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R2Ir2O7: both exotic and topological?Ln2Ir2O7 Pyrochlores

• Series of materials shows systematic MITs

• Ir4+ has λ≈0.5eV
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T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
radius dependence of TMI.
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T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
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Exotic Possibilities

• Topological Mott Insulator?

D. Pesin+LB, 2010

D. Pesin, L. Balents, 2010 
S. Zhao, et al arXiv 2011

Exotic phase by slave-rotor MFT: TMI

However, commensurate magnetic order in Eu2Ir2O7!

EXOTIC PERSPECTIVE  
TOPOLOGICAL MOTT-INSULATOR (TMI)

MIT driven by correlation?



Weyl semimetal?

• LDA+U calculations find Weyl state!

• They also pointed out very unusual surface 
states

WAN, TURNER, VISHWANATH, AND SAVRASOV PHYSICAL REVIEW B 83, 205101 (2011)

it was shown that the insulating ground states evolve from a
high-temperature metallic phase via a magnetic transition.9,10

The magnetism was shown to arise from the Ir sites, since it
also occurs in A = Y, Lu, where the A sites are nonmagnetic.
While its precise nature remains unknown, ferromagnetic
ordering is considered unlikely, since magnetic hysteresis is
not observed.

We show that electronic structure calculations can naturally
account for this evolution and point to a novel ground state.
First, we find that magnetic moments order on the Ir sites
in a noncollinear pattern with moment on a tetrahedron
pointing all in or all out from the center. This structure retains
inversion symmetry, a fact that greatly aids the electronic
structure analysis. While the magnetic pattern remains fixed,
the electronic properties evolve with correlation strength. For
weak correlations, or in the absence of magnetic order, a
metal is obtained, in contrast to the interesting topological
insulator scenario of Ref. 8. With strong correlations we find
a Mott insulator with all-in/all-out magnetic order. However,
for the case of intermediate correlations, relevant to Y2Ir2O7,
the electronic ground state is found to be a Weyl semimetal,
with linearly dispersing Dirac nodes at the chemical potential
and other properties described above.

We also mention the possibility of an exotic insulating
phase emerging when the Weyl points annihilate in pairs
as the correlations are reduced; we call it the θ = π axion
insulator. Although our LSDA + U + SO calculations find
that a metallic phase intervenes before this possibility is
realized, we note that local-density approximation (LDA)
systematically underestimates gaps, so this scenario could well
occur in reality. Finally, we mention that modest magnetic
fields could induce a reorientation of the magnetic moments,
leading to a metallic phase. Previous studies include Ref. 18, an
ab initio study which considered ferromagnetism. In Ref. 19,
the tight-binding model of Ref. 8 was extended to include
tetragonal crystal fields, but in the absence of magnetism. The
topological Dirac metal and axion insulator discussed here do
not appear in those works, largely due to the difference of
magnetic order from our study.

We begin by giving a brief overview of the theoretical
ideas that will be invoked in this work, before turning to our
LSDA + U calculations of magnetic and electronic structure
of the pyrochlore iridates. We then discuss the special surface
states that arise in the Weyl semimetal phase and close with
a comparison to existing experiments and conclusions. Our
results are summarized in the phase diagram Fig. 1.

I. WEYL SEMIMETALS AND INVERSION-SYMMETRIC
INSULATORS

Weyl points are points where the valence band and
conduction band touch. The excitations near each Weyl point
k0 are described by an effective Hamiltonian:

HD = E01 + v0 · q1 +
3!

i=1

vi · qσi . (1)

Energy is measured from the chemical potential, q = k − k0
and (1, σi) are the identity matrix and three Pauli matrices,
respectively. This Hamiltonian is obtained by expanding the

FIG. 1. (Color online) Sketch of the predicted phase diagram
for pyrochlore iridiates. The horizontal axis corresponds to the
increasing interaction among Ir 5d electrons while the vertical axis
corresponds to external magnetic field, which can trigger a transition
out of the noncollinear “all-in/all-out” ground state, which has several
electronic phases.

full Hamiltonian to linear order. No assumptions are needed
beyond the requirement that the two eigenvalues become
degenerate at k0. The velocity vectors vi are generically
nonvanishing and linearly independent. The energy dispersion

is conelike, $E = v0 · q ±
"#3

i=1(vi · q)2. One can assign a
chirality (or chiral charge) c = ±1 to the fermions defined as
c = sgn(v1 · v2 × v3). Note that, since the 2 × 2 Pauli matrices
appear, our Weyl particles are two-component fermions. In
contrast to regular four component Dirac fermions, it is not
possible to introduce a mass gap. The only way for these modes
to disappear is if they meet with another two-component Weyl
fermion in the Brillouin zone, but with opposite chiral charge.
Thus, they are topological objects. By inversion symmetry, the
band touchings come in pairs, at k0 and −k0, and these have
opposite chiralities (since the velocity vectors are reversed).

This semimetallic behavior would not occur (generically)
in a system without magnetic order. In materials such as
bismuth, with both time reversal and inversion symmetry,
Dirac fermions always contain both left- and right-handed
components and are thus typically gapped.20

When the compound has stoichiometric composition, and
all the Weyl points are related by symmetry, the Fermi energy
can generically line up with the energy of the touching points.
Under these circumstances, the density of states is equal to
zero and the behavior of the Weyl fermions controls the
low-temperature physics of the solid. For example, the ac
conductivity should have a particular frequency dependence,
and novel types of surface states should occur, as discussed
below. Because of the symmetry relating the Weyl points,
their energies E0 must coincide. Then, the Fermi energy is
fixed at the touching points because of the Kohn-Luttinger
theorem: At stoichiometry, there are an integer number of
electrons per unit cell. Hence, the Kohn-Luttinger theorem
implies that the volume of particlelike minus holelike Fermi
surfaces must be a multiple of the volume of the Brillouin

