量⼦子顺磁态
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FIG. 1: BEC of magnons in dimerized quantum antiferromagnets: (a) Dimers in the real material TlCuCl3

with S = 1/2 from Cu2+ ions and superexchange via Cl− [8, 11, 12, 14, 21, 22, 90]. (b) Dimers on a

square lattice with dominant antiferromagnetic intradimer interaction J0 and interdimer interactions Ji.

Triplet states (gray, top) are mapped on quasi-particle bosons (triplons, bottom). (c) Zeeman splitting of

the triplet modes with gap ∆ and bandwidth D at k0 = (π
a
, π

a
). Dispersion of triplons at the critical field

Hc1 [11, 12, 14, 21, 22]. (d) Resulting phase diagram with paramagnetic (PM), quantum disordered (QD),

field-aligned ferromagnetic (FM), and canted-antiferromagnetic (XY-AFM) phase, where BEC of magnons

occurs. Close to Hc1 and Hc2 the phase boundary follows a power–law Tc ∝ (H − Hc1)φ with a universal

exponent φ = 2/3 for BEC of magnons [7, 8]. Magnetisation curve mz(H) for 3D dimer spin system with

plateau at mz = 0, 1 (gapped) [8, 32, 33].

BaCuSi2O6

基态就是⼀一些近邻⾃自旋组成的单态， 
⾃自旋没有⻓长程序，所以是⼀一个量⼦子顺磁态， 
虽然这是⼀一个⾮非常trivial的态。

⾃自旋单态

“中国紫”
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外场把triplet的激发拉下来，可以诱导 
triplon玻⾊色爱因斯坦凝聚的⼀一个量⼦子相变， 

可以研究所谓的Higgs模以及量⼦子临界现象等物理。

磁场诱导的量⼦子临界⾏行为

Triplon BEC

J

Spin
triplet

Spin singlet H

⾃自然界中的perfect量⼦子临界体系并不很多
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1. 接近量⼦子临界点的量⼦子顺磁态

GC, Schnyder, Balents, PhysRevLett 2009

有时候这些量⼦子顺磁态就不是⼗十分明显，但它们代表⼀一类⾃自旋的⽆无序态 
这⾥里的是⾃自旋轨道耦合导致的单态。

FeSc2S4的⾦金刚⽯石晶格
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2. 拓扑顺磁态: spin SPT beyond Haldane S=1链 

Haldane链是⼀一个1维的拓扑顺磁态：  
由SO(3)对称保护的s=1/2 边缘态

Haldane  
Nobel Prize 2016
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Nd2BaNiO5 
realization of Haldane chain

S. Maslov’s group UIUC

Figure 1(c) shows the temperature dependencies of jb

and jc of NINO single crystals in zero magnetic field.
Apparently, the behaviors of jb and jc seem to be different
from usual phonon transport properties of insulators.30 In non-
magnetic insulators, the position and the magnitude of the
low- T phonon peak are mainly determined by the impurity/
defect scattering on phonons. Therefore, the phonon peaks are
usually located at similar temperatures for different directions
of heat currents and the shapes (temperature dependencies) of
peaks are almost identical for different directions. These are
clearly different to what the NINO data show. The most re-
markable phenomenon in Fig. 1(c) is that the jb and jc differ
significantly at relatively high temperatures, but they are
almost the same at subKelvin temperatures. All these features
suggest that the heat transport of NINO cannot be a simple
phononic behavior. One may naively expect that the differ-
ence is due to the additional magnetic thermal transport along
the chain direction. However, the separation of phononic and
magnetic conductivities from the experimental data is not so
straightforward. A common way to obtain the magnetic ther-
mal conductivity in the quasi-1D magnets is to assume that
the phonon term along the spin-chain direction can be esti-
mated from the thermal conductivity perpendicular to the spin
chain.2,3 The main uncertainty of this method is related to the
anisotropy of the phonon thermal transport itself, which is
known to be insignificant for most materials (with some
exceptions like those having layered lattices).30

In an earlier work, another Haldane chain compound,
NENP, was found to exhibit an anisotropic phonon thermal

conductivity even at subKelvin temperatures.20 The magnetic
thermal conductivities of NENP were obtained from the mag-
netic-field-induced increase of j along the spin chain.20 In our
data, however, the jb and jc are nearly the same at very low
temperatures. This indicates an isotropic phonon transport at
such low temperatures, where the magnetic excitations are
negligible. In this regard, it is useful to estimate the mean free
path of phonons, l, by using the kinetic formula jph ¼ 1

3 Cvpl,
where C ¼ bT3 is the phonon specific heat at low tempera-
tures and vp is the averaged sound velocity.28,31 The phonon
specific-heat coefficient b is known from the specific heat
measurements,26 and vp can be obtained from b. The inset to
Fig. 1(c) shows the temperature dependencies of the ratio l/W
for jb and jc, where W is the averaged sample width. It is
found that in both cases the l becomes comparable to W at
T ! 0.3 K, indicating that the phonon heat transport
approaches the boundary scattering limit.28,30,31 With increas-
ing temperature, the jb and jc show a large difference
because the magnetic excitations become populated and they
can either transport heat along the spin-chain direction or scat-
ter phonons in other directions.

We can estimate the magnetic thermal conductivity
along the spin chain by subtracting the jc from jb. As shown
in Fig. 1(d), the magnetic thermal conductivity is very large
and reaches a value of "150 W/Km at 10 K. Thus, this com-
pound has larger magnetic thermal conductivity than many
other low-dimensional quantum magnets.1–3,13,14,20

The magnetic-field dependencies of jb and jc have been
measured at low temperatures and in fields along the a axis.
As shown in Fig. 2, both the jb and jc show weak field
dependencies except in the vicinity of 9 T, which is known
to be the critical field of this material. Apparently, at the crit-
ical field, the spin gap is minimized and therefore the mag-
netic excitations are well populated. The dip-like jcðHÞ
clearly shows the strong suppression of phonon transport due
to scattering by magnetic excitations. This result indicates
that magnetic excitations also play a role in the heat transport
as phonon scatterers in this direction. In the spin-chain direc-
tion, the increase of magnetic excitations leads to a peak of
jbðHÞ at the critical field. This again demonstrates that the
magnetic excitations in this material can transport heat
directly in the spin-chain direction. Therefore, the jðHÞ
behaviors shown in Fig. 2 are supportive for the above
understanding of the zero-field heat transport data. At very
low temperatures, the "8 K gap impedes the low-energy
magnetic excitations and the phonon transport is dominated,
which results in a nearly isotropic thermal transport. With
increasing temperature, the magnetic excitations become
more populated and they take part in the heat transport by
acting as heat carriers in the spin-chain direction and as pho-
non scatterers in other directions. Thus, the jb and jc show a
large difference at relatively high temperatures. The present
experimental phenomena are very similar to those in NENP.
However, the effect of magnetic excitations scattering pho-
nons was not observed in NENP.20 Another difference is that
the relative increase of j at Hc is 4–6 times larger in NENP.
However, since the absolute magnitude of j is more than 10
times smaller in NENP, the field-induced increase of mag-
netic thermal conductivity is actually stronger in NINO.

FIG. 1. (a) and (b) Schematic view of the spin-chain structure of NINO and
NENP (Ref. 21). In zero field, the Ni2þ spins show a (disordered) ground
state of the Haldane gap state. (c) Temperature dependencies of the thermal
conductivities jb and jc of NINO single crystals in zero magnetic field. The
inset shows the temperature dependencies of the ratio of the phonon mean
free path l to the averaged sample width W. (d) Magnetic thermal conductiv-
ity jmðTÞ obtained from jb & jc.
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suggest that the heat transport of NINO cannot be a simple
phononic behavior. One may naively expect that the differ-
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the chain direction. However, the separation of phononic and
magnetic conductivities from the experimental data is not so
straightforward. A common way to obtain the magnetic ther-
mal conductivity in the quasi-1D magnets is to assume that
the phonon term along the spin-chain direction can be esti-
mated from the thermal conductivity perpendicular to the spin
chain.2,3 The main uncertainty of this method is related to the
anisotropy of the phonon thermal transport itself, which is
known to be insignificant for most materials (with some
exceptions like those having layered lattices).30

In an earlier work, another Haldane chain compound,
NENP, was found to exhibit an anisotropic phonon thermal

conductivity even at subKelvin temperatures.20 The magnetic
thermal conductivities of NENP were obtained from the mag-
netic-field-induced increase of j along the spin chain.20 In our
data, however, the jb and jc are nearly the same at very low
temperatures. This indicates an isotropic phonon transport at
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negligible. In this regard, it is useful to estimate the mean free
path of phonons, l, by using the kinetic formula jph ¼ 1
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where C ¼ bT3 is the phonon specific heat at low tempera-
tures and vp is the averaged sound velocity.28,31 The phonon
specific-heat coefficient b is known from the specific heat
measurements,26 and vp can be obtained from b. The inset to
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for jb and jc, where W is the averaged sample width. It is
found that in both cases the l becomes comparable to W at
T ! 0.3 K, indicating that the phonon heat transport
approaches the boundary scattering limit.28,30,31 With increas-
ing temperature, the jb and jc show a large difference
because the magnetic excitations become populated and they
can either transport heat along the spin-chain direction or scat-
ter phonons in other directions.

We can estimate the magnetic thermal conductivity
along the spin chain by subtracting the jc from jb. As shown
in Fig. 1(d), the magnetic thermal conductivity is very large
and reaches a value of "150 W/Km at 10 K. Thus, this com-
pound has larger magnetic thermal conductivity than many
other low-dimensional quantum magnets.1–3,13,14,20

The magnetic-field dependencies of jb and jc have been
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As shown in Fig. 2, both the jb and jc show weak field
dependencies except in the vicinity of 9 T, which is known
to be the critical field of this material. Apparently, at the crit-
ical field, the spin gap is minimized and therefore the mag-
netic excitations are well populated. The dip-like jcðHÞ
clearly shows the strong suppression of phonon transport due
to scattering by magnetic excitations. This result indicates
that magnetic excitations also play a role in the heat transport
as phonon scatterers in this direction. In the spin-chain direc-
tion, the increase of magnetic excitations leads to a peak of
jbðHÞ at the critical field. This again demonstrates that the
magnetic excitations in this material can transport heat
directly in the spin-chain direction. Therefore, the jðHÞ
behaviors shown in Fig. 2 are supportive for the above
understanding of the zero-field heat transport data. At very
low temperatures, the "8 K gap impedes the low-energy
magnetic excitations and the phonon transport is dominated,
which results in a nearly isotropic thermal transport. With
increasing temperature, the magnetic excitations become
more populated and they take part in the heat transport by
acting as heat carriers in the spin-chain direction and as pho-
non scatterers in other directions. Thus, the jb and jc show a
large difference at relatively high temperatures. The present
experimental phenomena are very similar to those in NENP.
However, the effect of magnetic excitations scattering pho-
nons was not observed in NENP.20 Another difference is that
the relative increase of j at Hc is 4–6 times larger in NENP.
However, since the absolute magnitude of j is more than 10
times smaller in NENP, the field-induced increase of mag-
netic thermal conductivity is actually stronger in NINO.
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NENP (Ref. 21). In zero field, the Ni2þ spins show a (disordered) ground
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We report a study on the heat transport of an S¼ 1 Haldane chain compound Ni(C3H10N2)2NO2ClO4

at low temperatures and in magnetic fields. The zero-field thermal conductivities show a
remarkable anisotropy for the heat current along the spin-chain direction (jb) and the vertical
direction (jc), implying a magnetic contribution to the heat transport along the spin-chain
direction. The magnetic-field-induced change of the spin spectrum has obviously opposite
impacts on jb and jc. In particular, jbðHÞ and jcðHÞ curves show peak-like increases and
dip-like decreases, respectively, at $9 T, which is the critical field that minimizes the spin gap.
These results indicate a large magnetic thermal transport in this material. VC 2013 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4796180]

The heat transport in one-dimensional (1D) quantum
magnets has attracted much attention due to the role of mag-
netic excitations.1–3 Theoretical and experimental results have
made an agreement that the S¼ 1/2 Heisenberg chain system,
which is an integrable spin model, exhibits a ballistic transport
of the spin excitations.4–9 However, the situation of the S¼ 1
chain system is not clear yet. Several theories on this nonin-
tegrable spin model predicted either a diffusive or a ballistic
transport of spin excitations.4,10–12 The experimental results
on the S¼ 1 Haldane chain materials AgVP2S6 and Y2BaNiO5

showed considerably small magnetic thermal conductivity and
therefore seemed to support the model of diffusive spin trans-
port.13,14 However, a large magnetic thermal conductivity has
been revealed in a two-leg Heisenberg S¼ 1/2 ladder com-
pound (La,Sr,Ca)14Cu24O41,15,16 which potentially shows the
evidence of a ballistic behavior. This is surprising because the
S¼ 1 chain and the S¼ 1/2 ladder are essentially the same in
the aspects of the spin-liquid ground state and the gapped
magnetic spectrum.17 In a recent work on an organic S¼ 1
Haldane chain compound Ni(C2H8N2)2NO2ClO4 (abbreviated
as NENP), which has relatively weaker spin interaction and
smaller spin gap ($ 12.2 K),18,19 the magnetic heat transport
was found to be rather large.20 Since the spin transport of
NENP can only be observed in magnetic field, which weakens
the spin gap,20 it is possible that the large spin transport in
zero magnetic field can be found in S¼ 1 chain systems with
smaller energy gaps.

Ni(C3H10N2)2NO2ClO4 (abbreviated as NINO), which
was found to be another ideal S¼ 1 Haldane chain system,
has a similar spin structure to that of NENP (see Fig. 1). The
Ni2þ spins (S¼ 1) form the spin chains along the b axis, in
which the intrachain antiferromagnetic (AF) interaction

(J & 50 K) is about a factor of 104 times stronger than the
interchain interaction (J0).21–24 It is known that in an
isotropic AF S¼ 1 chain system, the spin excitations are
triply degenerate with an energy gap Eg & 0:41J, which is
about 20.3 K for NINO.25 However, due to the strong planar
anisotropy and weak orthorhombic anisotropy, the
Haldane gap is split into three gaps with zero-field values
DE1 ¼ 8:3 K;DE2 ¼ 12:5 K, and DE3 ¼ 21:9 K.22 When an
external magnetic field is applied along the a axis, DE2 keeps
constant, DE3 increases, and DE1 decreases. The smallest
gap DE1 is apparently the most important for the low-energy
magnetic excitations. In particular, DE1 descends to a small
value at a critical field Hc & 9 T, and then increases above
Hc.

23,24 In general, magnetic properties of NINO are very
similar to those of NENP, except that the energy scales of
the spin gap are different.

In this work, we study the heat transport of NINO single
crystals at low temperatures down to 0.3 K and in magnetic
fields up to 14 T. It is found that thermal conductivities show
a remarkable anisotropy between the direction along the spin
chain and that perpendicular to it, which indicates a large
magnetic contribution to the heat transport along the spin-
chain direction.

High-quality NINO single crystals were grown by a
slow evaporation method from aqueous solution.26 The larg-
est surfaces of the as-grown crystals are parallel to the bc
plane, confirmed by the X-ray diffraction. Therefore, it is
possible to obtain large parallelepiped-shaped samples with
the longest dimension along the b axis or the c axis. The
thermal conductivities were measured using a conventional
steady-state technique along the b axis (jb) and the c axis
(jc), for two samples with sizes of 3.5' 1.68' 0.59 mm3

and 3.1' 1.50' 0.51 mm3, respectively. Details for the
measurements have been described elsewhere.27–29a)Electronic mail: xfsun@ustc.edu.cn
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We report a study on the heat transport of an S¼ 1 Haldane chain compound Ni(C3H10N2)2NO2ClO4

at low temperatures and in magnetic fields. The zero-field thermal conductivities show a
remarkable anisotropy for the heat current along the spin-chain direction (jb) and the vertical
direction (jc), implying a magnetic contribution to the heat transport along the spin-chain
direction. The magnetic-field-induced change of the spin spectrum has obviously opposite
impacts on jb and jc. In particular, jbðHÞ and jcðHÞ curves show peak-like increases and
dip-like decreases, respectively, at $9 T, which is the critical field that minimizes the spin gap.
These results indicate a large magnetic thermal transport in this material. VC 2013 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4796180]

The heat transport in one-dimensional (1D) quantum
magnets has attracted much attention due to the role of mag-
netic excitations.1–3 Theoretical and experimental results have
made an agreement that the S¼ 1/2 Heisenberg chain system,
which is an integrable spin model, exhibits a ballistic transport
of the spin excitations.4–9 However, the situation of the S¼ 1
chain system is not clear yet. Several theories on this nonin-
tegrable spin model predicted either a diffusive or a ballistic
transport of spin excitations.4,10–12 The experimental results
on the S¼ 1 Haldane chain materials AgVP2S6 and Y2BaNiO5

showed considerably small magnetic thermal conductivity and
therefore seemed to support the model of diffusive spin trans-
port.13,14 However, a large magnetic thermal conductivity has
been revealed in a two-leg Heisenberg S¼ 1/2 ladder com-
pound (La,Sr,Ca)14Cu24O41,15,16 which potentially shows the
evidence of a ballistic behavior. This is surprising because the
S¼ 1 chain and the S¼ 1/2 ladder are essentially the same in
the aspects of the spin-liquid ground state and the gapped
magnetic spectrum.17 In a recent work on an organic S¼ 1
Haldane chain compound Ni(C2H8N2)2NO2ClO4 (abbreviated
as NENP), which has relatively weaker spin interaction and
smaller spin gap ($ 12.2 K),18,19 the magnetic heat transport
was found to be rather large.20 Since the spin transport of
NENP can only be observed in magnetic field, which weakens
the spin gap,20 it is possible that the large spin transport in
zero magnetic field can be found in S¼ 1 chain systems with
smaller energy gaps.

Ni(C3H10N2)2NO2ClO4 (abbreviated as NINO), which
was found to be another ideal S¼ 1 Haldane chain system,
has a similar spin structure to that of NENP (see Fig. 1). The
Ni2þ spins (S¼ 1) form the spin chains along the b axis, in
which the intrachain antiferromagnetic (AF) interaction

(J & 50 K) is about a factor of 104 times stronger than the
interchain interaction (J0).21–24 It is known that in an
isotropic AF S¼ 1 chain system, the spin excitations are
triply degenerate with an energy gap Eg & 0:41J, which is
about 20.3 K for NINO.25 However, due to the strong planar
anisotropy and weak orthorhombic anisotropy, the
Haldane gap is split into three gaps with zero-field values
DE1 ¼ 8:3 K;DE2 ¼ 12:5 K, and DE3 ¼ 21:9 K.22 When an
external magnetic field is applied along the a axis, DE2 keeps
constant, DE3 increases, and DE1 decreases. The smallest
gap DE1 is apparently the most important for the low-energy
magnetic excitations. In particular, DE1 descends to a small
value at a critical field Hc & 9 T, and then increases above
Hc.

23,24 In general, magnetic properties of NINO are very
similar to those of NENP, except that the energy scales of
the spin gap are different.

In this work, we study the heat transport of NINO single
crystals at low temperatures down to 0.3 K and in magnetic
fields up to 14 T. It is found that thermal conductivities show
a remarkable anisotropy between the direction along the spin
chain and that perpendicular to it, which indicates a large
magnetic contribution to the heat transport along the spin-
chain direction.

High-quality NINO single crystals were grown by a
slow evaporation method from aqueous solution.26 The larg-
est surfaces of the as-grown crystals are parallel to the bc
plane, confirmed by the X-ray diffraction. Therefore, it is
possible to obtain large parallelepiped-shaped samples with
the longest dimension along the b axis or the c axis. The
thermal conductivities were measured using a conventional
steady-state technique along the b axis (jb) and the c axis
(jc), for two samples with sizes of 3.5' 1.68' 0.59 mm3

and 3.1' 1.50' 0.51 mm3, respectively. Details for the
measurements have been described elsewhere.27–29a)Electronic mail: xfsun@ustc.edu.cn
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Symmetry-Protected Topological
Orders in Interacting Bosonic Systems
Xie Chen,1,2 Zheng-Cheng Gu,3 Zheng-Xin Liu,4,2 Xiao-Gang Wen5,2,4*

Symmetry-protected topological (SPT) phases are bulk-gapped quantum phases with symmetries,
which have gapless or degenerate boundary states as long as the symmetries are not broken.
The SPT phases in free fermion systems, such as topological insulators, can be classified; however,
it is not known what SPT phases exist in general interacting systems. We present a systematic
way to construct SPT phases in interacting bosonic systems. Just as group theory allows us to
construct 230 crystal structures in three-dimensional space, we use group cohomology theory
to systematically construct different interacting bosonic SPT phases in any dimension and with
any symmetry, leading to the discovery of bosonic topological insulators and superconductors.

For many years, the defining characteristic
of a phase of matter was thought to be its
symmetry, with different phases necessarily

having different symmetries (1). However, through
the study of high-temperature superconductors
and the fractional quantum Hall (FQH) effect,
it was discovered that there can be distinct quan-
tum phases—topologically ordered phases—that
cannot be distinguished by symmetry (2). A deep
connection between quantum phases and quantum
entanglement (3–5) indicates that topological or-
ders are characterized by patterns of long-range
entanglement (5). Recently, it was discovered that
even short-range entangled states with the same
symmetry can belong to different phases. These
symmetric short-range entangled states are said
to contain a new kind of order called symmetry-
protected topological (SPT) order, (6) which is
characterized by symmetry-protected gapless or
degenerate edge states despite the bulk gap. Just
like symmetry-breaking orders are described by
group theory, we show here that SPT orders are
described by group cohomology theory. This dis-
covery expands our original understanding of pos-
sible phases in many-body systems.

A central issue is to understand what SPT
phases exist. The first system known to have
SPT order was the spin-1 chain with antiferro-
magnetic Heisenberg interactions (the so-called
Haldane chains) (7, 8). This model has been gen-
eralized, leading to a complete classification of
SPT orders in one-dimensional (1D) bosonic/
fermionic systems (9–12). Topological insula-
tors (13–17) with gapless edge modes protected
by time-reversal symmetry and particle-number

conservation provided the first example of an
SPT order in higher dimensions. The noninter-
acting nature of fermions in these systems allows
a classification of this kind of SPT order (18, 19),
whereas no SPT order exists in noninteracting
bosonic systems.

However, understanding SPT orders in non-
interacting systems is not sufficient, because par-
ticles in real materials do interact. In this paper,
we present a systematic construction of SPT phases
for interacting bosonic systems in any dimen-
sion and with any symmetry. Our construction
leads to the discovery of many SPT phases in 2
and higher dimensions (see Table 1). For sim-
plicity, we are going to first present in detail the
case of the 1D Haldane chain and demonstrate
the emergence of its SPT order using the group
cohomology theory for time reversal symmetry.
The group cohomology approach allows us to
generalize the construction to higher dimensions
and to all other symmetries.

The fixed-point ground-state wave function of
the Haldane chain (6) takes a simple dimer form
(Fig. 1), where each site contains two spin 1/2’s
connected into singlet pairs j↑ri ↓liþ1〉 − j↓ri↑liþ1〉
between neighboring sites (20). Time-reversal

symmetry acts asM(T ) = isyK on each spin 1/2,
where K is complex conjugation and sy is the y
component of the spin operator. The wave func-
tion is invariant under the symmetry action. For
each spin 1/2, M(T )2 = −I, whereas on each site
with two spins, [M(T ) ⊗ M(T )]2 = I. So the
states on each site form a representation of ZT

2 ,
the symmetry group generated by time reversal
symmetry.

The wave function on a closed chain is the
gapped ground state of the Hamiltonian H ¼
∑is r

i ⋅ sl
iþ1, with antiferromagnetic Heisenberg

interactions between each pair of spin 1/2’s on
neighboring sites where s l

i and s r
i are spin op-

erators for the left and right spin 1/2 on each
site, respectively. The Hamiltonian is invariant
under time-reversal symmetry; the ground state
does not break any symmetry of the system, yet
the system is far from a trivial phase, which be-
comes evident when we put the system on an open
chain. When the chain is open, the dangling
spin 1/2 at each end forms a nontrivial projec-
tive representation of ZT

2 with M(T)2 = −I,
which does not allow a 1D representation (21).
Therefore, the degeneracy of the edge state is
robust under any perturbation as long as time-
reversal symmetry is preserved.

The ground-state structure giving rise to SPT
order in the Haldane chain can be generalized to
an arbitrary symmetry group after we relabel the
spin states with group elements and express sym-
metry actions using group cocycles. The time-
reversal symmetry group contains two elements:
ZT
2 ¼ fE,Tg with T ◦ T = E. For the left spin 1/2

on each site, label j↑〉=j↓〉 as jE 〉=jT 〉 , and for the
right one, label j↑〉=j↓〉 as jE〉= − jT 〉. The total
wave function becomes

jF〉 ¼ ∏
i
(jTr

i T
l
iþ1〉 þ jEr

i E
l
iþ1〉)

¼ ∏
i
∑
gi
jgri ¼ gi, gliþ1 ¼ gi〉 ð1Þ

wheregi ∈ ZT
2 . Time-reversal symmetry then acts

on the right/left spins on each site as M (T )jE〉 ¼
−jT 〉 and M (T )jT 〉 ¼ jE〉, which takes the form

REPORTS

1Department of Physics, University of California, Berkeley, CA
94720, USA. 2Department of Physics, Massachusetts Institute
of Technology, Cambridge, MA 02139, USA. 3Kavli Institute for
Theoretical Physics, University of California, Santa Barbara, CA
93106, USA. 4Institute for Advanced Study, Tsinghua University,
Beijing, 100084, P. R. China. 5Perimeter Institute for Theoretical
Physics, Waterloo, Ontario N2L 2Y5, Canada.

*To whom correspondence should be addressed. E-mail:
xwen@perimeterinstitute.ca

Table 1. SPT phases in d spatial dimensions protected by some simple symmetries (represented by the
symmetry groups). Z1 means that our construction only gives rise to the trivial phase. Zmn means that the
constructed nontrivial SPT phases plus the trivial phase are labeled by m elements in Zn. Z means that
the constructed nontrivial SPT phases are labeled by nonzero integers, whereas the trivial one is labeled
by 0. ZT2 represents time-reversal symmetry, U (1) represents boson number–conservation symmetry, SO(3)
represents rotation symmetry, Zn represents cyclic symmetry of order n, and D2 represents the Klein
four-group symmetry. The first row corresponds to bosonic topological insulators and the second row to
bosonic topological superconductors.

Symmetry d = 0 d = 1 d = 2 d = 3
U(1) ⋊ ZT2 Z Z2 Z2 Z22
ZT2 Z1 Z2 Z1 Z2
U(1) Z Z1 Z Z1
SO(3) Z1 Z2 Z Z1
SO(3) % ZT2 Z1 Z22 Z2 Z32
Zn Zn Z1 Zn Z1
ZT2 % D2 ¼ D2h Z22 Z42 Z62 Z92
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玻⾊色⼦子体系的对称保护的拓扑相
⽂文⼩小刚

这⾥里的物理问题： 
1. 什么⾃自由度可以⽀支持这些新的拓扑相？ 
2. 什么物理机制(相互作⽤用模型)可以导致这些新的拓扑相？ 
3. 什么材料能实现？ 
4. 如果可以实现，实验如何测量和验证？因为SPT的bulk是完全gap的， 
    有趣的物理⼏几乎都是出现在表⾯面上。
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3. 量⼦子⾃自旋液体－第三种磁的相

P. W. Anderson

Vol. 8, No. 2 RESONATING VALENCE BONDS 159 

e n e r g i e s  ex t rapo la te  r a t h e r  smooth ly  to 

E r a i l r o a d  ~ -0 .490  NJ + 0. 005 (13) 

which should be quite a c c u r a t e  and is u n m i s t a k e a b l y  be t t e r  than the sp in -wave  

resu l t .  

A l e s s  a c c u r a t e  ex t r apo la t ion  may  be made  f rom the l inea r  chain  via 

the r a i l r o a d  t r e s t l e  to the en t i r e  t r i ang le  la t t ice .  One finds 

E A ~- -(0. 54 .+. 0 . 0 1 ) N J .  (14) 

This  is n e a r l y  20% lower  than the sp in -wave  ene rgy  (11) of the Ndel s tate.  It 

s e e m s  a l m o s t  c e r t a i n  that it 
3 4 

r e p r e s e n t s  the ene rgy  of a , r  ,, ,, /, , .  ,, ,, ? 
I / l t / l / 

qua l i t a t ive ly  d i f fe ren t  s tate.  I 2 
j r  i r  iw iw / i  Sw l i t  iv Z i i  w 

I I S I O~ nS n' I '  I e d S ~ f • I Let us make some 

br ie f  c o m m e n t s  about the na ture  

of this  s tate .  A d i s c l a i m e r  is / 

in o rde r :  we r ea l l y  know ve ry  / / / ~kk ~k / 

l i t t le  about it. On the o ther  -- 

hand, there are a few very / / / ~k ~k / / / 
bas ic  th ings  which  can be said.  b) - -  / / / 

We note that w h e r e v e r  two 
bonds a r e  pa ra l l e l  ne ighbors ,  FIG. 3 

such as  (12) and (34) in Fig.  3a, Random a r r a n g e m e n t s  of pa i r  bonds on a 
t r i ang le  la t t ice .  (a) Shows a r e g u l a r  a t -  

e i t he r  (S 1" S 2) or  (S 3 • $4) p ro -  r a n g e m e n t  with 2N/4 a l t e r n a t i v e  d i s t inc t  
v ides  a m a t r i x  e l e m e n t  to the pa i r ings  ( " rhombus"  approx imat ion) .  
d e g e n e r a t e  conf igura t ion  (23)(41), (b) An a r b i t r a r y  a r r a n g e m e n t .  

while  only (S1S3) g ives  a m a t r i x  e l e m e n t  of opposi te  sign. Thus  we can a lways  
gain ene rgy  by l inea r ly  combin ing  d i f fe ren t  conf igura t ions  in which such bonds 
a r e  in t e rchanged .  Since t h e r e  a r e  in any r a n d o m  conf igura t ion  like Fig. 3b 

g r e a t  n u m b e r s  of s e t s  of pa ra l l e l  bonds,  one can a r r i v e  at any conI igu ra t ion  
f r o m  any other ;  and r e t u r n  to the o r ig ina l  one by ve ry  many paths.  What is 

not c l e a r  is that one wil l  r e t u r n  to the s ame  s ta te  in the s a m e  phase by t r a -  
ve r s ing  d i f f e ren t  paths. If one did,  the s ta te  would be e s s e n t i a l l y  a Bose  con-  
densed  s ta te  of pa i r -bonds  with a f o rm  of ODLRO. This would be c lo se ly  r e -  
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energies extrapolate rather smoothly to 

Erailroad ~ -0.490 NJ + 0. 005 (13) 

which should be quite accurate and is unmistakeably better than the spin-wave 

result. 

A less accurate extrapolation may be made from the linear chain via 

the railroad trestle to the entire triangle lattice. One finds 

E A ~- -(0. 54 .+. 0.01)NJ. (14) 

This is nearly 20% lower than the spin-wave energy (11) of the Ndel state. It 

seems almost certain that it 3 4 
represents the energy of a ,r ,, ,, /, ,. ,, ,, ? I / l t / l / 
qualitatively different state. I 2 

jr ir iw iw /i Sw lit iv Z ii w 
I I S I O~ nS n' I' I e d S ~ f • I 

Let us make some 

brief comments about the nature 

of this state. A disclaimer is / 

in order: we really know very / / / ~kk ~k / 

little about it. On the other -- 

hand, there are a few very / / / ~k ~k / / / 
basic things which can be said. b) -- / / / 

We note that wherever two 
bonds are parallel neighbors, FIG. 3 

such as (12) and (34) in Fig. 3a, Random arrangements of pair bonds on a 
triangle lattice. (a) Shows a regular at- 

either (S 1" S 2) or (S 3 • $4) pro- rangement with 2N/4 alternative distinct 
vides a matrix element to the pairings ("rhombus" approximation). 
degenerate configuration (23)(41), (b) An arbitrary arrangement. 

while only (S1S3) gives a matrix element of opposite sign. Thus we can always 
gain energy by linearly combining different configurations in which such bonds 
are interchanged. Since there are in any random configuration like Fig. 3b 

great numbers of sets of parallel bonds, one can arrive at any conIiguration 
from any other; and return to the original one by very many paths. What is 

not clear is that one will return to the same state in the same phase by tra- 
versing different paths. If one did, the state would be essentially a Bose con- 
densed state of pair-bonds with a form of ODLRO. This would be closely re- 
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Pauling’s RVB 波函数 
for Benzene molecule

RVB idea,1973 
High Tc, 1987
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量⼦子⾃自旋液体的理论

•  量⼦子⾃自旋液体是物质的奇异相, 不能⽤用朗道对称性破缺理论来描述, ⽽而代
之以演⽣生的规范结构和分数化的元激发，它具有⻓长程的量⼦子纠缠。

量⼦子⾃自旋液体对任何局域的微绕都是稳定的，所以它应该会⾃自然界中存在。

•  量⼦子⾃自旋液体在理论上的存在⽏毋庸置疑： 严格可解模型(Kitaev模型)， 
 各种分类(⽂文⼩小刚) , 各种数值的结果。 g

featureless disordered state  
=quantum spin ice?? magnetic order

Attack from left (quantum spin ice)

Let there be light: emergent photonExcitations

• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon

Hermele et al, 2004
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• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon

Hermele et al, 2004

Collective spin dynamics

Here, “monopole” is a spinon !