205101-2
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FIG. 4. (Color online) Semimetallic nature of the state at U =
1.5 eV according to the LSDA + U + SO method. (a) Calculated
energy bands in the plane Kz = 0 with band parities shown; (b) energy
bands in the plane kz = 0.6π/a, where a Weyl point is predicted to
exist. The lighter-shaded plane is at the Fermi level. (c) Locations
of the Weyl points in the three-dimensional Brillouin zone (Ref. 29)
(nine are shown, indicated by the circled + or − signs).

the parity eigenvalues. Note that all the magnetic structures
considered above preserve inversion (or parity) symmetry. In
the Brillouin zone [see Fig. 4(c)] of the fcc lattice the TRIMs
correspond to the " = (0, 0, 0), and X, Y,Z [=2π/a(1, 0, 0)
and permutations] points and four L points [π/a(1, 1, 1) and
equivalent points]. The TRIM parities of the top four occupied
bands, in order of increasing energy, are shown in Table II.
Note that, although by symmetry all L points are equivalent,
the choice of inversion center at an iridium site singles out one
of them, L′. With that choice the parities at L′ and the other
three L points are the opposite of one another. The parities
of the all-in/all-out state remains unchanged above U > Uc ∼
1.8 eV and is shown in the top row under U = 2 eV. This
pattern of parities helps to understand the nature of the phase:
The parities are the same as for a site-localized picture of this
phase, where each site has an electron with a fixed moment
along the ordering direction. Due to the possibility of such a
local description of this magnetic insulator, we term it the Mott
phase.

Intermediate correlations. For the same all-in/all-out mag-
netic configuration, at smaller U = 1.5 eV, the band structure

TABLE II. Calculated parities of states at TRIMs for several
electronic phases of the iridates. Only the top four filled levels are
shown, in order of increasing energy.

Phase " X, Y,Z L′ L (×3)
U = 2.0, all-in (Mott) ++++ + − − + + − − − −+++
U = 1.5, all-in (Dirac) ++++ + − − + + − − + −++ −

along high-symmetry lines [see Fig. 3(b)] also appears to be
insulating, and at first sight one may conclude that this is
an extension of the Mott insulator. However, a closer look
using the parities reveals that a phase transition has occurred.
At the L points, an occupied level and an unoccupied level
with opposite parities have switched places. It can readily
be argued that only one of the two phases adjacent to the
U where this crossing happens can be insulating (see the
Appendix). Since the large U phase is found to be smoothly
connected to a gapped Mott phase, it is reasonable to assume
the smaller U phase is the noninsulating one. This is also
borne out by the LSDA + U + SO band structure. A detailed
analysis perturbing about this transition point (also in the k · p
subsection) allows us to show that this phase is expected to be
a Weyl semimetal with 24 Weyl nodes in all.

Indeed, in the LSDA + U + SO band structure at U =
1.5 eV, we find a three-dimensional Dirac crossing located
within the "-X-L plane of the Brillouin zone. This is illustrated
in Fig. 4 and corresponds to the k vector (0.52,0.52,0.3)2π/a.
There also are five additional Weyl points in the proximity of
the point L related by symmetry (three are just inside each of
the two opposite hexagonal faces of the Brillouin zone, which
are identified with one another) When U increases, these points
move toward each other and annihilate all together at the L
point close to U = 1.8 eV. This is how the Mott phase is born
from the Weyl phase. Since we expect that for Ir 5d states the
actual value of the Coulomb repulsion should be somewhere
within the range 1 eV < U < 2 eV, we thus conclude that the
ground state of the Y2Ir2O7 is most likely the semimetallic
state with the Fermi surface characterized by a set of Weyl
points but in proximity to a Mott insulating state. Both phases
can be switched to a normal metal if Ir moments are collinearly
ordered by a magnetic field.

Possible axion insulator phase. At lower values of U a
second gapped phase with special properties may appear. This
phase can be characterized in terms of its magnetoelectric re-
sponse. Recall that in the presence of time-reversal symmetry,
topological insulators are nonmagnetic band insulators with
protected surface states.6 When the surface states are elimi-
nated by adding, for example, magnetic moments only on the
surface, a quantized magnetoelectric response is obtained:13

A magnetic field induces a polarization, P = θ e2

2πh
B, with the

coefficient θ only defined modulo 2π . The values of θ are
limited by time reversal, which transforms θ → −θ . Apart
from the trivial solution θ = 0, the ambiguity in the definition
of θ allows also for θ = π , and this occurs in topological
insulators θ = π . In magnetic insulators, θ is in general no
longer quantized.30 However, when inversion symmetry is
retained, θ is quantized again. An insulator with the value
θ = π may be termed an axion insulator.

What is the appropriate description of the pyrochlore
iridates? As described elsewhere,21 the condition for θ = π
insulators with only inversion symmetry, when deduced from
the parities, turns out to be the same as the Fu-Kane formula,
for time-reversal symmetric insulators;31,32 that is, if the total
number of filled states of negative parity at all TRIMs taken
together is twice an odd integer, then θ = π . Otherwise, θ = 0.

For the Mott insulator, at large U , the charge physics must
be trivial and so we must have θ = 0. Next, since the Weyl

205101-5
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state for this subsystem [see Fig. 5(b)]. Hence, this surface state
crosses zero energy somewhere on the surface Brillouin zone
kλ0 . Such a state can be obtained for every curve enclosing
the Weyl point. Thus, at zero energy, there is a Fermi line in
the surface Brillouin zone, that terminates at the Weyl point
momenta [see Fig. 5(c)]. An arc beginning on a Weyl point
of chirality c has to terminate on a Weyl point of the opposite
chirality. Clearly, the net chirality of the Weyl points within
the (λ, kz) torus was a key input in determining the number of
these states. If Weyl points of opposite chirality line up along
the kz direction, then there is a cancellation and no surface
states are expected.