+
- +

-
+

-

+ -
+
-

+

-
gauge  
photonspinon spinon

hSzi 6= 0hSzi = 0

Consequence 2: monopoles and defects

X

i2tet

Sz
i = ⇢m

Gauss’ law for magnetic charge

Spinons are deconfined. Spinons are confined !

Remark: for non-Kramers’ doublet, the magnetic transition out of QSI  
must be a confinement transition.

分数化的 
spinon

分数化的 
spinon规范场
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现有的实验

organics: kappa-(BEDT-TTF)2Cu2(CN)3, EtMe3Sb[Pd(dmit)2]2, κappa−H3(Cat-EDT-TTF)2   
herbertsmithite (ZnCu3(OH)6Cl2), Ba3NiSb2O9, Ba3CuSb2O9, LiZn2Mo3O8, ZnCu3(OH)6Cl2 
volborthite (Cu3V2O7(OH)2), BaCu3V2O3(OH)2, [NH4]2[C7H14N][V7O6F18], Na2IrO3, CsCu2Cl4,  
CsCu2Br4, NiGa2S4, He-3 layers on graphite, YbMgGaO4 (张清明，沈瑶) 

Na4Ir3O8, IrO2, Ba2YMoO6, Yb2Ti2O7, Pr2Zr2O7, Pr2Sn2O7, Tb2Ti2O7, Nd2Zr2O7, FeSc2S4, etc

• 2D triangular and Kagome lattice

• 3D pyrochlore, hyperkagome, FCC lattice, diamond lattice, etc

• Ultracold atom and molecules on optical lattices: temperature is too high now. 

关键的问题在于：如何把这些实验和前沿理论发展联系起来？ 
既能理论上描述这个态，⼜又能理解形成这个态的物理机制！ 

如何直接或者间接去confirm 量⼦子⾃自旋液体？

周毅⽼老师的报告已经回答了很多这⽅方⾯面的问题。
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⼀一类量⼦子⾃自旋液体材料的理论模型

量⼦子⾃自旋冰体系 (tons of these materials ! )
many many pyrochlore materials

1. rare-earth pyrochlores: Ho2Ti2O7, Dy2Ti2O7, Ho2Sn2O7, Dy2Sn2O7, 
    Er2Ti2O7, Yb2Ti2O7, Tb2Ti2O7, Er2Sn2O7, Tb2Sn2O7, Pr2Sn2O7,  
    Nd2Sn2O7, Gd2Sn2O7, …….

2. rare-earth B-site spinel: CdEr2S4,CdEr2Se4, CdYb2S4, CdYb2Se4, 
    MgYb2S4, MgYb2S4, MnYb2S4, MnYb2Se4, FeYb2S4, CdTm2S4 
    CdHo2S4, FeLu2S4, MnLu2S4, MnLu2Se4, ….

means lots of opportunity for experimental discovery

many many pyrochlore materials

1. rare-earth pyrochlores: Ho2Ti2O7, Dy2Ti2O7, Ho2Sn2O7, Dy2Sn2O7, 
    Er2Ti2O7, Yb2Ti2O7, Tb2Ti2O7, Er2Sn2O7, Tb2Sn2O7, Pr2Sn2O7,  
    Nd2Sn2O7, Gd2Sn2O7, …….

2. rare-earth B-site spinel: CdEr2S4,CdEr2Se4, CdYb2S4, CdYb2Se4, 
    MgYb2S4, MgYb2S4, MnYb2S4, MnYb2Se4, FeYb2S4, CdTm2S4 
    CdHo2S4, FeLu2S4, MnLu2S4, MnLu2Se4, ….

means lots of opportunity for experimental discovery
Many have not been carefully explored.
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直接 “confirm” 量⼦子⾃自旋液体的实验

2
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(a)

U(1) QSL

Phase diagram for h k [111]

J±/Jy

h/
J y

FIG. 2. Phase diagrams for magnetic fields along (a) [111], (b) [001], and (c) [110] directions. Outside the QSLs are phases
with induced magnetic orders from the spinon condensation. With h = 0, the spinons are condensed at kc = (0, 0, 0), and we
choose the local moments to order in the local ẑ direction. In (a), large magnetic field near the vertical axis drives the spinon
condensation at kc = ⇡(1, 1, 1), and the resulting order is depicted in the figure. This order smoothly connects to the order on
the horizontal axis. The cases in (b) and (c) are similar, except that in (b) the field on the vertical axis drives the condesation
at kc = 2⇡(0, 0, 1), while in (c) kc = ⇡(1, 1, 0) near the vertical axis. We set the diamond lattice constant to unity.

despite the fact that the DO doublet involves a signifi-
cant contribution from the orbital part due to the strong
SOC [12–17], and the DO doublet is modeled by an ef-
fective pseudospin-1/2 moment ⌧ . Both ⌧x and ⌧z trans-
form as the dipole moments under the space group sym-
metry, while the ⌧y component behaves as an octupole
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FIG. 2. Phase diagrams for magnetic fields along (a) [111], (b) [001], and (c) [110] directions. Outside the QSLs are phases
with induced magnetic orders from the spinon condensation. With h = 0, the spinons are condensed at kc = (0, 0, 0), and we
choose the local moments to order in the local ẑ direction. In (a), large magnetic field near the vertical axis drives the spinon
condensation at kc = ⇡(1, 1, 1), and the resulting order is depicted in the figure. This order smoothly connects to the order on
the horizontal axis. The cases in (b) and (c) are similar, except that in (b) the field on the vertical axis drives the condesation
at kc = 2⇡(0, 0, 1), while in (c) kc = ⇡(1, 1, 0) near the vertical axis. We set the diamond lattice constant to unity.
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We report the low-temperature magnetic properties of Ce2Sn2O7, a rare-earth pyrochlore. Our suscep-
tibilityandmagnetizationmeasurements showthatdue to the thermal isolationofaKramersdoubletgroundstate,
Ce2Sn2O7 has Ising-like magnetic moments of ∼1.18 μB. The magnetic moments are confined to
the local trigonal axes, as in a spin ice, but the exchange interactions are antiferromagnetic. Below 1 K, the
system enters a regime with antiferromagnetic correlations. In contrast to predictions for classical
h111i-Ising spins on the pyrochlore lattice, there is no sign of long-range ordering down to 0.02 K. Our results
suggest that Ce2Sn2O7 features an antiferromagnetic liquid ground state with strong quantum fluctuations.
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Quantum-mechanical phase coherence is a major theme
of modern physics. Various states with macroscopic quan-
tum coherence such as superconductors [1], superfluids [2],
fractional quantum Hall states [3], and optically confined
Bose-Einstein condensates [4] have been identified, all with
remarkable macroscopic properties. In insulators contain-
ing localized spin degrees of freedom, spin liquids can
emerge [5,6], which have no conventional order parameter
associated with a broken symmetry, but whose defining
characteristic is a long-range entangled ground-state wave
function [7,8]. Spin liquids are of great interest thanks to
the remarkable collective phenomena that they can present,
such as emergent gauge fields and fractional quasiparticle
excitations [9,10]. Such states may also offer the possible
application of coherent or topologically protected ground
states in quantum information processing devices [11].
Quantum coherence of a spin system lacking symmetry-

breaking order is well established in one-dimensional spin
chains forming a spin fluid with a quantum coherence
length almost an order of magnitude larger than the
classical antiferromagnetic correlation length [12]. In
higher dimensions, two paradigms are employed, often
simultaneously, to try to obtain a quantum spin liquid
(QSL). First, for Heisenberg spins with S ¼ 1=2, where
quantum mechanical corrections are most significant com-
pared to classical states, quantum melting of the Néel
ground state may be possible when spins pair into valence
bond singlets [13]. The result may be a valence bond crystal
(translationally ordered valence bonds) [14], a resonating
valence bond state (singlet configurations resonate around a
plaquette) [15], or a true spin liquid when valence bonds
can be formed at all length scales so that the ground state
wave function has a genuine long-range entanglement
[5,16]. Secondly, geometrically frustratedmagnets are a nat-
ural landscape for liquidlike states of magnetic moments.

In two dimensions, the triangular and kagome lattices are
important examples [17–20], and neutron scattering experi-
ments on the S ¼ 1=2 kagome lattice antiferromagnet
ZnCu3ðOHÞ6Cl2 (herbertsmithite) have provided evidence
of fractionalized excitations in a 2D QSL [21,22]. In three
dimensions,QSLs are expected on the hyperkagome (e.g., in
Na4Ir3O8 [23]) and pyrochlore lattices. Despite the prepon-
derance of S ¼ 1=2 spin liquid candidatesmentioned above,
recent work on pyrochlore spin liquid candidates such as
Yb2Ti2O7 [24,25], Pr2Zr2O7 [26], and Pr2Sn2O7 [27] have
illustrated how quantum effects can become important in
materials where they may not be expected, i.e., in rare-earth
materials where crystal field effects lead to highly aniso-
tropic magnetic moments.
The spin system of a pyrochlore with a thermally isolated

doublet ground state can be described by a generalized
Hamiltonian for effective S ¼ 1=2 spins [24,28]. This
Hamiltonian includes all symmetry-allowed near-neighbor
magnetic exchange interactions, with a leading interaction
which establishes a classical ground state if acting alone,
and competing transverse exchange terms that introduce
quantum fluctuations. Notably for Kramers ions, there is no
requirement for these competing exchange terms to be small
with respect to the leading term [9]. A leading ferromagnetic
interaction leads to a classical spin liquid ground state,
the spin-ice state. Exotic quantum phases are obtained as a
function of the transverse terms [9,29–32]: the quantum spin
ice or Uð1Þ spin liquid, a disordered phase whose emergent
properties are those of a Uð1Þ-gauge theory [9,29,31],
and the Coulombic ferromagnet [32], an ordered phase
with deconfined spinons, whose existence is under
debate [33].
In rare-earth pyrochlores with antiferromagnetic inter-

actions, where the Ising magnetic moment points “in” or
“out” of the tetrahedron (i.e., along the local h111i axis),
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Octupolar quantum spin ice: controlling spinons in a U(1) quantum spin liquid
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We point out that the Ce local moment in the newly discovered quantum spin liquid (QSL)
candidate material Ce2Sn2O7 is a dipole-octupole doublet. The generic spin model that descibes the
interaction between the dipole-octupole doublets on a pyrochlore lattice has two distinct symmetry
enriched U(1) QSL ground states. These two U(1) QSLs are dubbed dipolar U(1) QSL and octupolar
U(1) QSL. While the dipolar U(1) QSL has been discussed in many contexts, the octupolar U(1) QSL
is rather rare and special. We predict the peculiar physical properties of the octupolar U(1) QSL,
elucidating the unique spectroscopic properties in the magnetic fields. We predict the Anderson-
Higgs’ transition from the octupolar U(1) QSL driven by the external magnetic fields. We explain
the experimental relevance with the QSL candidate material Ce2Sn2O7 and other dipole-octupole
doublet systems.

Introduction.—The interplay between symmetry and
topology is the frontier subject in modern condensed
matter physics [1–3]. For the intrinsic topological or-
der such as Z2 toric code and chiral Abelian topologi-
cal order, a given symmetry of the system could enrich
the topological order into distinct phases that cannot be
connected without passing a phase transition [4–7]. The
experimentally relevant symmetry enriched topological
order, however, is extremely rare. In this work, we ex-
plore one physical realization of symmetry enriched U(1)

topological order on the pyrochlore lattice and explain
the experimental consequences of distinct symmetry en-
richment.

Dipole-octupole (DO) doublet is a special Kramers’
doublet in the D3d crystal field environment [8, 9]. Due to
the peculiar forms of the wavefunction, both states of the
DO doublet transform as the one-dimensional irreducible
representations (�+

5 or �+
6 ) of the D3d point group. It

was realized that the DO doublets on the pyrochlore lat-
tice could support two distinct U(1) quantum spin liquid
(QSL) ground states [8]. These distinct U(1) QSLs are
the symmetry enriched U(1) topological orders [10] and
are enriched by the symmetry of the pyrochlore lattice.

The Ce3+ local moment in Ce2Sn2O7 is such a DO
doublet on the pyrochlore lattice, although it was not
noticed before. As we depict in Fig. 1, the strong atomic
spin-orbit coupling (SOC) of the 4f1 electron in the Ce3+

ion first entangles the electron spin (S = 1/2) with the
orbital angular momentum (L = 3) into a J = 5/2 total
moment. The six-fold degeneracy of the J = 5/2 to-
tal moment is further splitted into three Kramers’ dou-
blets by the D3d crystal field. Since the ground state
doublet wavefunctions are combinations of Jz = ±3/2
states [11], this doublet is precisely the DO doublet that
we defined. Since the crystal field gap is much larger than
the interaction energy scale of the local moments and the
temperature scale in the experiments, the low tempera-
ture magnetic property of Ce2Sn2O7 is controlled by the

FIG. 1. The electron configuration and the D3d crystal elec-
tric field (CEF) splitting of the Ce3+ ion in Ce2Sn2O7. The
CEF ground state wavefunctions are combinations of J

z =
±3/2 states [11], thus the CEF ground state is a DO doublet.
� is the CEF gap and was fitted to be � = 50± 5meV [11].

ground state doublets. No magnetic order was detected
down to 0.02K [11], making Ce2Sn2O7 the first Ce-based
QSL candidate in the pyrochlore family.
Motivated by the experiments on Ce2Sn2O7 and more

generally by the experimental consequences of the dis-
tinct symmetry enriched U(1) QSL for the DO doublets,
in this Letter, we explore the peculiar properties of the
DO doublets in external magnetic fields. In the octupolar
U(1) QSL of the octupolar quantum spin ice regime for
the DO doublets, we find that the external magnetic field
directly couples to the spinons and modifies the spinon
dispersions. This allows us to control the spinon excita-
tions with magnetic fields. The lower excitation edge of
the spinon continuum in the dynamic spin structure fac-
tors can thus be modified by magnetic fields, which gives
a sharp prediction for the inelastic neutron scattering
experiments. At the critical fields, the spinons are con-
densed, driving the system through an Anderson-Higgs’
transition and inducing the long-range magnetic orders.
Generic model for DO doublets on the pyrochlore lat-

tice.—Because of the peculiar symmetry properties of the
DO doublets, the most generic model that describes the
nearest-neighbor interaction between them is given as
HDO =
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FIG. 2. Phase diagrams for magnetic fields along (a) [111], (b) [001], and (c) [110] directions. Outside the QSLs are phases
with induced magnetic orders from the spinon condensation. With h = 0, the spinons are condensed at kc = (0, 0, 0), and we
choose the local moments to order in the local ẑ direction. In (a), large magnetic field near the vertical axis drives the spinon
condensation at kc = ⇡(1, 1, 1), and the resulting order is depicted in the figure. This order smoothly connects to the order on
the horizontal axis. The cases in (b) and (c) are similar, except that in (b) the field on the vertical axis drives the condesation
at kc = 2⇡(0, 0, 1), while in (c) kc = ⇡(1, 1, 0) near the vertical axis. We set the diamond lattice constant to unity.
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form as the dipole moments under the space group sym-
metry, while the ⌧y component behaves as an octupole
moment [8]. It is this important di↵erence that leads to
some of the unique properties of its U(1) QSL ground
states.

Because of the spatial uniformity, we transform the
generic model HDO into the XYZ model with

HXYZ =
X

hiji

J̃
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+ J̃
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⌧̃y
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+ J̃
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⌧̃z
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⌧̃z
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, (1)

where ⌧̃x and ⌧̃z (J̃
x

and J̃
z

) are related to ⌧x and ⌧z

(J
x

and J
z

) by a rotation around the y direction in the
pseudospin space, and ⌧̃y ⌘ ⌧y, J̃

y

⌘ J
y

. When one of
the couplings, J̃

µ

, is dominant and antiferromagnetic, the
corresponding pseudospin component, ⌧̃µ, is regarded as
the Ising component of the model, and the ground state
is a U(1) QSL in the corresponding quantum spin ice
regime. The dipolar U(1) QSL is realized when the Ising
component is the dipole moment ⌧̃x or ⌧̃z, while the oc-
tupolar U(1) QSL is realized when the Ising component is
the octupole moment ⌧̃y. In the compact U(1) quantum
electrodynamics description of the low energy properties
of the U(1) QSL [18, 19], the Ising component is identified
as the emergent electric field [18]. Therefore, the emer-
gent electric field transforms very di↵erently under the
lattice symmetry in dipolar and octupolar U(1) QSLs,
making these two U(1) QSLs symmetry enriched U(1)
topological order on the pyrochlore lattice [8].