In the calculations for Y2Ir2O7, at U = 1.5 eV, a Dirac
(or Weyl) node is found to occur at the momentum
(0.52,0.52,0.30)2π/a (in the coordinate system aligned with
the cubic lattice of the crystal) and equivalent points (see
Fig. 4). They can be thought of as occurring on the edges of a
cube, with a pair of Dirac nodes of opposite chirality occupying
each edge, as, for example, the points (0.52,0.52,0.30)2π/a
and (0.52,0.52,−0.30)2π/a. For the case of U = 1.5 eV, the
sides of this cube have the length 0.52(4π/a). Thus, the (111)
and (110) surfaces would have surface states connecting the
projected Weyl points [see Fig. 6 for the (110) surface states
and the theoretical expectation for the (111) surface]. If, on
the other hand, we consider the surface orthogonal to the (001)
direction, Weyl points of opposite chirality are projected to the
same surface momentum along the edges of the cube. Thus,
no protected states are expected for this surface.

To verify these theoretical considerations, we have con-
structed a tight-binding model which has features seen in our
electronic structure calculations for Y2Ir2O7. The calculated
(110) surface band structure for the slab of 128 atoms together
with the sketch of the obtained Fermi arcs is shown in Fig. 6.
This figure shows Fermi arcs from both the front and the back
face of the slab, so there are twice as many arcs coming out of
each Weyl point as predicted for a single surface.

The tight-binding model considers only t2g orbitals of Ir
atoms in the global coordinate system. Since Ir atoms form
a tetrahedral network (see Fig. 2), each pair of nearest-
neighboring atoms forms a corresponding σ -like bond whose
hopping integral is denoted as t and another two π -like
bonds whose hopping integrals are denoted as t ′. To sim-
ulate the appearance of the Weyl point it is essential to
include next-nearest-neighbor interactions between t2g orbitals
which are denoted as t ′′. With the parameters t = 0.2, t ′ =
0.5t , t ′′ = −0.2t , the value of the on-site spin-orbit coupling
equal to 2.5t and the applied on-site “Zeeman” splitting of 0.1t
between states parallel and antiparallel to the local quantization
axis of the all-in/all-out configuration we can roughly model
the bulk Weyl semimetal state; when this model is solved on a
lattice with a boundary, the surface states shown in the figure
appear.

V. DISCUSSION

We now discuss how the present theoretical description
compares with experimental facts. We propose that the low-
temperature state of Y2Ir2O7 (and also possibly of A =
Eu, Sm, and Nd iridates) is a Weyl semimetal, with all-
in/all-out magnetic order. This is broadly consistent with the

FIG. 6. (Color online) Surface states. The calculated surface
energy bands correspond to the (110) surface of the pyrochlore
iridate Y2Ir2O7. A tight-binding approximation has been used to
simulate the bulk band structure with three-dimensional Weyl points
as found by our LSDA + U + SO calculation. The plot corresponds
to diagonalizing 128 atoms slab with two surfaces. The upper inset
shows a sketch of the deduced Fermi arcs connecting projected
bulk Weyl points of opposite chirality. The inset below sketches the
theoretically expected surface states on the (111) surface at the Fermi
energy (surface band structure not shown for this case).

interconnection between insulating behavior and magnetism
observed experimentally.9,10 It is also consistent with being
proximate to a metallic phase on lowering the correlation
strength, such as A = Pr (Ref. 17). In the clean limit, a three-
dimensional Weyl semimetal is an electrical insulator and can
potentially account for the observed electrical resistivity. The
noncollinear magnetic order proposed has Ising symmetry
and could undergo a continuous ordering transition. The
observed “spin-glass”-like magnetic signature could perhaps
arise from defects like magnetic domain walls. A direct probe
of magnetism is currently lacking and would shed light on this
key question. At lower values of U , the system may realize
an “axion insulator” phase with a magnetoelectric response
θ = π , although within our calculations (which are known to
underestimate stability of such gapped phases) a Fermi surface
appears before this happens.

In summary, a theoretical phase diagram for the physical
system is shown in Fig. 1 as a function of U and applied
magnetic field, which leads to a metallic state beyond a critical
field. The precise nature of these phase transformations is not
addressed in the present study.

Note: An experimental paper35 appeared recently in which
it is found that the spins in a related compound (Eu2Ir2O7) form
a regularly ordered state rather than a spin-glass, consistent
with our results. It would be interesting to learn whether this
compound is a Weyl metal or not.
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FIG. 1. a) Pyrochlore lattice of Ir atoms (large). The oxygens
(small) bridging the Ir’s in one unit cell are shown together
with the local axes they define. b) Phase diagram of the
hopping Hamiltonian H0. We set toxy = 1. The dashed line
is t⇡ = �2t�/3.

hopping between the Ir atoms, which is expected to be
significant due to the large spatial extent of Iridium’s
5d orbitals. The direct hopping amplitudes are treated
within the Slater-Koster formalism. We consider only the
⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
usually smaller ⇥-overlap. This leaves us with two direct
hopping parameters: t⌅ and t⇤. The resulting kinetic
Hamiltonian reads

H0 =
X

hRi,R0i0i,��0

(T ii0

o,��0 + T ii0

d,��0)d†Ri�dR0i0�0 , (1)

where R denotes the sites of the underlying Bravais FCC
lattice of the pryrochlore lattice of Ir’s, while i = 1, . . . , 4
labels the sites within the unit cell. The operator dRi"(#)
annihilates an electron in the pseudospin ⌅ (⇧) state at
site Ri. The two sets of matrices To and Td correspond to
the oxygen mediated[4] and direct hopping, respectively.