Octupolar U(1) QSL and field-driven Anderson-Higgs’
transitions.—Since the dipolar U(1) QSL has been dis-
cussed many times in literature [8, 20–28], we here focus
on the octupolar U(1) QSL of the octupolar quantum
spin ice regime where J̃

y

is dominant and antiferromag-
netic. The octupolar U(1) QSL is a new phase that is

unique to the DO doublet and cannot be found in any
other pyrochlore system.
We consider the coupling of the DO doublet to the

external magnetic field. Remarkably, because ⌧̃
y

is an
octupole moment, it does not couple to the magnetic field
even though it is time reversally odd. Only the dipolar
component, ⌧z, couples linearly to the external magnetic
field. The resulting model is

H =
X

hiji
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i
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i

, (2)

where n̂ is the direction of the magnetic field and ẑ
i

is
the z direction of the local coordinate basis at the lattice
site i [29]. This generic model describes all magnetic
properties of the DO doublets on the pyrochlore lattice.
As the generic model contains four parameters, it nec-

essarily brings some unnecessary complication into the
problem. Without losing any generalities, we here con-
sider a simplified version of the generic model in Eq. 2.
The simplified model is
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where we define ⌧±
i

= ⌧z
i

± i⌧x
i

and n̂ is the direction
of the external magnetic field. In the Ising limit with
J± = 0 and h = 0, the antiferromagnetic J

y

favors the
⌧y components to be in the ice manifold and requires a
“two-plus two-minus” ice constraint for the ⌧y configu-
ration on each tetrahedron. This octupolar ice manifold
is extensively degenerate. With a small and finite J±
or h, the system can then tunnel quantum mechanically
within the octupolar ice manifold and form an octupolar
U(1) QSL. In this perturbative limit, the degenerate per-
turbation theory yields an e↵ective ring exchange model
with [29]

Hring = Jring
X

7
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, (4)
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where “i, j, k, l,m, n” are six sites on the perimeter of
the elementary hexagon of the pyrochlore lattice, and the
ring exchange Jring < 0 for J± > 0 and for either sign
of h. Hring does not involve defect tetrahedra that vio-
late the ice constraint and thus only describes the quan-
tum fluctuation and dynamics within the ice manifold.
It is well-known that the low energy properties of Hring

is described by the compact U(1) quantum electrody-
namics [18] of the U(1) QSL with gapless gauge photon,
and the spin-flip operator ⌧±

i

is identified as the gauge
string within the ice manifold. We expect the simpli-
fied model Hsim captures the generic properties of the
octupolar U(1) QSL.

To obtain the phase diagram of Hsim, we start from
the octupolar U(1) QSL phase and study its instability.
For this purpose, we include the spinon excitations (that
are out of the ice manifold) into the formulation. The
perturbative analysis and Hring, that focus on the ice
manifold, does not capture the spinons. We here imple-
ment a parton-gauge construction for the octupolar U(1)
QSL and formulate Hsim into a lattice gauge theory with
the spinons. Like many other parton construction, we
replace the physical Hilbert space with a larger one and
supplement it with a constraint. We follow Refs. 20 and
21 and express the pseudospin operators as

⌧+
i

= �†
r�r0s

+
rr0 , ⌧y

i

= syrr0 , (5)

where rr0 is the link that connects two neighboring tetra-
hedral centers at r and r0, and the pyrochlore site i is
shared by the two tetrahedra. The centers of the tetra-
hedra form a diamond lattice, and r (r0) belongs to the
I (II) diamond sublattice. Here srr0 is a spin-1/2 vari-
able that corresponds to the emergent gauge field, and
�†

r (�r) creates (annihilates) one spinon at the diamond
site r. The spinons carry the emergent electric charge,
and �†

r and �r are raising and lowering operators of the
emergent electric charge. Since we enlarged the physical
Hilbert space, the constraint Qr = ⌘r

P
µ

⌧yr,r+⌘reµ
is im-

posed, where ⌘r = 1 (�1) for the I (II) sublattice and the
e
µ

’s are the first neighbor vectors of the diamond lattice.
Here Qr measures the electric charge at r and satisfies

[�r, Qr] = �r, [�†
r, Qr] = ��†

r. (6)

The U(1) QSL of quantum spin ice is an example of the
string-net condensed phases [30]. In the U(1) QSL, ⌧±

i

creates the shortest open (gauge) string whose ends are
spinon particles. In the spin ice context, ⌧±

i

creates two
defect tetrahedra that violate the “two-plus two-minus”
ice constraint. The parton-gauge construction captures
this essential property, and the model becomes
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J
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FIG. 3. Lower excitation edges of the spinon continuum in
the dynamic spin structure factor under di↵erent magnetic
fields. In the figure, we set J± = 0.1Jy. The inset of (a) is
the Brillouin zone.

With the constraint, Eq. 7 is an exact reformulation of
the simplified model in Eq. 3. It describes the bosonic
spinons hopping on the diamond lattice. The spinons are
minimally coupled with the emergent U(1) gauge field.
Remarkably, the external magnetic field directly couples
to the spinons and does not couple to the emergent elec-
tric field. This is sharply distinct from the dipolar U(1)
QSL where the magnetic field would also directly couple
with the emergent electric field.
Inside the U(1) QSL, the spinons are fully gapped. As

we increase the magnetic field h, the spinon gap gradually
decreases. It is expected that, at a critical field strength,
the spinon gap is closed and the spinons are condensed
with h�ri 6= 0. Via the Anderson-Higgs’ mechanism, the
U(1) gauge field becomes massive. The resulting proxi-
mate state develops a long-range magnetic order. There-
fore, this is an Anderson-Higgs’ transition driven by the
external magnetic fields. This is a generic property of the
octupolar U(1) QSL and is not a specific property of the
simplified model. To our knowledge, this is the first ex-
ample that an external probe drives an Anderson-Higgs’
transition in a physical system.
To solve the reformulated model in Eq. 7, we adopt

the gauge mean-field approximation [8, 20–22]. In this
approximation, we decouple the model into the spinon
sector and the gauge sector. Since Hring favors a zero
background gauge flux on each elementary hexagon of
the diamond lattice, we solve for the mean-field ground
state within this sector [29]. The magnetic dipolar order
is obtained by evaluating

h⌧z
i

i = 1

2

⇥
h⌧+

i

i+ h⌧�
i

i
⇤

(8)

=
1

2

⇥
h�†

r�r0ihs+rr0i+ h.c.
⇤
, (9)

where h· · ·i is taken with respect to the ground state. Be-
cause of the Zeeman coupling, h⌧z

i

i is non-zero even in the
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where “i, j, k, l,m, n” are six sites on the perimeter of
the elementary hexagon of the pyrochlore lattice, and the
ring exchange Jring < 0 for J± > 0 and for either sign
of h. Hring does not involve defect tetrahedra that vio-
late the ice constraint and thus only describes the quan-
tum fluctuation and dynamics within the ice manifold.
It is well-known that the low energy properties of Hring

is described by the compact U(1) quantum electrody-
namics [18] of the U(1) QSL with gapless gauge photon,
and the spin-flip operator ⌧±

i

is identified as the gauge
string within the ice manifold. We expect the simpli-
fied model Hsim captures the generic properties of the
octupolar U(1) QSL.

To obtain the phase diagram of Hsim, we start from
the octupolar U(1) QSL phase and study its instability.
For this purpose, we include the spinon excitations (that
are out of the ice manifold) into the formulation. The
perturbative analysis and Hring, that focus on the ice
manifold, does not capture the spinons. We here imple-
ment a parton-gauge construction for the octupolar U(1)
QSL and formulate Hsim into a lattice gauge theory with
the spinons. Like many other parton construction, we
replace the physical Hilbert space with a larger one and
supplement it with a constraint. We follow Refs. 20 and
21 and express the pseudospin operators as

⌧+
i

= �†
r�r0s

+
rr0 , ⌧y

i

= syrr0 , (5)

where rr0 is the link that connects two neighboring tetra-
hedral centers at r and r0, and the pyrochlore site i is
shared by the two tetrahedra. The centers of the tetra-
hedra form a diamond lattice, and r (r0) belongs to the
I (II) diamond sublattice. Here srr0 is a spin-1/2 vari-
able that corresponds to the emergent gauge field, and
�†

r (�r) creates (annihilates) one spinon at the diamond
site r. The spinons carry the emergent electric charge,
and �†

r and �r are raising and lowering operators of the
emergent electric charge. Since we enlarged the physical
Hilbert space, the constraint Qr = ⌘r

P
µ

⌧yr,r+⌘reµ
is im-

posed, where ⌘r = 1 (�1) for the I (II) sublattice and the
e
µ

’s are the first neighbor vectors of the diamond lattice.
Here Qr measures the electric charge at r and satisfies

[�r, Qr] = �r, [�†
r, Qr] = ��†

r. (6)

The U(1) QSL of quantum spin ice is an example of the
string-net condensed phases [30]. In the U(1) QSL, ⌧±

i

creates the shortest open (gauge) string whose ends are
spinon particles. In the spin ice context, ⌧±

i

creates two
defect tetrahedra that violate the “two-plus two-minus”
ice constraint. The parton-gauge construction captures
this essential property, and the model becomes
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FIG. 3. Lower excitation edges of the spinon continuum in
the dynamic spin structure factor under di↵erent magnetic
fields. In the figure, we set J± = 0.1Jy. The inset of (a) is
the Brillouin zone.

With the constraint, Eq. 7 is an exact reformulation of
the simplified model in Eq. 3. It describes the bosonic
spinons hopping on the diamond lattice. The spinons are
minimally coupled with the emergent U(1) gauge field.
Remarkably, the external magnetic field directly couples
to the spinons and does not couple to the emergent elec-
tric field. This is sharply distinct from the dipolar U(1)
QSL where the magnetic field would also directly couple
with the emergent electric field.
Inside the U(1) QSL, the spinons are fully gapped. As

we increase the magnetic field h, the spinon gap gradually
decreases. It is expected that, at a critical field strength,
the spinon gap is closed and the spinons are condensed
with h�ri 6= 0. Via the Anderson-Higgs’ mechanism, the
U(1) gauge field becomes massive. The resulting proxi-
mate state develops a long-range magnetic order. There-
fore, this is an Anderson-Higgs’ transition driven by the
external magnetic fields. This is a generic property of the
octupolar U(1) QSL and is not a specific property of the
simplified model. To our knowledge, this is the first ex-
ample that an external probe drives an Anderson-Higgs’
transition in a physical system.
To solve the reformulated model in Eq. 7, we adopt

the gauge mean-field approximation [8, 20–22]. In this
approximation, we decouple the model into the spinon
sector and the gauge sector. Since Hring favors a zero
background gauge flux on each elementary hexagon of
the diamond lattice, we solve for the mean-field ground
state within this sector [29]. The magnetic dipolar order
is obtained by evaluating
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where h· · ·i is taken with respect to the ground state. Be-
cause of the Zeeman coupling, h⌧z

i

i is non-zero even in the
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where “i, j, k, l,m, n” are six sites on the perimeter of
the elementary hexagon of the pyrochlore lattice, and the
ring exchange Jring < 0 for J± > 0 and for either sign
of h. Hring does not involve defect tetrahedra that vio-
late the ice constraint and thus only describes the quan-
tum fluctuation and dynamics within the ice manifold.
It is well-known that the low energy properties of Hring

is described by the compact U(1) quantum electrody-
namics [18] of the U(1) QSL with gapless gauge photon,
and the spin-flip operator ⌧±

i

is identified as the gauge
string within the ice manifold. We expect the simpli-
fied model Hsim captures the generic properties of the
octupolar U(1) QSL.

To obtain the phase diagram of Hsim, we start from
the octupolar U(1) QSL phase and study its instability.
For this purpose, we include the spinon excitations (that
are out of the ice manifold) into the formulation. The
perturbative analysis and Hring, that focus on the ice
manifold, does not capture the spinons. We here imple-
ment a parton-gauge construction for the octupolar U(1)
QSL and formulate Hsim into a lattice gauge theory with
the spinons. Like many other parton construction, we
replace the physical Hilbert space with a larger one and
supplement it with a constraint. We follow Refs. 20 and
21 and express the pseudospin operators as

⌧+
i

= �†
r�r0s

+
rr0 , ⌧y

i

= syrr0 , (5)

where rr0 is the link that connects two neighboring tetra-
hedral centers at r and r0, and the pyrochlore site i is
shared by the two tetrahedra. The centers of the tetra-
hedra form a diamond lattice, and r (r0) belongs to the
I (II) diamond sublattice. Here srr0 is a spin-1/2 vari-
able that corresponds to the emergent gauge field, and
�†

r (�r) creates (annihilates) one spinon at the diamond
site r. The spinons carry the emergent electric charge,
and �†

r and �r are raising and lowering operators of the
emergent electric charge. Since we enlarged the physical
Hilbert space, the constraint Qr = ⌘r

P
µ

⌧yr,r+⌘reµ
is im-

posed, where ⌘r = 1 (�1) for the I (II) sublattice and the
e
µ

’s are the first neighbor vectors of the diamond lattice.
Here Qr measures the electric charge at r and satisfies

[�r, Qr] = �r, [�†
r, Qr] = ��†

r. (6)

The U(1) QSL of quantum spin ice is an example of the
string-net condensed phases [30]. In the U(1) QSL, ⌧±

i

creates the shortest open (gauge) string whose ends are
spinon particles. In the spin ice context, ⌧±

i

creates two
defect tetrahedra that violate the “two-plus two-minus”
ice constraint. The parton-gauge construction captures
this essential property, and the model becomes
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FIG. 3. Lower excitation edges of the spinon continuum in
the dynamic spin structure factor under di↵erent magnetic
fields. In the figure, we set J± = 0.1Jy. The inset of (a) is
the Brillouin zone.

With the constraint, Eq. 7 is an exact reformulation of
the simplified model in Eq. 3. It describes the bosonic
spinons hopping on the diamond lattice. The spinons are
minimally coupled with the emergent U(1) gauge field.
Remarkably, the external magnetic field directly couples
to the spinons and does not couple to the emergent elec-
tric field. This is sharply distinct from the dipolar U(1)
QSL where the magnetic field would also directly couple
with the emergent electric field.
Inside the U(1) QSL, the spinons are fully gapped. As

we increase the magnetic field h, the spinon gap gradually
decreases. It is expected that, at a critical field strength,
the spinon gap is closed and the spinons are condensed
with h�ri 6= 0. Via the Anderson-Higgs’ mechanism, the
U(1) gauge field becomes massive. The resulting proxi-
mate state develops a long-range magnetic order. There-
fore, this is an Anderson-Higgs’ transition driven by the
external magnetic fields. This is a generic property of the
octupolar U(1) QSL and is not a specific property of the
simplified model. To our knowledge, this is the first ex-
ample that an external probe drives an Anderson-Higgs’
transition in a physical system.
To solve the reformulated model in Eq. 7, we adopt

the gauge mean-field approximation [8, 20–22]. In this
approximation, we decouple the model into the spinon
sector and the gauge sector. Since Hring favors a zero
background gauge flux on each elementary hexagon of
the diamond lattice, we solve for the mean-field ground
state within this sector [29]. The magnetic dipolar order
is obtained by evaluating
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where h· · ·i is taken with respect to the ground state. Be-
cause of the Zeeman coupling, h⌧z
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i is non-zero even in the
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where “i, j, k, l,m, n” are six sites on the perimeter of
the elementary hexagon of the pyrochlore lattice, and the
ring exchange Jring < 0 for J± > 0 and for either sign
of h. Hring does not involve defect tetrahedra that vio-
late the ice constraint and thus only describes the quan-
tum fluctuation and dynamics within the ice manifold.
It is well-known that the low energy properties of Hring

is described by the compact U(1) quantum electrody-
namics [18] of the U(1) QSL with gapless gauge photon,
and the spin-flip operator ⌧±

i

is identified as the gauge
string within the ice manifold. We expect the simpli-
fied model Hsim captures the generic properties of the
octupolar U(1) QSL.

To obtain the phase diagram of Hsim, we start from
the octupolar U(1) QSL phase and study its instability.
For this purpose, we include the spinon excitations (that
are out of the ice manifold) into the formulation. The
perturbative analysis and Hring, that focus on the ice
manifold, does not capture the spinons. We here imple-
ment a parton-gauge construction for the octupolar U(1)
QSL and formulate Hsim into a lattice gauge theory with
the spinons. Like many other parton construction, we
replace the physical Hilbert space with a larger one and
supplement it with a constraint. We follow Refs. 20 and
21 and express the pseudospin operators as

⌧+
i

= �†
r�r0s

+
rr0 , ⌧y

i

= syrr0 , (5)

where rr0 is the link that connects two neighboring tetra-
hedral centers at r and r0, and the pyrochlore site i is
shared by the two tetrahedra. The centers of the tetra-
hedra form a diamond lattice, and r (r0) belongs to the
I (II) diamond sublattice. Here srr0 is a spin-1/2 vari-
able that corresponds to the emergent gauge field, and
�†

r (�r) creates (annihilates) one spinon at the diamond
site r. The spinons carry the emergent electric charge,
and �†

r and �r are raising and lowering operators of the
emergent electric charge. Since we enlarged the physical
Hilbert space, the constraint Qr = ⌘r

P
µ

⌧yr,r+⌘reµ
is im-

posed, where ⌘r = 1 (�1) for the I (II) sublattice and the
e
µ

’s are the first neighbor vectors of the diamond lattice.
Here Qr measures the electric charge at r and satisfies

[�r, Qr] = �r, [�†
r, Qr] = ��†

r. (6)

The U(1) QSL of quantum spin ice is an example of the
string-net condensed phases [30]. In the U(1) QSL, ⌧±
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creates the shortest open (gauge) string whose ends are
spinon particles. In the spin ice context, ⌧±

i

creates two
defect tetrahedra that violate the “two-plus two-minus”
ice constraint. The parton-gauge construction captures
this essential property, and the model becomes
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FIG. 3. Lower excitation edges of the spinon continuum in
the dynamic spin structure factor under di↵erent magnetic
fields. In the figure, we set J± = 0.1Jy. The inset of (a) is
the Brillouin zone.

With the constraint, Eq. 7 is an exact reformulation of
the simplified model in Eq. 3. It describes the bosonic
spinons hopping on the diamond lattice. The spinons are
minimally coupled with the emergent U(1) gauge field.
Remarkably, the external magnetic field directly couples
to the spinons and does not couple to the emergent elec-
tric field. This is sharply distinct from the dipolar U(1)
QSL where the magnetic field would also directly couple
with the emergent electric field.
Inside the U(1) QSL, the spinons are fully gapped. As

we increase the magnetic field h, the spinon gap gradually
decreases. It is expected that, at a critical field strength,
the spinon gap is closed and the spinons are condensed
with h�ri 6= 0. Via the Anderson-Higgs’ mechanism, the
U(1) gauge field becomes massive. The resulting proxi-
mate state develops a long-range magnetic order. There-
fore, this is an Anderson-Higgs’ transition driven by the
external magnetic fields. This is a generic property of the
octupolar U(1) QSL and is not a specific property of the
simplified model. To our knowledge, this is the first ex-
ample that an external probe drives an Anderson-Higgs’
transition in a physical system.
To solve the reformulated model in Eq. 7, we adopt

the gauge mean-field approximation [8, 20–22]. In this
approximation, we decouple the model into the spinon
sector and the gauge sector. Since Hring favors a zero
background gauge flux on each elementary hexagon of
the diamond lattice, we solve for the mean-field ground
state within this sector [29]. The magnetic dipolar order
is obtained by evaluating

h⌧z
i

i = 1

2

⇥
h⌧+

i

i+ h⌧�
i

i
⇤

(8)

=
1

2

⇥
h�†

r�r0ihs+rr0i+ h.c.
⇤
, (9)

where h· · ·i is taken with respect to the ground state. Be-
cause of the Zeeman coupling, h⌧z

i

i is non-zero even in the

Neutron scattering

• In a quantum spin liquid, the elementary 
spin excitations are fractional, S=1/2 spinons

• Most of the information is in the 
continuum!

neutron
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k,ω
magnon S=1
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broad peak with 
ω=ε(k’)+ε(k-k’)

中⼦子散射的连续谱：场控制的连续谱
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间接 “confirm” 量⼦子⾃自旋液体

“Magnetic monopole” condensation of the pyrochlore ice U(1) quantum spin liquid:
with an application to Pr2Ir2O7 and Yb2Ti2O7

Gang Chen1,2
1
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Department of Physics, Fudan University, Shanghai 200433, People’s Republic of China and

2
Collaborative Innovation Center of Advanced Microstructures, Nanjing, 210093, People’s Republic of China

(Dated: June 22, 2016)

Pyrochlore iridates and pyrochlore ices are two families of materials where novel quantum phe-
nomena are intertwined with strong spin-orbit coupling, substantial electron correlation and geo-
metrical frustration. Motivated by the puzzling experiments on two pyrochlore systems Pr2Ir2O7

and Yb2Ti2O7, we study the proximate Ising orders and the quantum phase transition out of quan-
tum spin ice U(1) quantum spin liquid (QSL). We apply the electromagnetic duality of the compact
quantum electrodynamics to analyze the condensation of the “magnetic monopoles” in the U(1)
QSL. The monopole condensation naturally and necessarily leads to the Ising orders that generi-
cally break the lattice translation symmetry. We demonstrate that the antiferromagnetic Ising order
with the ordering wavevector Q = 2⇡(001) is proximate to the U(1) QSL while the ferromagnetic
Ising state with Q = (000) is not proximate to the U(1) QSL. This implies that if there exists a
direct transition from the U(1) QSL to the ferromagnetic Ising order, the transition must be strongly
first order. We apply the monopole condensation to explain the magnetic orders and the transitions
in Pr2Ir2O7 and Yb2Ti2O7.

I. INTRODUCTION

Pyrochlore iridates (R2Ir2O7)1,2 have stimulated a
wide interest in recent years, and many interesting re-
sults, including topological Mott insulator3, quadratic
band touching4, Weyl semimetal5–8, non-Fermi liquid9

and so on, have been proposed. Among these mate-
rials, Pr2Ir2O7 is of particular interest. In Pr2Ir2O7,
the Ir system remains metallic at low temperatures10.
More intriguingly, no magnetic order was found except
a partial spin freezing of the Pr local moments due to
disorder at very low temperatures in the early experi-
ments10–12. A recent experiment on di↵erent Pr2Ir2O7

samples, however, discovered an antiferromagnetic long-
range Ising order for the Pr moments13. While most
theoretical works on pyrochlore iridates focused on the
Ir pyrochlores and explored the interplay between the
electron correlation and the strong spin-orbit coupling of
the Ir 5d electrons3,14, very few works considered the in-
fluence and the physics of the local moments from the
rare-earth sites that also form a pyrochlore lattice7,15–17.
In this paper, we address the local moment physics in
Pr2Ir2O7 and propose that the disordered state of the Pr
moments is in the quantum spin ice (QSI) U(1) quantum
spin liquid state. We explore the proximate Ising order
and the confinement transition of the QSI U(1) quantum
spin liquid (QSL) for the Pr local moments.

The QSI U(1) QSL is an exotic quantum phase of mat-
ter and is described by emergent compact quantum elec-
trodynamics, or equivalently, by the compact U(1) lattice
gauge theory (LGT) with a gapless U(1) gauge photon
and deconfined spinon excitations18–20. Recently several
rare-earth pyrochlores with 4f electron local moments
are proposed as candidates for the QSI U(1) QSLs21–29.
In these systems, the predominant antiferromagnetic ex-
change interaction between the Ising components of the

FIG. 1. (Color online.) The monopole condensation transi-
tion from the QSI U(1) QSL to the proximate antiferromag-
netic Ising order. The dashed (solid) line represents a thermal
crossover (transition). “g” is a tuning parameter that corre-
sponds to the mass of “magnetic monopole” (see the discus-
sion in the main text). The inset Ising order has an ordering
wavevector Q = 2⇡(001). The Pr moment of Pr2Ir2O7 is
likely to be close to this quantum critical point (QCP).

local moments favors an extensively degenerate “2-in 2-
out” spin ice manifold on the pyrochlore lattice19,21,30–34.
The transverse spin interaction allows the system to tun-
nel quantum mechanically within the ice manifold, giving
rise to a U(1) QSL ground state33–38.

Like Pr2Ir2O7, the experimental results on the QSI
U(1) QSL candidate materials depend sensitively on the
stoichiometry and the sample preparation21. In particu-
lar, for the pyrochlore ice system Yb2Ti2O7, while some
samples remain disordered down to the lowest tempera-
ture and the neutron scattering shows a di↵usive scatter-
ing22, others develop a ferromagnetic order24,39–41. This
suggests that both the Yb moments in Yb2Ti2O7 and the
Pr moments in Pr2Ir2O7 could be located near a phase
transition between a disordered state (that might be a

Pr2Ir2O7的理论相图, Gang Chen, PRB 2016 
Pr 磁矩从⼀一个U(1)量⼦子⾃自旋液体到⼀一个有序态 

的相变：类似于夸克紧闭的相变

量⼦子⾃自旋液体是物质新的态， 
它有特别的性质和元激发。 

⾃自旋液体到它附近的⼀一般态的 
量⼦子相变也往往是⾮非平庸的。 

这些⾮非平庸的量⼦子相变 
(⽐比如: deconfined quantum criticality) 
的⾏行为反应了量⼦子⾃自旋液体的特征。
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1. 轨道物理 

2. 关联体系中的⾃自旋轨道作⽤用 

3. 磁多极矩 

        等等

其他的课题

4

U/t ⌧ 1, a metallic or semi-conducting state at small U may be converted to a semi-metal or to a

TI. What happens when both SOC and correlations are present? Several arguments suggest that

� and U tend to cooperate rather than compete, in generating insulating states. Including SOC

first, we have already remarked upon the splitting of degeneracies and the consequent generation

of multiple narrow bands from relatively mixed ones. The narrow bands generated by SOC are

more susceptible to Mott localization by U , which implies that the horizontal boundary in Figure 1

shifts downward with increasing �. If we include correlations first, the U tends to localize electrons,

diminishing their kinetic energy. Consequently the on-site SOC �, which is insensitive to or even

reduced by delocalization, is relatively enhanced. Indeed, in the strong Mott regime U/t � 1,

one should compare � with the spin exchange coupling J / t2/U , rather than t. As a result, the

vertical boundary shifts to the left for large U/t. We see that there is an intermediate regime in

which insulating states are obtained only from the combined influence of SOC and correlations –

these may be considered spin-orbit assisted Mott insulators. Here we are using the term “Mott

insulator” to denote any state which is insulating by virtue of electron-electron interactions. In

Sec. IV, we will remark briefly on a somewhat philosophical debate as to what should “properly”

be called a Mott insulator.

Terminology aside, an increasing number of experimental systems have appeared in recent

years in this interesting correlated SOC regime. Most prolific are a collection of iridates, weakly

conducting or insulating oxides containing iridium, primarily in the Ir4+ oxidation state. This

FIG. 1. Sketch of a generic phase diagram for electronic materials, in terms of the interaction strength
U/t and SOC �/t. The materials in this review reside on the right half of the figure.
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总  结

我这⾥里讲到了有序态的各种新奇的物理和⽆无序态的发展前景。 

量⼦子阻挫磁体是⼀一个令⼈人振奋的领域，最前沿的物理理论和实验 
在这⾥里交汇。 
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Any guiding rule to find QSL? Not really. 

Frustrated lattice?           Honeycomb Kitaev model. 
Frustrated interaction?    We do not really know unless we identify the interaction. 
Low dimensionality?       3D lattice also has QSL.  
Odd electrons per cell?  Many QSLs have even electrons per cell. 

•  Hastings-Oshikawa-Lieb-Shultz-Mattis theorem. 
•  Recent extension to spin-orbit coupled insulators (Watanabe, Po, Vishwanath, Zaletel, PNAS 2016).

Lieb Oshikawa Hastings Vishwanath
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A rare-earth triangular lattice quantum spin liquid: YbMgGaO4
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Rare-earth triangular lattice spin liquid: a single-crystal study of YbMgGaO4
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YbMgGaO4, a structurally perfect two-dimensional triangular lattice with odd number of electrons
per unit cell and spin-orbit entangled e↵ective spin-1/2 local moments of Yb3+ ions, is likely to
experimentally realize the quantum spin liquid ground state. We report the first experimental
characterization of single crystal YbMgGaO4 samples. Due to the spin-orbit entanglement, the
interaction between the neighboring Yb3+ moments depends on the bond orientations and is highly
anisotropic in the spin space. We carry out the thermodynamic and the electron spin resonance
measurements to confirm the anisotropic nature of the spin interaction as well as to quantitatively
determine the couplings. Our result is a first step towards the theoretical understanding of the
possible quantum spin liquid ground state in this system and sheds new lights on the search of
quantum spin liquids in strong spin-orbit coupled insulators.

PACS numbers: 75.10.Kt, 75.30.Et, 75.30.Gw, 76.30.-v

Introduction.—Recent theoretical advance has ex-
tended the Hastings-Oshikawa-Lieb-Schultz-Mattis theo-
rem to the spin-orbit coupled insulators [1–4]. It is shown
that as long as the time reversal symmetry is preserved,
the ground state of a spin-orbit coupled insulator with
odd number of electrons per unit cell must be exotic [1].
This important result indicates that the ground state of
strong spin-orbit coupled insulators can be a quantum
spin liquid (QSL). QSLs, as we use here, are new phases
of matter that are characterized by properties such as
quantum number fractionalization, intrinsic topological
order, and gapless excitations without symmetry break-
ing [5, 6]. Among the existing QSL candidate materi-
als [7–33], the majority have a relatively weak spin-orbit
coupling (SOC), which only slightly modifies the usual
SU(2) invariant Heisenberg interaction by introducing
weak anisotropic spin interactions such as Dzyaloshinskii-
Moriya interaction [34–36]. It is likely that the QSL
physics in many of these systems mainly originates from
the Heisenberg part of the Hamiltonian rather than
from the anisotropic interactions due to the weak SOC.
The exceptions are the hyperkagome Na

4

Ir
3

O
8

and the
pyrochlore quantum spin ice materials where the non-
Heisenberg spin interaction due to the strong SOC plays
a crucial role in determining the ground state proper-
ties [16, 17, 37–48], though both systems contain even
number of electrons per unit cell. Therefore, it is de-
sirable to have a QSL candidate system in the spin-orbit
coupled insulator that contains odd number electrons per

FIG. 1. (Color online.) The YbMgGaO4 lattice structure (a)
and the triangular lattice in the ab plane (b) formed by the
Yb3+ ions. The inset defines the coordinate system for the
spin components.

unit cell, where the strong SOC leads to a non-Heisenberg
spin Hamiltonian [37, 38, 40, 48–52].

In this Letter, we propose a possible experimental re-
alization of the QSL with strong SOC and odd number
of electrons per unit cell in YbMgGaO

4

, where the Yb3+

ions form a perfect triangular lattice (see Fig. 1). It was
previously found in a powder sample that the system has
a Curie-Weiss temperature ⇥Powder

CW

' �4K but does not
order magnetically down to 60mK [53]. To understand
the nature of the obviously disordered ground state ob-
served in YbMgGaO

4

, it is necessary to have a quantita-
tive understanding of the local moments and microscopic

• This is the first strong spin-orbit coupled QSL with odd number of electrons and effective spin-1/2. 
•  It is the first clear observation of T2/3 heat capacity. 
•  We understand the microscopic Hamiltonian and the physical mechanism.

A rare-earth triangular lattice quantum spin liquid: YbMgGaO4
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• observation of T2/3 heat capacity
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• Entropy: effective spin-1/2 local moments

YbMgGaO4

My proposal for ground state: spinon Fermi surface U(1) QSL.
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Microscopics

19"
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Figure 1 

  

Yb3+ ion: 4f13 has J=7/2 due to SOC.

J=7/2 �

T ⌧ �At              , the only active DOF is the ground state  
doublet that gives rise to an effective spin-1/2. 
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Can this kind of system support a QSL ground state?  Yes.

Filling constraints for spin-orbit coupled insulators in symmorphic and

non-symmorphic crystals

Haruki Watanabe,1 Hoi Chun Po,1 Ashvin Vishwanath,1, 2 and Michael P. Zaletel3
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University of California, Berkeley, California 94720.