We include interactions via an on-site Hubbard
repulsion between Iridium’s d-electrons: HU =
U
P

Ri nRi"nRi#, where nRi� is the density of electrons
occupying the |je� = 1/2,�⌥ state at site Ri, with
� =⌅, ⇧. As we are interested in the magnetic phases ex-
pected at finite U , we perform a Hartree-Fock mean-field
decoupling HU ⇤ �U

P
Ri(2⌃jRi⌥ · jRi � ⌃jRi⌥2), where

jRi =
P

�⇥=",# d
†
Ri���⇥dRi⇥/2 is the pseudospin oper-

ator, whose expectation value will be determined self-
consistently. We consider magnetic configurations pre-
serving the unit cell so that ⌃jRi⌥ = ⌃ji⌥, i = 1, . . . , 4,
are the 4 order parameters under consideration. These
are directly proportional to the local magnetic moment
carried by the d-electrons. This follows from the fact
that the projections of the spin and orbital angular mo-
mentum operators onto the je� = 1/2 manifold are pro-
portional to the pseudospin operator: P̃ †SP̃ = �j/3
and P̃ †LP̃ = �4j/3 with P̃ = Pt2gP1/2, where Pt2g

projects onto the t2g subspace and P1/2 projects onto
the je� = 1/2 subspace. This allows us to treat ⌃ji⌥ as

FIG. 2. Mean-field phase diagram (toxy = 1) as a function of
U , the Hubbard coupling, and the direct hopping parameters.

the spontaneous local magnetic moment of the electrons.
We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
generated by including very weak NNN hopping, as we
have explicitly verified. Although we don’t consider trig-
onal distortions here, the direct hoppings alone can lead
to qualitatively similar e⇥ects, e.g. the metallic phase
resulting from the change in degeneracies at the � point.

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
gram, we performed an unconstrained analysis sampling
over the space of all possible magnetic configurations pre-
serving the unit cell.

Phase diagram: The resulting ground-state phase di-

4

FIG. 4. (Colors online) Spectrum for a slab that is finite
along the (110) direction, with t� = 0.25 and U = 2.8 which
corresponds to a TSM. The inset shows the 2D BZ includ-
ing the Fermi arcs connecting the projections of the Weyl
points, where half of the Fermi arcs are located on the top
surface, while the rest on the bottom one. The blue/red
(dark/light) points correspond to Weyl bulk points with chiral
charge +1/� 1.

2D k-point. As explained in Ref.10, this leads to the
absence of gapless surface states emanating from the 2D
k-point in question. For a surface perpendicular to the
(110) direction, however, the projection is injective and
Fermi arcs exist, as we illustrate in Fig. 4.

Discussion: We have constructed a minimal (but su⌅-
ciently realistic) model to describe novel quantum ground
states that may arise in the pyrochlore iridates. While
not appreciated in previous works, it is shown that the in-
clusion of both indirect and direct hopping process of 5d
electrons of Ir is important in describing di�erent mag-
netically ordered states in the presence of interactions
and their parent non-interacting ground states. A por-
tion of our phase diagram is broadly consistent with a
recent ab initio calculation[10], where upon increasing U ,
one encounters a metal, a topological semi-metal in the
all-in/out magnetic configuration and finally a magnetic
insulator. Since di�erent choices ofA-site ions in A2Ir2O7

lead to changes in both hopping amplitudes, our results
suggest that di�erent magnetic and topological ground
states such as a topological insulator, the all-in/out and
related AF states and various kinds of topological semi-
metals, may arise in a variety of pyrochlore iridates. High
pressure experiments on these compounds may reveal the
intimate connection between the magnetic order in the
stronger correlation regime and TI/metal in the weak
correlation limit, as theoretically explored in this work.
For instance, recent transport measurements under high
pressure[16] on Eu2Ir2O7 indicate a continuous transition
from an insulating ground state to a metallic one, mim-
icking chemical pressure[15]. This could be connected to
our continuous TSM-metal transition. It would be inter-
esting to understand to what degree the observed transi-
tion is correlation driven versus structural. Also, as the
existence of the TSM depends crucially on the magnetic
order, it would be desirable to examine the e�ect of the
magnetic fluctuations near the (semi-)metal-TSM tran-

sition on thermodynamic and transport properties.
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MIT driven by correlation? 
WSM may be narrow.

LSDA+SOC+U Tight-binding+HF MFT

Weyl semimetal?

• LDA+U calculations find Weyl state!

• They also pointed out very unusual surface 
states

WAN, TURNER, VISHWANATH, AND SAVRASOV PHYSICAL REVIEW B 83, 205101 (2011)

it was shown that the insulating ground states evolve from a
high-temperature metallic phase via a magnetic transition.9,10

The magnetism was shown to arise from the Ir sites, since it
also occurs in A = Y, Lu, where the A sites are nonmagnetic.
While its precise nature remains unknown, ferromagnetic
ordering is considered unlikely, since magnetic hysteresis is
not observed.

We show that electronic structure calculations can naturally
account for this evolution and point to a novel ground state.
First, we find that magnetic moments order on the Ir sites
in a noncollinear pattern with moment on a tetrahedron
pointing all in or all out from the center. This structure retains
inversion symmetry, a fact that greatly aids the electronic
structure analysis. While the magnetic pattern remains fixed,
the electronic properties evolve with correlation strength. For
weak correlations, or in the absence of magnetic order, a
metal is obtained, in contrast to the interesting topological
insulator scenario of Ref. 8. With strong correlations we find
a Mott insulator with all-in/all-out magnetic order. However,
for the case of intermediate correlations, relevant to Y2Ir2O7,
the electronic ground state is found to be a Weyl semimetal,
with linearly dispersing Dirac nodes at the chemical potential
and other properties described above.

We also mention the possibility of an exotic insulating
phase emerging when the Weyl points annihilate in pairs
as the correlations are reduced; we call it the θ = π axion
insulator. Although our LSDA + U + SO calculations find
that a metallic phase intervenes before this possibility is
realized, we note that local-density approximation (LDA)
systematically underestimates gaps, so this scenario could well
occur in reality. Finally, we mention that modest magnetic
fields could induce a reorientation of the magnetic moments,
leading to a metallic phase. Previous studies include Ref. 18, an
ab initio study which considered ferromagnetism. In Ref. 19,
the tight-binding model of Ref. 8 was extended to include
tetragonal crystal fields, but in the absence of magnetism. The
topological Dirac metal and axion insulator discussed here do
not appear in those works, largely due to the difference of
magnetic order from our study.