2
Materials Science Division, Lawrence Berkeley National Laboratories, Berkeley CA 94720

3
Station Q, Microsoft Research, Santa Barbara, California, 93106-6105

We determine conditions on the filling of electrons in a crystalline lattice to obtain the equivalent of
a band insulator - a gapped insulator with neither symmetry breaking nor fractionalized excitations.
We allow for strong interactions, which precludes a free particle description. Previous approaches
that extend the Lieb-Schultz-Mattis argument invoked spin conservation in an essential way, and
cannot be applied to the physically interesting case of spin-orbit coupled systems. Here we introduce
two approaches, the first an entanglement based scheme, while the second studies the system on
an appropriate flat ‘Bieberbach’ manifold to obtain the filling conditions for all 230 space groups.
These approaches only assume time reversal rather than spin rotation invariance. The results depend
crucially on whether the crystal symmetry is symmorphic. Our results clarify when one may infer
the existence of an exotic ground state based on the absence of order, and we point out applications
to experimentally realized materials. Extensions to new situations involving purely spin models are
also mentioned.

I. INTRODUCTION

Insulating states of matter arise, in clean systems, as
a result of a commensuration between particle density
and a crystalline lattice or a magnetic field. Mott in-
sulators are a particularly interesting class, with an odd
number of electrons in each unit cell. Their low energy
physics is captured by a spin model with an odd number
of S = 1/2 moments in the unit cell. A powerful result
due to Lieb, Schultz, and Mattis in 1D1, later extended
to higher dimensions by Hastings and Oshikawa2,3, holds
that if all symmetries remain unbroken, the ground state
must be ‘exotic’ - such as a Luttinger liquid in 1D, or
a quantum spin liquid in higher dimensions, with frac-
tional ‘spinon’ excitations. These exotic states cannot be
represented as simple product states, as a consequence
of long ranged quantum entanglement. This general re-
sult has experimental consequences - indeed no sign of
magnetic or spatial symmetry breaking is observed down
to temperatures that are orders of magnitude below the
intrinsic energy scales in certain materials4, including
the quasi 2DMott insulators -(BEDT-TTF)2Cu2(CN)3,
�0Pd(dmit)2 and Herbertsmithite ZnCu3(OH)6Cl2, as
well as the 3D Mott insulator Na4Ir3O8. Hence if we
can apply the Hastings-Oshikawa-LSM theorem (col-
lectively referred to as HOLSM) to these systems, a
strong case is made for an exotic ground state (assuming
that the e↵ects of disorder can be ignored). However,
HOLSM invoke spin rotation invariance in an essential
way, which is typically broken in real materials due to
spin-orbit coupling. These e↵ects are not small: Her-
bertsmithite has SO(3)-breaking Dzyaloshinskii-Moriya
terms thought to be on the order of 10% of the Heisen-
berg coupling5,6. In the anti-ferromagnetic hyperkagome
compound Na4Ir3O8, the physics is even dominated by
spin-orbit coupling e↵ects and charge fluctuation is sig-
nificant4. Physically, the only exact symmetry is time
reversal (TR) symmetry, and the crystal translations and

charge conservation which allow us to define the filling.
Can HOLSM be extended to this physically more realistic
situation?
In this work we show that it indeed can, although en-

tirely di↵erent theoretical approaches are needed. We
argue that if a spin-orbit coupled insulator at odd fill-
ing is time-reversal symmetric, its ground state must, in
a precise sense, be exotic. We introduce two theoreti-
cal approaches that, like the flux threading arguments
of HOLSM, are non-perturbative, but di↵ers from them
in that conservation of spin is not assumed. The first is
an entanglement based approach that allows us to prove
that symmetric, gapped and unfractionalized insulators -
the interacting analog of a band insulator, with a unique
ground state on both the plane and torus - are only al-
lowed at even integer fillings ⌫ = 2m. For brevity we re-
fer to such symmetric short-range entangled insulators as
‘sym-SRE’ insulators. A corollary of this result is that at
odd integer fillings, Mott insulating phases must either
break a symmetry or have a ground state degeneracy
on certain geometries due to other, more exotic, mech-
anisms. A special case of this result in 1D spin models
was previously discussed in Ref. 7. Here we will extend
it to higher dimensions and allow for charge fluctuations.
This constraint on filling arises even when translations

are the only spatial symmetries. What if additional sym-
metries are present, such as the 230 space groups of 3D
crystals? It turns out that additional constraints ap-
pear only for the non-symmorphic space groups, where
the minimal filling at which a sym-SRE insulator arises
is at least ⌫ = 4. We find lower bounds on the mini-
mal filling for all 157 non-symmorphic space groups, and
these bounds are shown to be the tightest possible for
a large majority of them. Earlier results on noninter-
acting band structures8–10 had pointed out that in non-
symmorphic crystals there are required band touchings
leading to larger minimal fillings. In Refs. 11 and 12
this was generalized to interacting systems using flux
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We determine conditions on the filling of electrons in a crystalline lattice to obtain the equivalent of
a band insulator - a gapped insulator with neither symmetry breaking nor fractionalized excitations.
We allow for strong interactions, which precludes a free particle description. Previous approaches
that extend the Lieb-Schultz-Mattis argument invoked spin conservation in an essential way, and
cannot be applied to the physically interesting case of spin-orbit coupled systems. Here we introduce
two approaches, the first an entanglement based scheme, while the second studies the system on
an appropriate flat ‘Bieberbach’ manifold to obtain the filling conditions for all 230 space groups.
These approaches only assume time reversal rather than spin rotation invariance. The results depend
crucially on whether the crystal symmetry is symmorphic. Our results clarify when one may infer
the existence of an exotic ground state based on the absence of order, and we point out applications
to experimentally realized materials. Extensions to new situations involving purely spin models are
also mentioned.

I. INTRODUCTION

Insulating states of matter arise, in clean systems, as
a result of a commensuration between particle density
and a crystalline lattice or a magnetic field. Mott in-
sulators are a particularly interesting class, with an odd
number of electrons in each unit cell. Their low energy
physics is captured by a spin model with an odd number
of S = 1/2 moments in the unit cell. A powerful result
due to Lieb, Schultz, and Mattis in 1D1, later extended
to higher dimensions by Hastings and Oshikawa2,3, holds
that if all symmetries remain unbroken, the ground state
must be ‘exotic’ - such as a Luttinger liquid in 1D, or
a quantum spin liquid in higher dimensions, with frac-
tional ‘spinon’ excitations. These exotic states cannot be
represented as simple product states, as a consequence
of long ranged quantum entanglement. This general re-
sult has experimental consequences - indeed no sign of
magnetic or spatial symmetry breaking is observed down
to temperatures that are orders of magnitude below the
intrinsic energy scales in certain materials4, including
the quasi 2DMott insulators -(BEDT-TTF)2Cu2(CN)3,
�0Pd(dmit)2 and Herbertsmithite ZnCu3(OH)6Cl2, as
well as the 3D Mott insulator Na4Ir3O8. Hence if we
can apply the Hastings-Oshikawa-LSM theorem (col-
lectively referred to as HOLSM) to these systems, a
strong case is made for an exotic ground state (assuming
that the e↵ects of disorder can be ignored). However,
HOLSM invoke spin rotation invariance in an essential
way, which is typically broken in real materials due to
spin-orbit coupling. These e↵ects are not small: Her-
bertsmithite has SO(3)-breaking Dzyaloshinskii-Moriya
terms thought to be on the order of 10% of the Heisen-
berg coupling5,6. In the anti-ferromagnetic hyperkagome
compound Na4Ir3O8, the physics is even dominated by
spin-orbit coupling e↵ects and charge fluctuation is sig-
nificant4. Physically, the only exact symmetry is time
reversal (TR) symmetry, and the crystal translations and

charge conservation which allow us to define the filling.
Can HOLSM be extended to this physically more realistic
situation?
In this work we show that it indeed can, although en-

tirely di↵erent theoretical approaches are needed. We
argue that if a spin-orbit coupled insulator at odd fill-
ing is time-reversal symmetric, its ground state must, in
a precise sense, be exotic. We introduce two theoreti-
cal approaches that, like the flux threading arguments
of HOLSM, are non-perturbative, but di↵ers from them
in that conservation of spin is not assumed. The first is
an entanglement based approach that allows us to prove
that symmetric, gapped and unfractionalized insulators -
the interacting analog of a band insulator, with a unique
ground state on both the plane and torus - are only al-
lowed at even integer fillings ⌫ = 2m. For brevity we re-
fer to such symmetric short-range entangled insulators as
‘sym-SRE’ insulators. A corollary of this result is that at
odd integer fillings, Mott insulating phases must either
break a symmetry or have a ground state degeneracy
on certain geometries due to other, more exotic, mech-
anisms. A special case of this result in 1D spin models
was previously discussed in Ref. 7. Here we will extend
it to higher dimensions and allow for charge fluctuations.
This constraint on filling arises even when translations

are the only spatial symmetries. What if additional sym-
metries are present, such as the 230 space groups of 3D
crystals? It turns out that additional constraints ap-
pear only for the non-symmorphic space groups, where
the minimal filling at which a sym-SRE insulator arises
is at least ⌫ = 4. We find lower bounds on the mini-
mal filling for all 157 non-symmorphic space groups, and
these bounds are shown to be the tightest possible for
a large majority of them. Earlier results on noninter-
acting band structures8–10 had pointed out that in non-
symmorphic crystals there are required band touchings
leading to larger minimal fillings. In Refs. 11 and 12
this was generalized to interacting systems using flux
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We determine conditions on the filling of electrons in a crystalline lattice to obtain the equivalent of
a band insulator - a gapped insulator with neither symmetry breaking nor fractionalized excitations.
We allow for strong interactions, which precludes a free particle description. Previous approaches
that extend the Lieb-Schultz-Mattis argument invoked spin conservation in an essential way, and
cannot be applied to the physically interesting case of spin-orbit coupled systems. Here we introduce
two approaches, the first an entanglement based scheme, while the second studies the system on
an appropriate flat ‘Bieberbach’ manifold to obtain the filling conditions for all 230 space groups.
These approaches only assume time reversal rather than spin rotation invariance. The results depend
crucially on whether the crystal symmetry is symmorphic. Our results clarify when one may infer
the existence of an exotic ground state based on the absence of order, and we point out applications
to experimentally realized materials. Extensions to new situations involving purely spin models are
also mentioned.

I. INTRODUCTION

Insulating states of matter arise, in clean systems, as
a result of a commensuration between particle density
and a crystalline lattice or a magnetic field. Mott in-
sulators are a particularly interesting class, with an odd
number of electrons in each unit cell. Their low energy
physics is captured by a spin model with an odd number
of S = 1/2 moments in the unit cell. A powerful result
due to Lieb, Schultz, and Mattis in 1D1, later extended
to higher dimensions by Hastings and Oshikawa2,3, holds
that if all symmetries remain unbroken, the ground state
must be ‘exotic’ - such as a Luttinger liquid in 1D, or
a quantum spin liquid in higher dimensions, with frac-
tional ‘spinon’ excitations. These exotic states cannot be
represented as simple product states, as a consequence
of long ranged quantum entanglement. This general re-
sult has experimental consequences - indeed no sign of
magnetic or spatial symmetry breaking is observed down
to temperatures that are orders of magnitude below the
intrinsic energy scales in certain materials4, including
the quasi 2DMott insulators -(BEDT-TTF)2Cu2(CN)3,
�0Pd(dmit)2 and Herbertsmithite ZnCu3(OH)6Cl2, as
well as the 3D Mott insulator Na4Ir3O8. Hence if we
can apply the Hastings-Oshikawa-LSM theorem (col-
lectively referred to as HOLSM) to these systems, a
strong case is made for an exotic ground state (assuming
that the e↵ects of disorder can be ignored). However,
HOLSM invoke spin rotation invariance in an essential
way, which is typically broken in real materials due to
spin-orbit coupling. These e↵ects are not small: Her-
bertsmithite has SO(3)-breaking Dzyaloshinskii-Moriya
terms thought to be on the order of 10% of the Heisen-
berg coupling5,6. In the anti-ferromagnetic hyperkagome
compound Na4Ir3O8, the physics is even dominated by
spin-orbit coupling e↵ects and charge fluctuation is sig-
nificant4. Physically, the only exact symmetry is time
reversal (TR) symmetry, and the crystal translations and

charge conservation which allow us to define the filling.
Can HOLSM be extended to this physically more realistic
situation?
In this work we show that it indeed can, although en-

tirely di↵erent theoretical approaches are needed. We
argue that if a spin-orbit coupled insulator at odd fill-
ing is time-reversal symmetric, its ground state must, in
a precise sense, be exotic. We introduce two theoreti-
cal approaches that, like the flux threading arguments
of HOLSM, are non-perturbative, but di↵ers from them
in that conservation of spin is not assumed. The first is
an entanglement based approach that allows us to prove
that symmetric, gapped and unfractionalized insulators -
the interacting analog of a band insulator, with a unique
ground state on both the plane and torus - are only al-
lowed at even integer fillings ⌫ = 2m. For brevity we re-
fer to such symmetric short-range entangled insulators as
‘sym-SRE’ insulators. A corollary of this result is that at
odd integer fillings, Mott insulating phases must either
break a symmetry or have a ground state degeneracy
on certain geometries due to other, more exotic, mech-
anisms. A special case of this result in 1D spin models
was previously discussed in Ref. 7. Here we will extend
it to higher dimensions and allow for charge fluctuations.
This constraint on filling arises even when translations

are the only spatial symmetries. What if additional sym-
metries are present, such as the 230 space groups of 3D
crystals? It turns out that additional constraints ap-
pear only for the non-symmorphic space groups, where
the minimal filling at which a sym-SRE insulator arises
is at least ⌫ = 4. We find lower bounds on the mini-
mal filling for all 157 non-symmorphic space groups, and
these bounds are shown to be the tightest possible for
a large majority of them. Earlier results on noninter-
acting band structures8–10 had pointed out that in non-
symmorphic crystals there are required band touchings
leading to larger minimal fillings. In Refs. 11 and 12
this was generalized to interacting systems using flux
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What is the physical origin of the QSL?

Rare-earth triangular lattice spin liquid: a single-crystal study of YbMgGaO4
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YbMgGaO4, a structurally perfect two-dimensional triangular lattice with odd number of electrons
per unit cell and spin-orbit entangled e↵ective spin-1/2 local moments of Yb3+ ions, is likely to
experimentally realize the quantum spin liquid ground state. We report the first experimental
characterization of single crystal YbMgGaO4 samples. Due to the spin-orbit entanglement, the
interaction between the neighboring Yb3+ moments depends on the bond orientations and is highly
anisotropic in the spin space. We carry out the thermodynamic and the electron spin resonance
measurements to confirm the anisotropic nature of the spin interaction as well as to quantitatively
determine the couplings. Our result is a first step towards the theoretical understanding of the
possible quantum spin liquid ground state in this system and sheds new lights on the search of
quantum spin liquids in strong spin-orbit coupled insulators.

PACS numbers: 75.10.Kt, 75.30.Et, 75.30.Gw, 76.30.-v

Introduction.—Recent theoretical advance has ex-
tended the Hastings-Oshikawa-Lieb-Schultz-Mattis theo-
rem to the spin-orbit coupled insulators [1–4]. It is shown
that as long as the time reversal symmetry is preserved,
the ground state of a spin-orbit coupled insulator with
odd number of electrons per unit cell must be exotic [1].
This important result indicates that the ground state of
strong spin-orbit coupled insulators can be a quantum
spin liquid (QSL). QSLs, as we use here, are new phases
of matter that are characterized by properties such as
quantum number fractionalization, intrinsic topological
order, and gapless excitations without symmetry break-
ing [5, 6]. Among the existing QSL candidate materi-
als [7–33], the majority have a relatively weak spin-orbit
coupling (SOC), which only slightly modifies the usual
SU(2) invariant Heisenberg interaction by introducing
weak anisotropic spin interactions such as Dzyaloshinskii-
Moriya interaction [34–36]. It is likely that the QSL
physics in many of these systems mainly originates from
the Heisenberg part of the Hamiltonian rather than
from the anisotropic interactions due to the weak SOC.
The exceptions are the hyperkagome Na

4

Ir
3

O
8

and the
pyrochlore quantum spin ice materials where the non-
Heisenberg spin interaction due to the strong SOC plays
a crucial role in determining the ground state proper-
ties [16, 17, 37–48], though both systems contain even
number of electrons per unit cell. Therefore, it is de-
sirable to have a QSL candidate system in the spin-orbit
coupled insulator that contains odd number electrons per

FIG. 1. (Color online.) The YbMgGaO4 lattice structure (a)
and the triangular lattice in the ab plane (b) formed by the
Yb3+ ions. The inset defines the coordinate system for the
spin components.

unit cell, where the strong SOC leads to a non-Heisenberg
spin Hamiltonian [37, 38, 40, 48–52].