We begin by giving a brief overview of the theoretical
ideas that will be invoked in this work, before turning to our
LSDA + U calculations of magnetic and electronic structure
of the pyrochlore iridates. We then discuss the special surface
states that arise in the Weyl semimetal phase and close with
a comparison to existing experiments and conclusions. Our
results are summarized in the phase diagram Fig. 1.

I. WEYL SEMIMETALS AND INVERSION-SYMMETRIC
INSULATORS

Weyl points are points where the valence band and
conduction band touch. The excitations near each Weyl point
k0 are described by an effective Hamiltonian:

HD = E01 + v0 · q1 +
3!

i=1

vi · qσi . (1)

Energy is measured from the chemical potential, q = k − k0
and (1, σi) are the identity matrix and three Pauli matrices,
respectively. This Hamiltonian is obtained by expanding the

FIG. 1. (Color online) Sketch of the predicted phase diagram
for pyrochlore iridiates. The horizontal axis corresponds to the
increasing interaction among Ir 5d electrons while the vertical axis
corresponds to external magnetic field, which can trigger a transition
out of the noncollinear “all-in/all-out” ground state, which has several
electronic phases.

full Hamiltonian to linear order. No assumptions are needed
beyond the requirement that the two eigenvalues become
degenerate at k0. The velocity vectors vi are generically
nonvanishing and linearly independent. The energy dispersion

is conelike, $E = v0 · q ±
"#3

i=1(vi · q)2. One can assign a
chirality (or chiral charge) c = ±1 to the fermions defined as
c = sgn(v1 · v2 × v3). Note that, since the 2 × 2 Pauli matrices
appear, our Weyl particles are two-component fermions. In
contrast to regular four component Dirac fermions, it is not
possible to introduce a mass gap. The only way for these modes
to disappear is if they meet with another two-component Weyl
fermion in the Brillouin zone, but with opposite chiral charge.
Thus, they are topological objects. By inversion symmetry, the
band touchings come in pairs, at k0 and −k0, and these have
opposite chiralities (since the velocity vectors are reversed).

This semimetallic behavior would not occur (generically)
in a system without magnetic order. In materials such as
bismuth, with both time reversal and inversion symmetry,
Dirac fermions always contain both left- and right-handed
components and are thus typically gapped.20

When the compound has stoichiometric composition, and
all the Weyl points are related by symmetry, the Fermi energy
can generically line up with the energy of the touching points.
Under these circumstances, the density of states is equal to
zero and the behavior of the Weyl fermions controls the
low-temperature physics of the solid. For example, the ac
conductivity should have a particular frequency dependence,
and novel types of surface states should occur, as discussed
below. Because of the symmetry relating the Weyl points,
their energies E0 must coincide. Then, the Fermi energy is
fixed at the touching points because of the Kohn-Luttinger
theorem: At stoichiometry, there are an integer number of
electrons per unit cell. Hence, the Kohn-Luttinger theorem
implies that the volume of particlelike minus holelike Fermi
surfaces must be a multiple of the volume of the Brillouin
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FIG. 4. (Color online) Semimetallic nature of the state at U =
1.5 eV according to the LSDA + U + SO method. (a) Calculated
energy bands in the plane Kz = 0 with band parities shown; (b) energy
bands in the plane kz = 0.6π/a, where a Weyl point is predicted to
exist. The lighter-shaded plane is at the Fermi level. (c) Locations
of the Weyl points in the three-dimensional Brillouin zone (Ref. 29)
(nine are shown, indicated by the circled + or − signs).

the parity eigenvalues. Note that all the magnetic structures
considered above preserve inversion (or parity) symmetry. In
the Brillouin zone [see Fig. 4(c)] of the fcc lattice the TRIMs
correspond to the " = (0, 0, 0), and X, Y,Z [=2π/a(1, 0, 0)
and permutations] points and four L points [π/a(1, 1, 1) and
equivalent points]. The TRIM parities of the top four occupied
bands, in order of increasing energy, are shown in Table II.
Note that, although by symmetry all L points are equivalent,
the choice of inversion center at an iridium site singles out one
of them, L′. With that choice the parities at L′ and the other
three L points are the opposite of one another. The parities
of the all-in/all-out state remains unchanged above U > Uc ∼
1.8 eV and is shown in the top row under U = 2 eV. This
pattern of parities helps to understand the nature of the phase:
The parities are the same as for a site-localized picture of this
phase, where each site has an electron with a fixed moment
along the ordering direction. Due to the possibility of such a
local description of this magnetic insulator, we term it the Mott
phase.

Intermediate correlations. For the same all-in/all-out mag-
netic configuration, at smaller U = 1.5 eV, the band structure

TABLE II. Calculated parities of states at TRIMs for several
electronic phases of the iridates. Only the top four filled levels are
shown, in order of increasing energy.

Phase " X, Y,Z L′ L (×3)
U = 2.0, all-in (Mott) ++++ + − − + + − − − −+++
U = 1.5, all-in (Dirac) ++++ + − − + + − − + −++ −

along high-symmetry lines [see Fig. 3(b)] also appears to be
insulating, and at first sight one may conclude that this is
an extension of the Mott insulator. However, a closer look
using the parities reveals that a phase transition has occurred.
At the L points, an occupied level and an unoccupied level
with opposite parities have switched places. It can readily
be argued that only one of the two phases adjacent to the
U where this crossing happens can be insulating (see the
Appendix). Since the large U phase is found to be smoothly
connected to a gapped Mott phase, it is reasonable to assume
the smaller U phase is the noninsulating one. This is also
borne out by the LSDA + U + SO band structure. A detailed
analysis perturbing about this transition point (also in the k · p
subsection) allows us to show that this phase is expected to be
a Weyl semimetal with 24 Weyl nodes in all.