In this Letter, we propose a possible experimental re-
alization of the QSL with strong SOC and odd number
of electrons per unit cell in YbMgGaO

4

, where the Yb3+

ions form a perfect triangular lattice (see Fig. 1). It was
previously found in a powder sample that the system has
a Curie-Weiss temperature ⇥Powder

CW

' �4K but does not
order magnetically down to 60mK [53]. To understand
the nature of the obviously disordered ground state ob-
served in YbMgGaO

4

, it is necessary to have a quantita-
tive understanding of the local moments and microscopic

2

Hamiltoninan. We here confirm the e↵ective spin-1/2
nature of the Yb3+ local moments at low temperatures
from the heat capacity and the magnetic entropy mea-
surements in high-quality single crystal samples. Because
the Yb3+ ion contains odd number of electrons, the ef-
fective spin is described by a Kramers’ doublet. Based
on this fact, we theoretically derive the symmetry al-
lowed spin Hamiltonian that is non-Heisenberg-like and
involves four distinct spin interaction terms because of
the strong SOC. Combining the spin susceptibility results
along di↵erent crystallographic directions and the elec-
tron spin resonance (ESR) measurements in single crystal
samples, we quantitatively confirm the anisotropic form
of the spin interaction. We argue that the QSL physics
in YbMgGaO

4

may originate from the anisotropic spin
interaction. To our knowledge, YbMgGaO

4

is probably
the first strong spin-orbit coupled QSL candidate system
that contains odd number of electrons per unit cell with
e↵ective spin-1/2 local moments.

Experimental technique.—High-quality single crystals
(⇠ 1cm) of YbMgGaO

4

, as well as the non-magnetic iso-
structural material LuMgGaO

4

[54], are synthesized by
the floating zone technique. X-ray di↵ractions (XRD)
are performed on the cutting single crystals to confirm
the crystallization, the crystallographic orientation and
the absence of the impurity phase, and for the sin-
gle crystal structure refinements [55]. The high qual-
ity of the crystallization was confirmed by the narrow
XRD rocking curves with �2✓ ⇠ 0.06o and 0.04o on
ab planes for YbMgGaO

4

and LuMgGaO
4

crystals, re-
spectively. Magnetization (⇠ 60mg of YbMgGaO

4

single
crystals) and heat capacity measurements (10 ⇠ 20mg
of YbMgGaO

4

and LuMgGaO
4

single crystals) were per-
formed using a Quantum design physical property mea-
surement system along and perpendicular to the c axis
at 1.8 ⇠ 400K under 0 ⇠ 14T. The magnetic susceptibil-
ities of single crystals agree with that of powder samples,
�k/3+2�?/3 ' �

Powder

. The ESR measurements (⇠
60mg of YbMgGaO

4

single crystals) at 1.8 ⇠ 50K along
di↵erent crystallographic orientations were performed us-
ing a Bruker EMX plus 10/12 CW-spectrometer at X-
band frequencies (f ⇠ 9.39GHz); the spectrometer was
equipped with a continuous He gas-flow cryostat.

Kramers’ doublet and exchange Hamiltonian.—The
Yb3+ ion in YbMgGaO

4

has an electron configuration
4f13, and from the Hund’s rules the orbital angular mo-
mentum (L = 3) and the spin (s = 1/2) are entangled,
leading to a total angular momentum J = 7/2. Un-
der the trigonal crystal electric field, the eight-fold de-
generate J = 7/2 states are splitted into four Kramers’
doublets [38–41, 48]. By fitting the heat capacity results
with an activated behavior, we find the local ground state
doublet is well separated from the first excited doublet by
an energy gap � ⇠ 420K. This indicates that only the
local ground state doublet is active at T ⌧ �. More-
over, the magnetic entropy reaches to a plateau at Rln 2

FIG. 2. (Color online.) (a, b) The magnetization of the
YbMgGaO4 single crystals measured at 10, 6, 3 and 1.9K.
The dashed lines are linear fits of the experimental results
for fields above 12T at 1.9K. The solid curves are the cor-
responding magnetization calculated by the molecular field
approximation. (c, d) The inverse spin susceptibilites (af-
ter subtracting the Van Vleck paramagnetism) fitted by the
Curie-Weiss law (in dashed lines) for the YbMgGaO4 single
crystals.

per mol Yb3+ around 40K, which is consistent with the
thermalization of the 2-fold degenerate ground state dou-
blet [53, 54].
As it is analogous to the local moments in the py-

rochlore ice systems [27], one can introduce an e↵ective
spin-1/2 degree of freedom, S

i

, that acts on the local
ground state doublet. The low-temperature magnetic
properties are fully captured by these e↵ective spins. Be-
cause the 4f electron is very localized spatially [28], it is
su�cient to keep only the nearest-neighbor interactions
in the spin Hamiltonian [56]. Via a standard symme-
try analysis, we find the generic spin Hamiltonian that
is invariant under the R3̄m space group symmetry of
YbMgGaO

4

is given by

H =
X

hiji

⇥
J
zz

Sz

i

Sz

j

+ J±(S
+

i

S�
j

+ S�
i

S+

j

)

+J±±(�ijS
+

i

S+

j

+ �⇤
ij

S�
i

S�
j

)

� iJ
z±
2

(�⇤
ij

S+

i

Sz

j

� �
ij

S�
i

Sz

j

+ hi $ ji)
⇤
, (1)

where S±
i

= Sx

i

± iSy

i

, and the phase factor �
ij

=
1, ei2⇡/3, e�i2⇡/3 for the bond ij along the a

1

,a
2

,a
3

di-
rection (see Fig. 1), respectively. This generic Hamil-
tonian includes all possible microscopic processes that
contribute to the nearest-neighbor spin interaction. The
highly anisotropic spin interaction in H is a direct
consequence of the spin-orbit entanglement in the lo-
cal ground state doublet. Moreover, the antisymmet-
ric Dzyaloshinskii-Moriya interaction is prohibited in the
Hamiltonian because of the inversion symmetry.
Magnetization and magnetic susceptibility.—In order
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A. Luttinger-Tisza method

Here we treat the e↵ective spin Si as a classical vector
that satisfies the hard spin constraint |Si| = 1/2. Follow-
ing Luttinger and Tisza18, we first replace the hard spin
constraint with a global constraint such that

X

i

|Si|2 =
N

4
, (3)

where N is the total number of spins. The classical spin
Hamiltonian is then minimized under this global con-
straint. If the energy minimum turns out to satisfy the
local hard spin constraint as well, then this energy mini-
mum is the true classical ground state.

There are four parameters, Jzz, J±, J±±, Jz±, in the
generic spin model. We first consider the parameter
regime when the anisotropic interaction vanishes with
J±± = 0 and Jz± = 0. In this regime the spin model
reduces to the XXZ model. From the Curie-Weiss tem-
perature results on single crystal YbMgGaO4 samples3,
one finds that both Jzz and J± are antiferromagnetic and
J±/Jzz ⇡ 0.915 which is fixed to this value throughout
the paper. The ground state of this XXZ model is simply
the well-known 120� ordered state with the spins orient-
ing in the xy plane. The ordering wavevector of the 120�

state is at

kc =

✓
4⇡

3
, 0

◆
, (4)

or its symmetry equivalent wavevectors.
Now we discuss the e↵ect of the anisotropic spin in-

teractions. With a small |J±±|, the minimum of the
classical Hamiltonian under the global constraint slightly
deviates from the 120� state and occurs at incommen-
surate wavevectors. In strong spin-orbit coupled insu-
lators, however, the incommensurate ordering is generi-
cally not favored. Because of the intrinsic spin anisotropy
that originates from the strong spin-orbit coupling19, to
optimize the spin anisotropy, the ordered spin moments
cannot orient freely like the case for an incommensurate
state. As a result, we generically have the commensurate
spin orders in the strong spin-orbit coupled insulators.
Apart from the general understanding, we here provide
more specific reasons. Due to the low symmetry of the
spin Hamiltonian, the eigenstate that corresponds to the
minimum is generically unique, hence one cannot find two
orthogonal eigenvectors to construct an incommensurate
spiral state that satisfies the hard spin constraint on ev-
ery lattice site. Therefore, the incommensurate state can-
not be a true classical ground state, and we tentatively
regard the 120� state as the candidate classical ground
state in the regime with a small J±±.

With a large |J±±| and/or a large |Jz±|, the minimum
of the classical spin Hamiltonian occurs at

ks =

✓
0,

2⇡p
3

◆
, (5)

a T = 0 phase diagram

J±±/Jzz

J z
±/

J z
z

I
III

II

b

k
c

k
s

c

d e

FIG. 4. (Color online.) (a) The classical phase diagram in
the zero temperature limit. The solid phase boundaries de-
termined by the Luttinger-Tisza method, and the colored re-
gions are determined by classical Monte Carlo simulation. (b)
Ordering wave vectors kc and ks drawn in the first Brillouin
zone (the hexagon) for the three phases. (c) The 120� or-
der in regin I with spins pointing in the xy plane. (d) The
stripe order in regin II with spins pointing in the yz plane.
(e) The stripe order in region III with spins pointing along
the x direction.

or its symmetry equivalent wavevectors. Remarkably,
this minimum state satisfies the hard spin constraint and
is thus a true ground state. The spin configuration with
this ordering wavevector has a stripe order, i.e., the spins
order ferromagnetically along one lattice direction and
antiferromagnetically along the remaining two lattice di-
rections. To obtain the classical phase diagram in Fig. 4a,
we compare the energies of the 120� state and the stripe
ordered phases. In the region I of the phase diagram,
the 120� state is obtained. In the region II and III, we
find two stripe ordered phases with di↵erent spin orien-
tations. Without loss of generality, we fix the ordering
wavevector of the stripe phase to be ks = (0, 2⇡/

p
3).

Due to the locking of the spin orientation and the or-
dering wavevector, the spin configuration is fixed as well.
With this choice of the ordering wavevector, the spins
are pointing in the yz plane20 and x direction in region
II and region III, respectively (see Fig. 4).

Here we elucidate the structure of the classical ground
state phase diagram. The magnetic phases for a negative

8

ha†ia†iaiaji = 2ha†iai iha†iaji+ ha†ia†i ihaiaji, (25)

ha†ia†iaia†ji = 2ha†iai iha†ia†ji+ ha†ia†i ihaia†ji, (26)

ha†iaia†jaji = ha†iai iha†jaji+ ha†ia†jihaiaji
+ha†iajiha†jai i, (27)

ha†iaia†ja†ji = ha†iai iha†ja†ji+ 2ha†ia†jihaia†ji, (28)

ha†ia†ia†jaji = 2ha†ia†jiha†iaji+ ha†ia†i iha†jaji, (29)

ha†ia†ia†ja†ji = 2ha†ia†jiha†ia†ji+ ha†ia†i iha†ja†ji. (30)

The decoupling of the cubic and quintic terms leads
to linear terms in the Dyson-Maleev bosons that should
all cancel out by the stability requirement of the classical
ground state. Therefore, the decoupling of the cubic and
quintic terms does not introduce extra quadratic terms
into the spin-wave Hamiltonian.

After defining the Fourier transform of the Dyson-
Maleev boson operators, the quadratic spin-wave Hamil-
tonian can be organized as

Hsw =
X

k2BZ0

(A†
k, A�k)

✓
Fk G†

k
Gk F�k

◆✓
Ak

A†
�k

◆
, (31)

where Ak = (a1k, a2k) is the vector of the Dyson-Maleev
boson annihilation operator, the subindices “1” and “2”
label the two sublattices of the magnetic unit cell, and
BZ0 is the magnetic Brioullin zone of the stripe ordered
phase. Fk and Gk are 2 ⇥ 2 matrices and depend on
the mean field parameters that were introduced as bo-
son bilinears. The quadratic spin wave Hamiltonian is
diagonalized by the standard Bogoliubov transformation
Qk

33,

✓
Bk

B†
�k

◆
= Qk

✓
Ak

A†
�k

◆
, (32)

where Bk = (b1k, b2k) refers to the set of Bogoliubov
bosons, and Qk is a 4 ⇥ 4 matrix that defines the Bo-
goliubov transformation. From the ground state of the
quadratic spin wave Hamiltonian, we evaluate the mean-
field boson bilinears (ha†iai i, ha†iaji, ha†ia†i i, and ha†ia†ji).
As the spin wave Hamiltonian depends on these boson
bilinears, so we solve for them self-consistently by an it-
eration method.

The quantum correction to the magnetic order is eval-
uated by

�m = ha†iai i =
1

N

X

i

ha†iai i

=
1

2
{ 1

N

X

k

2X

i=1

[Q†
kQk]ii � 1}, (33)

where N is the nubmer of lattice sites and we have used
the simple fact that the state in region III is invariant
under the combined operation of time reversal and the
translation T2. If �m > S, the quantum fluctuation is
very strong and completely melts the magnetic order.

0

0.1

0.2

0.3

0.4

0.5
�m = ha†

i

a
i

i

J±±/Jzz

J z
±/

J z
z

FIG. 8. (Color online.) Quantum correction (�m) to the
magnetic orders that is calculated within the self-consistent
spin wave theory on a 80⇥ 80 lattice. The region near phase
boundary where �m exceeds the spin magnitude with �m �
1/2 is marked in beige.

As we show in Fig. 8, the quantum fluctation is indeed
quite strong and melts the magnetic order in the regions
near the phase boundary. This suggests the ground state
is likely to be disordered in these regions.

V. MAGNETIC EXCITATIONS WITH AND
WITHOUT EXTERNAL MAGNETIC FIELDS

In this section, we study the properties of the magnetic
excitations in di↵erent ordered phases as well as in the
presence of strong magnetic fields.

A. Linear spin wave theory for the three ordered
phases

Since the quantum fluctuation is found to be very weak
deep inside each ordered phases, it is legitimate to apply
the linear spin wave theory to study the magnetic exci-
tation in the strongly ordered regimes. In Fig. 9, we plot
the representative spin wave dispersions for the three or-
dered phases. Due to the anisotropic spin interaction,
the system does not have any continuous symmetry, so
generically the spin wave spectrum is fully gapped. This
is indeed the case for the two stripe ordered phase in
Fig. 9a,b. In Fig. 9c, the parameters are chosen that the
spin model reduces to a XXZ model. Due to the continu-
ous U(1) symmetry breaking, the spin wave spectrum has
one gapless mode. As one moves away from this special
point, we expect the spectrum should be gapped.