Indeed, in the LSDA + U + SO band structure at U =
1.5 eV, we find a three-dimensional Dirac crossing located
within the "-X-L plane of the Brillouin zone. This is illustrated
in Fig. 4 and corresponds to the k vector (0.52,0.52,0.3)2π/a.
There also are five additional Weyl points in the proximity of
the point L related by symmetry (three are just inside each of
the two opposite hexagonal faces of the Brillouin zone, which
are identified with one another) When U increases, these points
move toward each other and annihilate all together at the L
point close to U = 1.8 eV. This is how the Mott phase is born
from the Weyl phase. Since we expect that for Ir 5d states the
actual value of the Coulomb repulsion should be somewhere
within the range 1 eV < U < 2 eV, we thus conclude that the
ground state of the Y2Ir2O7 is most likely the semimetallic
state with the Fermi surface characterized by a set of Weyl
points but in proximity to a Mott insulating state. Both phases
can be switched to a normal metal if Ir moments are collinearly
ordered by a magnetic field.

Possible axion insulator phase. At lower values of U a
second gapped phase with special properties may appear. This
phase can be characterized in terms of its magnetoelectric re-
sponse. Recall that in the presence of time-reversal symmetry,
topological insulators are nonmagnetic band insulators with
protected surface states.6 When the surface states are elimi-
nated by adding, for example, magnetic moments only on the
surface, a quantized magnetoelectric response is obtained:13

A magnetic field induces a polarization, P = θ e2

2πh
B, with the

coefficient θ only defined modulo 2π . The values of θ are
limited by time reversal, which transforms θ → −θ . Apart
from the trivial solution θ = 0, the ambiguity in the definition
of θ allows also for θ = π , and this occurs in topological
insulators θ = π . In magnetic insulators, θ is in general no
longer quantized.30 However, when inversion symmetry is
retained, θ is quantized again. An insulator with the value
θ = π may be termed an axion insulator.

What is the appropriate description of the pyrochlore
iridates? As described elsewhere,21 the condition for θ = π
insulators with only inversion symmetry, when deduced from
the parities, turns out to be the same as the Fu-Kane formula,
for time-reversal symmetric insulators;31,32 that is, if the total
number of filled states of negative parity at all TRIMs taken
together is twice an odd integer, then θ = π . Otherwise, θ = 0.

For the Mott insulator, at large U , the charge physics must
be trivial and so we must have θ = 0. Next, since the Weyl
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FIG. 3: Sketch of the predicted phase diagram for spinel os-
mates.

point moves and annihilates by meeting with other Dirac
points, thus opening the energy gap and forming either
the � = ⇥ Axion insulator or normal insulator, respec-
tively. To summarize, our electronic phase diagram (see
Fig. 3) for U <0.4 eV, predicts CaOs2O4 to be a metal;
for 0.4< U <0.9 eV, an axion insulator; for 0.9< U <1.4
eV, a topological semi-metal metal; for U >1.4 eV, a
Mott insulator. Note, unlike in the cubic pyrochlore iri-
dates [23], where the topological semi-metal has Dirac
points exactly at the Fermi energy, here, because of lower
symmetry of the magnetic order, the Dirac points are
slightly above or below the Fermi energy. To see the
sensitivity of these results to the lattice parameters we
perform calculations with increasing and decreasing the
volume by 6%, as well as adjusting the internal coordi-
nates and performing small changes in Os-O-Os bond an-
gle. We confirm that while there are some little changes
in calculated energy bands, our predictions on Axion in-
sulator behavior are robust.

Replacing Ca by Sr, both the Os-O-Os bond angle and
the bond length will change as shown in Table I. However,
same as CaOs2O4, SrOs2O4 shows the same rich phase
diagram as a function of U.

We finally study BaOs2O4 which has both the largest
bond angle and bond length as shown in Table I. These
di⇥erences significantly a⇥ect its band structure: the
LDA+SO calculation with U=0 gives that at the � point
the eight Jeff = 1/2 states have degeneracies 4-2-2 and
not 2-4-2 as found in Ca and Sr cases. Note that this se-
quence of levels is the same as recently suggested by Pesin
and Balents to realize topological insulating scenario in
pyrochlore iridates [21]. Unfortunately, the bands cross-
ing the Fermi level exist and cannot be removed by slight
adjusting the lattice constant. Same with CaOs2O4 and
SrOs2O4, considering the Coulomb interaction U will in-
duce magnetism, but we do not find axion-insulator or
Dirac-metal state for BaOs2O4 for any reasonable U.

To summarize, using density functional based elec-
tronic structure calculations, we have found that depend-
ing on the strength of the Coulomb correlation among
the 5d orbitals several exotic electronic phases may be
realized in Os based spinel compounds. In particular a

magnetic topological insulating phase (axion insulator)
may be realized in CaOs2O4 and SrOs2O4 with large
orbital magneto–electric parameter � = ⇥. This re-
search suggests that new functionalities such as control-
ling electrical[16] and optical [31] properties via magnetic
textures, can be found in the new 5d spinel materials that
we propose.
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FIG. 1: Fragment of spinel crystal structure AOs2O4 (only
Os and O atoms are shown) with the Os-O-Os angle being
optimized.

the full–potential, all–electron, linear–mu⌅n–tin–orbital
(LMTO) method[27]. Despite the 5d orbitals are spa-
tially extended, recent theoretical and experimental work
has given the evidence on the importance of Coulomb in-
teractions in 5d compounds[19]. We utilize LSDA+U
scheme[28] to take into account the e⇥ect of Coulomb re-
pulsion, and vary parameter U between 0 and 1.5 eV. We
use a 24�24�24 k–mesh to perform Brillouin zone inte-
gration, and switch o⇥ symmetry operations in order to
minimize possible numerical errors in studies of various
(non–)collinear configurations. As the experimental lat-
tice parameters are not available, we search for the stable
crystal structures by locating the minimum in the calcu-
lated total energy as a function of the lattice constant
and internal atomic coordinates.

Spinel structure (see Fig. 1) forms space group Fd3̄m.
In order to allow its relaxation, we change the lattice
constant from 13 a.u. to 18 a.u. and vary the Os-O-Os
bond angle from 900 to 1200 with a step of 10. We con-
firm that the choice of Coulomb U has only small e⇥ect
on the determination of lattice parameters, and list the
lowest energy structures obtained by LDA+SO (U=0)
calculations in Table I. For comparison, we also list the
same parameters for the pyrochlore iridate Y2Ir2O7. We
see that the A-site element has a considerable e⇥ect on
the Os–O bond angle and its length. As we discuss be-
low, this allows us to control the electronic structure in
Osmates and design exotic topological phases.

The 3s band of Mg is lower in energy, and appears
around the Fermi level, which makes MgOs2O4 always
metallic. We therefore do not discuss this compound here
and concentrate our study on CaOs2O4. Its band struc-
ture from non–magnetic LDA+SO calculation is found
to be metallic and shown in Fig.2a. The energy bands
around the Fermi level appear as Jeff=1/2 states similar
to the ones found in Sr2IrO4[19], and also in Y2Ir2O7[23],
where a metal rather than the interesting topological in-
sulator scenario of [21] was obtained due to a 2–4–2 se-

TABLE I: Theoretically determined structure parameters of
spinel osmates. Angle denotes the Os-O-Os bond angle; Os-
O and Os-Os denote the nearest neighbor Os-O bond length,
and Os-Os bond length, respectively.

Angle Os-Os Os-O

CaOs2O4 98.50 3.07 Å 2.04 Å

SrOs2O4 94.60 3.12 Å 2.05Å

BaOs2O4 103.10 3.28 Å 2.11Å

Y2Ir2O4 129.70 3.60 Å 1.99Å

quence of degeneracies at the � point. As importance of
electronic correlations for 5d orbitals has been recently
emphasized [19], we therefore perform LSDA+U+SO cal-
culations. Although, the accurate value of U is not
known, the Os-Os bond length of spinel osmates is
shorter than that of Y2Ir2O7, and one can expect that
the U in CaOs2O4 is smaller than in Y2Ir2O7. We there-
fore believe that the U is in the range between 0.5 and 1.5
eV. As in the pyrochlore structure, the Os spinel sublat-
tice is geometrically frustrated. Naively one may expect
that the magnetic configuration of CaOs2O4 is also non-
conlinear as recently found in Y2Ir2O7[23]. To search
for possible magnetic ground states, we perform calcu-
lations by starting with a number of di⇥erent conlinear
and noncolinear magnetic configurations including ferro–
and antiferromagnetic (FM/AFM) collinear (010), (110),
(111), as well as non–collinear all-in/all-out, 2-in/2-out,
3-in/1-out and some perpendicular configurations pro-
moted by Dzyaloshinsky–Moriya interactions[29]. We
find that when U is less than 1.3 eV, only the FM-(010)-
configuration retains its initial input magnetization di-
rection; in all other configurations the moments depart
from their input orientation. We also consider a two-up,
two-down state which is suggested by the strong coupling
limit where Os-O bonds are nearly 90o. As shown in [30],
this leads to a ’Kitaev type’ ferromagnetic interaction for
spin components perpendicular to the plane. Although
this structure is found to be stable for U < 0.8eV, it is
higher in energy than the ferromagnetic state as shown
in Table II. Regardless of the value of U, the FM con-
figuration with magnetization along (010) is found to be
the ground state, and the energy di⇥erence between this
and other configurations is quite large.

This is understood by examining lattice parameters in
Table I, where the main di⇥erence between pyrochlore
iridates and spinel osmates is the Os–O–Os bond an-
gle and the Os–Os bond length. Due to the extended
nature of 5d orbitals, the 5d–2p hybridization is strong
and important for the inter–atomic exchange interaction.
In Y2Ir2O7, the Ir–O–Ir bond angle is much larger than
900 and Ir–O–Ir antiferromagnetic (AFM) superexchange
interaction is dominant. This results in a strong mag-
netic frustration and non–conlinear ground state mag-
netic configuration[23]. In contrast to pyrochlores, the
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FIG. 1: Fragment of spinel crystal structure AOs2O4 (only
Os and O atoms are shown) with the Os-O-Os angle being
optimized.

the full–potential, all–electron, linear–mu⇤n–tin–orbital
(LMTO) method[27]. Despite the 5d orbitals are spa-
tially extended, recent theoretical and experimental work
has given the evidence on the importance of Coulomb in-
teractions in 5d compounds[19]. We utilize LSDA+U
scheme[28] to take into account the e⇥ect of Coulomb re-
pulsion, and vary parameter U between 0 and 1.5 eV. We
use a 24�24�24 k–mesh to perform Brillouin zone inte-
gration, and switch o⇥ symmetry operations in order to
minimize possible numerical errors in studies of various
(non–)collinear configurations. As the experimental lat-
tice parameters are not available, we search for the stable
crystal structures by locating the minimum in the calcu-
lated total energy as a function of the lattice constant
and internal atomic coordinates.

Spinel structure (see Fig. 1) forms space group Fd3̄m.
In order to allow its relaxation, we change the lattice
constant from 13 a.u. to 18 a.u. and vary the Os-O-Os
bond angle from 900 to 1200 with a step of 10. We con-
firm that the choice of Coulomb U has only small e⇥ect
on the determination of lattice parameters, and list the
lowest energy structures obtained by LDA+SO (U=0)
calculations in Table I. For comparison, we also list the
same parameters for the pyrochlore iridate Y2Ir2O7. We
see that the A-site element has a considerable e⇥ect on
the Os–O bond angle and its length. As we discuss be-
low, this allows us to control the electronic structure in
Osmates and design exotic topological phases.