B. Polarized phases and strong magnetic fields

For the rare earth magnets, the 4f electrons are very
localized. As a result, the exchange interaction between
the rare earth local moments are usually very small. For

Anisotropic spin interaction  
could potentially stabilize QSL.
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Spinon Fermi surface U(1) QSL 
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formation of a band with a Fermi surface possibly attributed
to spinons.
Samples were prepared by the electrochemical oxidation

of H2Cat-EDT-TTF molecules in the presence of a base
[30,36]. For poly-crystalline samples of ∼16 mg, we
measured the static magnetic susceptibility at 1 T employ-
ing a magnetic property measurement system (Quantum
Design) in the temperature region from 2 to 300 K. The
diamagnetic contribution was corrected using Pascal’s law.
The magnetic properties of three distinct crystals (#1, 2,
and 3) below 2 K were probed by torque magnetometry,
adopting a microcantilever [37]. The high sensitivity of this
method allowed the detection of a considerably weak signal
of the paramagnetic torque on a single crystal with typical
mass less than 0.7 μg. All the torque measurements were
made using a 20 T superconducting magnet with a dilution
refrigerator down to T ¼ 50 mK at Tsukuba Magnet
Laboratories, NIMS.
Temperature dependence of the static magnetic suscep-

tibility χðTÞ is presented in Fig. 2. As temperature
decreases, χðTÞ monotonically increases and takes a broad
maximum around T ∼ 20 K. On further cooling, although
χðTÞ turns to decrease rapidly, there is no clear evidence of
a magnetic transition down to 2 K. Instead, the maximum
of χ observed at T ∼ 20 K points to the development
of an antiferromagnetic correlation without any LRMO.
The entire temperature dependence of χ is roughly
described by the S ¼ 1=2 Heisenberg antiferromagnetic
model of an isotropic triangular lattice [38,39], with an

antiferromagnetic exchange-coupling constant J=kB∼
80–100 K. This result indicates that the spin frustration
derived from the geometry of the triangle is inherent in the
system, and profoundly affects the magnetic properties.
To shed light on the magnetic properties at lower

temperatures, we measured the magnetic torque. As the
magnetic torque only detects the anisotropic susceptibility
in principle, the isotropic contribution from impurity spins
is naturally eliminated, providing us with the intrinsic low-
temperature magnetic properties. Figure 3(a) and 3(b)
shows the magnetic torque as a function of the field angle
τðθÞ measured at T ¼ 0.4 K, with the field rotation in the
a$–b and a$–c planes [see Figs. 1(a) and 1(c)], respectively.
For both rotations, one finds a sinusoidal angular variation
in τ, following an expression τðθÞ ¼ A sin 2ðθ þ θ0Þ, as
shown by the solid lines in the figures. Here, A and θ0
represent the amplitude and phase factor of the sinusoidal
function, respectively. Similar sinusoidal behavior is
observed at all temperatures (down to T ∼ 50 mK) and
field strengths (up to H ¼ 17 T) investigated. As shown by
the arrows in Figs. 3(a) and 3(b), the phase factor θ0
gradually shifts with an increase in the magnetic field,
simultaneously with a pronounced enhancement of the
amplitude A of the sinusoidal function. The detail of the
phase shift for a$–b and a$–c rotations is summarized as
the field dependence of θ0 for the various temperatures and
samples in Figs. 3(c) and 3(d), respectively. Below 4 K, in
the weak-field regime, θ0 is continuously modified by the
magnetic field, while θ0 is little affected by the field above
∼11 T, at which the phase shift reaches approximately
10°–20°. At 15 K, however, θ0 has weak field dependence
up to 17 T, indicating that the phase shift occurs at
temperatures lower than 15 K. The field evolution of the
amplitude AðHÞ of the sinusoidal torque curve is presented
in Fig. 3(e) and its inset. For both field rotations, AðHÞ
increases rapidly with respect to the applied field, which is
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t' t 
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a* 
a 

FIG. 1 (color online). (a) Molecular arrangement in a two-
dimensional layer (b-c plane) of κ-H. The dotted ellipsoids
denote the strongly dimerized molecules. (b) A schematic of
the anisotropic triangular lattice with transfer integrals t0 and t.
The closed circles and the arrows on them represent the sites of
the triangular lattice composed of the dimerized molecules and
the S ¼ 1=2 spins, respectively. (c) The interlayer packing
structure viewed in the a-c plane. The adjacent layers are
connected by hydrogen bonds. The dotted ellipsoids represent
dimerized molecules similar to those described in (a).
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FIG. 2 (color online). Static magnetic susceptibility as a
function of temperature χðTÞ. The closed circles represent data
of susceptibility. The solid lines denote the susceptibility curve
based on the S ¼ 1=2 Heisenberg antiferromagnetic model of an
isotropic triangular lattice with an exchange-coupling constant
J=kB ¼ 80 and 100 K (Refs. [38,39]).
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The single crystals of !-!ET"2Cu2!CN"3 were prepared
by the standard electrochemical method [4,5]. The mag-
netic susceptibility was measured for a polycrystalline
sample in a temperature range from 1.9 to 298 K at 0.32 T.
The 1H NMR experiments were performed for a poly-
crystalline sample in a temperature range of 1.4–200 K at
a field of 3.9 T and for a single crystal weighing 76 "g in
a range of 32 mK–36 K at 2.2 T applied normal to the
conducting plane. The latter measurements were per-
formed using the dilution refrigerator of the top-loading
type with the crystal soaked to the 3He-4He mixture. The
absence of Cu2# impurity (< 0:01%) was confirmed by
EPR before the 1H NMR measurement. The NMR spectra
were obtained by the fast Fourier transformation of the
quadrature-detected echo signals. The relaxation curves
of nuclear magnetization were obtained from the recov-
ery of the echo intensity following saturation comb pulses
and the solid-echo pulse sequence, !#=2"x $ !#=2"y.

Temperature dependence of the static susceptibility, $,
of !-!ET"2Cu2!CN"3 is shown in Fig. 2, where the core
diamagnetic contribution of $4:37% 10$4 emu=mol is
already subtracted. With decreasing temperature, $ in-
creases slightly and shows a very broad maximum around

70 K (5:4% 10$4 emu=mol). Below 50 K, $ starts to
decrease rapidly, but remains to be paramagnetic even
at 1.9 K (2:9% 10$4 emu=mol). The behavior is quite
different from that of !-!ET"2Cu&N!CN"2'Cl which shows
a monotonous decrease with temperature and the weak
ferromagnetism below 27 K due to canting of the AF
ordered spins [9]. The temperature dependence of $ for
!-!ET"2Cu2!CN"3 is fitted to the high-temperature series
expansion of spin S ( 1=2 triangular-lattice Heisenberg
model [11] as shown in Fig. 2, where the &6=6' and &7=7'
Padé approximants are adopted with J ( 250 K. This
model was successful in explaining $ of another or-
ganic triangular-lattice system [12]. The peak tempera-
ture is much lower than the J value, suggesting that the
strong spin frustration suppresses the development of
the short-range spin correlations. The difference between
the experimental result and the Heisenberg model may
be partially attributed to the weak spin localization in
the present system situated in the vicinity of the Mott
transition.

Figure 3 shows the temperature dependence of the 1H
NMR spectra of a single crystal of !-!ET"2Cu2!CN"3
along with the previous result of !-!ET"2Cu&N!CN"2'Cl
for comparison [9]. The width and the shape of the spectra
of both salts above 30 K represent typical nuclear dipole
interactions between the protons in the ethylene groups of
ET molecules. Since the shape of the spectra is sensitive
to the direction of the external static magnetic field, the
difference of the spectra between the two salts at high
temperatures is explained by the difference in the orien-
tation of ET molecules against the applied field and does
not matter. A remarkable difference in the shape of the

FIG. 2. Temperature dependence of the magnetic susceptibil-
ity of the randomly orientated polycrystalline samples of
!-!ET"2Cu2!CN"3 and !-!ET"2Cu&N!CN"2'Cl [9]. The core dia-
magnetic susceptibility is already subtracted. The solid and
dotted lines represent the result of the series expansion of the
triangular-lattice Heisenberg model using &6=6' and &7=7'
Padé approximants, respectively, with J ( 250 K. The low-
temperature data of !-!ET"2Cu2!CN"3 below 30 K are ex-
panded in the inset.

FIG. 3. (a) 1H NMR absorption spectra for single crystals of
!-!ET"2Cu2!CN"3 and !-!ET"2Cu&N!CN"2'Cl [9] under the
magnetic field perpendicular to the conducting planes.
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* No magnetic order down to 32mK
* Constant spin susceptibility at zero temperature

Other experiments: transport,  
heat capacity, optical absorption, etc, 

Unfortunately, no neutron scattering so far.

NMR

kappa-(BEDT-TTF)2Cu2(CN)3,  
EtMe3Sb[Pd(dmit)2]2,  
kappa−H3(Cat-EDT-TTF)2 a new one!
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U/t
Fermi liquid 

metal U(1) QSL with spinon Fermi surface 120-degree order

Hubbard Model : parent model of many 
phases (Metal, SC, AF, Spin Liquid, …)

Heisenberg model
120° AF order U/t

Fermi Liquid
Mott

transition

Metal I n s u l a t o r

Charge fluctuations / geometrical frustration may disrupt spins from 
ordering even at T=0 near the metal-insulator transition.

Mott  
transition

supported by various different numerics

weak Mott regime strong Mott regime
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• Theoretical understanding: expected phase diagram

These are high order processes, but  

Motrunich

• Physical mechanism for weak Mott insulator spin liquids: perturbation in t/U
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Low energy property of spinon Fermi surface U(1) QSL: 
spinon non-Fermi liquid

Classes of QSLs

• Topological QSLs

• full gap

• U(1) QSL

• gapless emergent “photon”

• Algebraic QSLs

• Relativistic CFT (power-laws)

• Spinon Fermi surface QSL



 





TQFT

compact 
U(1) 
gauge 
theory

QED3

QED3 
w/ μ>0

dual to extremal/charged black hole?

Spinon Fermi surface coupled 
with dynamical U(1) gauge field: 
instanton event is suppressed. 

   Sung-Sik Lee, PRB 78, 085129(08).

   Hermele et al., PRB 70, 214437 (04)

ons parametrized by the direction of their velocities !or an-
gular momentum" and each fermion contributes a finite
scaling dimension to the total scaling dimension of the in-
stanton operator. In the second part !Sec. IV", the fluctua-
tions of the noncompact gauge field are considered together
with instantons. To control the gauge fluctuations, we con-
sider a large N limit. In this case, vertex corrections are neg-
ligible and we can obtain a definite scaling transformation
under which the low-energy theory remains invariant. The
key difference from the previous studies19,21 is that in the
present approach all points on the Fermi surface are treated
on the equal footing rather than focusing on a local patch in
the momentum space. This enables us to define the scaling
dimension of the instanton operator, taking into account the
whole Fermi surface. With the fluctuating noncompact gauge
field, fermion modes—which have different Fermi
velocities—are no longer decoupled, and we cannot simply
sum the scaling dimensions of different modes as we did in
the noninteracting case. However, in the low-energy limit,
only small-angle scatterings are important because momenta
of the gauge field are scaled down while the circumference
of the Fermi surface is unchanged under the scale transfor-
mation. This implies that two fermion fields on different
points on the Fermi surface are essentially decoupled at low
energies. Therefore, there are still infinitely many indepen-
dent 1+1D fermion modes, which contribute to the scaling
dimension of instanton at low energies. By using this prop-
erty, we can argue that the scaling dimension of an instanton
is infinite also at the interacting fixed point. Finally, in Sec.
V, we consider the case with a small N of the order of 1,
which is directly pertinent to the U!1" spin liquid state with
two flavors !spin up and down" of spinons11,12 proposed for
!− !BEDT−TTF"2Cu2!CN"3.9 With a small N, the Fermi sur-
face is strongly coupled with the fluctuating gauge field and
vertex corrections cannot be ignored. This makes it difficult
to find an explicit form of a scaling transformation for the
strongly interacting fixed point. However, one can see that
the essential properties, which make the scaling dimension of
instanton infinite, does not depend on the specific form of a
scaling transformation. Actually, the existence of an ex-
tended Fermi surface and the fact that only small-angle scat-
terings are important at low energies are enough to argue that
the scaling dimension of instanton remains to be infinite and
instantons are irrelevant at a strongly interacting fixed point
for any nonzero N.

II. ANGULAR REPRESENTATION OF FERMI SURFACE

We start by considering N flavors of fermions coupled
with a compact U!1" gauge field in 2+1D,

S =# d3x$" j
!!!0 − ia0 − #F"" j +

1
2m

" j
!!− i " − a"2" j

+
1

4g2 f#$f#$% . !1"

Here " j is the fermion field with N flavors, j=1,2 , .. ,N, and
a#= !a0 ,a" is the U!1" gauge field with #=0,1 ,2. #F is the
chemical potential, g is the gauge coupling, and f#$ is the

field strength tensor. Summation over the repeated flavor in-
dex j is implied. In the energy-momentum space, the action
becomes
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Here p and l denote energy-momentum vectors and %p= (P(2
2m

−#F. Integrating out high-energy fermion modes outside a
momentum shell with a width ( near the Fermi surface, we
obtain the low-energy effective action S=S0+S1, where
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Here, the Fermi velocity has been set to one. Fermion mo-
mentum is represented in the polar coordinate,30 where k
+(k(−kF is the deviation of momentum from the Fermi sur-
face in the radial direction and * is the angular coordinate as
is shown in Fig. 1!a". We use the approximation, ,dk
=,d(k((k(,d*-kF,dk,d*, and redefine the fermion field
as + j!) ,k ,*"+kF

1/2" j)) ,k1= !kF+k"cos * ,k2= !kF+k"sin **.
K.NkF is the diamagnetic term. a*= k̂* ·a is the spatial
gauge field parallel to the fermion momentum along k̂*

= !cos * , sin *". ql= k̂* ·q and qt= !k̂*,q"z are the momentum
components of the gauge field, which are parallel and per-
pendicular to k̂*, respectively. Note that a0!$ ,ql ,qt ;*" and
a*!$ ,ql ,qt ;*" in the second line of Eq. !3" implicitly depend
on * because ql and qt are measured in reference to k̂* as
shown in Fig. 1!b". ( is the momentum cutoff of the fermi-
ons near the Fermi surface and (̃ is the cutoff of the gauge
field. For (-kF, we can ignore the quadratic term k2 /2m,
which is irrelevant at low energies.
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dimension of instanton at low energies. By using this prop-
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Here, the Fermi velocity has been set to one. Fermion mo-
mentum is represented in the polar coordinate,30 where k
+(k(−kF is the deviation of momentum from the Fermi sur-
face in the radial direction and * is the angular coordinate as
is shown in Fig. 1!a". We use the approximation, ,dk
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components of the gauge field, which are parallel and per-
pendicular to k̂*, respectively. Note that a0!$ ,ql ,qt ;*" and
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gauge photon is overly Landau-damped.
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Spin wave vs (fractionalized) spinon continuum

range [19]. Furthermore, and most importantly, our ex-
tracted exchange parameters correctly reproduce relative
intensities as well as the shape of the spin wave dispersion
for each of the five directions. Agreement is excellent for
H ¼ 2 T, showing that these parameters produce a robust
description of the field-induced ferromagnetic state. We
note, however, that there is a significant quantitative dis-
agreement with the exchange parameters quoted in
Refs. [9,10] (see Appendix H).

Implications.—The excellent agreement with spin wave
theory for fieldsH " 2 T clearly indicates that the high field

state is accurately modeled semiclassically, and is smoothly
connected to the fully polarized limit. Theoretically, the
ground state in this regime breaks no symmetries, and sup-
ports a ferromagnetic polarization along the axis of the
applied field (for the h110i field used in the experiment).
However, the semiclassical analysis clearly and dramatically
fails at small fields, where the measurements show no signs
of spontaneous long-range order [18]. The classical zero-
field ground state for our Hamiltonian parameters has a large
spontaneous polarization along the h100i axis. Extension of
this analysis to a T > 0mean-field theory wrongly predicts a

FIG. 1. The measured SðQ; !Þ at T ¼ 30 mK, sliced along various directions in the HHL plane, for both H ¼ 5 T (first row) and
H ¼ 2 T (third row). The second and fourth rows show the calculated spectrum for these two field strengths, based on an anisotropic
exchange model with five free parameters (see text) that were extracted by fitting to the 5 T data set. For a realistic comparison to the
data, the calculated SðQ; !Þ is convoluted with a Gaussian of full-width 0.09 meV. Both the 2 T and 5 T data sets, composed of spin
wave dispersions along five different directions, are described extremely well by the same parameters. (Note that r.l.u. stands for
reciprocal lattice units.)

FIG. 2. Representations of the HHL scattering plane, showing the FCC Brillouin-zone boundaries and the corresponding zone centers
(labeled in terms of the conventional simple-cubic unit cell). Blue lines indicate the directions of the five different cuts shown in Fig. 1.

QUANTUM EXCITATIONS IN QUANTUM SPIN ICE PHYS. REV. X 1, 021002 (2011)

021002-3

spinon continuum in Cs2CuCl4 
Masanori, etc NatPhys 2009 
but these are 1d spinons ! 

Neutron scattering

• In a quantum spin liquid, the elementary 
spin excitations are fractional, S=1/2 spinons

• Most of the information is in the 
continuum!

neutron

spinon S=1/2

K,Ω 

K-k,Ω -ω

k,ω
magnon S=1

k-k’,ω-ω’

k’,ω’

broad peak with 
ω=ε(k’)+ε(k-k’)

spin wave in Yb2Ti2O7 
L Savary, et al, PRX 2011
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Huge spinon continuum at all energies
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symmetry points. A reciprocal lattice unit (r.l.u.) is used here, which can be obtained by H = kx
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always possible to excite a spinon particle-hole pair with the momenta near the zone boundary, the spectral

intensity is not considerably a↵ected at the zone boundary as E increases. Therefore, the broad continuum

continues to cover a large portion of the Brillouin zone at a finite E.

The stability of the spinon Fermi surface U(1) quantum spin liquid against the spinon confinement has

been addressed extensively in literatures4,5. It was proposed and understood that the large densities of

gapless fermionic spinons on the spinon Fermi surface help suppress the instanton events of the compact

U(1) gauge field for a two-dimensional U(1) quantum spin liquid4,5. The proliferation of the instanton

events is the cause of the confinement for a U(1) quantum spin liquid without gapless spinons6. Since

the instanton event is suppressed here, the compactness of the U(1) gauge field is no longer an issue,

and the low-energy property of our U(1) quantum spin liquid is then described by gapless spinons on

the Fermi surface coupled with a noncompact U(1) gauge field5,7,8. Due to the coupling to the gapless

spinons, the U(1) gauge photon is over-damped and becomes very soft. The soft gauge photon further

scatters the fermionic spinons strongly, gives a self-energy correction to the spinon Green’s function, and

kills the spinon quasi-particle weight5,7–9. The resulting spinon non-Fermi liquid state has an enhanced
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