The 3s band of Mg is lower in energy, and appears
around the Fermi level, which makes MgOs2O4 always
metallic. We therefore do not discuss this compound here
and concentrate our study on CaOs2O4. Its band struc-
ture from non–magnetic LDA+SO calculation is found
to be metallic and shown in Fig.2a. The energy bands
around the Fermi level appear as Jeff=1/2 states similar
to the ones found in Sr2IrO4[19], and also in Y2Ir2O7[23],
where a metal rather than the interesting topological in-
sulator scenario of [21] was obtained due to a 2–4–2 se-

TABLE I: Theoretically determined structure parameters of
spinel osmates. Angle denotes the Os-O-Os bond angle; Os-
O and Os-Os denote the nearest neighbor Os-O bond length,
and Os-Os bond length, respectively.

Angle Os-Os Os-O

CaOs2O4 98.50 3.07 Å 2.04 Å

SrOs2O4 94.60 3.12 Å 2.05Å

BaOs2O4 103.10 3.28 Å 2.11Å

Y2Ir2O4 129.70 3.60 Å 1.99Å

quence of degeneracies at the � point. As importance of
electronic correlations for 5d orbitals has been recently
emphasized [19], we therefore perform LSDA+U+SO cal-
culations. Although, the accurate value of U is not
known, the Os-Os bond length of spinel osmates is
shorter than that of Y2Ir2O7, and one can expect that
the U in CaOs2O4 is smaller than in Y2Ir2O7. We there-
fore believe that the U is in the range between 0.5 and 1.5
eV. As in the pyrochlore structure, the Os spinel sublat-
tice is geometrically frustrated. Naively one may expect
that the magnetic configuration of CaOs2O4 is also non-
conlinear as recently found in Y2Ir2O7[23]. To search
for possible magnetic ground states, we perform calcu-
lations by starting with a number of di⇥erent conlinear
and noncolinear magnetic configurations including ferro–
and antiferromagnetic (FM/AFM) collinear (010), (110),
(111), as well as non–collinear all-in/all-out, 2-in/2-out,
3-in/1-out and some perpendicular configurations pro-
moted by Dzyaloshinsky–Moriya interactions[29]. We
find that when U is less than 1.3 eV, only the FM-(010)-
configuration retains its initial input magnetization di-
rection; in all other configurations the moments depart
from their input orientation. We also consider a two-up,
two-down state which is suggested by the strong coupling
limit where Os-O bonds are nearly 90o. As shown in [30],
this leads to a ’Kitaev type’ ferromagnetic interaction for
spin components perpendicular to the plane. Although
this structure is found to be stable for U < 0.8eV, it is
higher in energy than the ferromagnetic state as shown
in Table II. Regardless of the value of U, the FM con-
figuration with magnetization along (010) is found to be
the ground state, and the energy di⇥erence between this
and other configurations is quite large.

This is understood by examining lattice parameters in
Table I, where the main di⇥erence between pyrochlore
iridates and spinel osmates is the Os–O–Os bond an-
gle and the Os–Os bond length. Due to the extended
nature of 5d orbitals, the 5d–2p hybridization is strong
and important for the inter–atomic exchange interaction.
In Y2Ir2O7, the Ir–O–Ir bond angle is much larger than
900 and Ir–O–Ir antiferromagnetic (AFM) superexchange
interaction is dominant. This results in a strong mag-
netic frustration and non–conlinear ground state mag-
netic configuration[23]. In contrast to pyrochlores, the
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Magnetoelectric couplings in solids have recently been
the subject of intense experimental and theoretical inves-
tigations [1–3]. A quantity of central importance is the
linear magnetoelectric polarizability #ij defined via

#ij ¼
@Mj

@Ei

!!!!!!!!B¼0
¼ @Pi

@Bj

!!!!!!!!E¼0
; (1)

where E and B are electric and magnetic fields, P and M
are the polarization and magnetization, and the equality
can be obtained from commuting derivatives of an appro-
priate free energy. In general the tensor # has nine inde-
pendent components, and can be decomposed as

#ij ¼ ~#ij þ
!e2

2"h
$ij; (2)

where the first term is traceless and the second term,
written here in terms of the dimensionless parameter !, is
the pseudoscalar part of the coupling. Here we focus on
magnetoelectric coupling resulting from the orbital
(frozen-lattice) magnetization and polarization, which we
label the orbital magnetoelectic polarizability (OMP).

In field theory, the pseudoscalar OMP coupling is said to
generate ‘‘axion electrodynamics’’ [4], and corresponds to
a Lagrangian of the form (c ¼ 1)

!LEM ¼ !e2

2"h
E $B ¼ !e2

16"h
%#&'$F#&F'$: (3)

An essential feature of the axion theory is that, when the
axion field !ðr; tÞ is constant, it plays no role in electro-
dynamics; this follows because ! couples to a total deriva-
tive, %#&'$F#&F'$ ¼ 2%#&'$@#ðA&F'$Þ, and so does not
modify the equations of motion. However, the presence of
the axion field can have profound consequences at surfaces
and interfaces, where gradients in !ðrÞ appear.

A second essential feature is that electrodynamics is
invariant under ! ! !þ 2" [4]. In order to reconcile

this peculiar fact with the phenomenology of the magneto-
electric effect, observe that the axion coupling can alter-
natively be described in terms of a surface Hall
conductivity (H whose value !e2=2"h is determined by
bulk properties, but only modulo the quantum e2=h. More
generally, at an interface between two samples, (H ¼
ð!1 % !2 þ 2"rÞe2=2"h, where the integer r depends on
the details of the interface. Recall that, in general, a 2D
gapped crystal has an integer invariant C in terms of which
its Hall conductivity is (H ¼ Ce2=h [5]. The ‘‘modulo
e2=h,’’ or integer r, discussed above corresponds to modi-
fying the surface or interface by adsorbing a surface layer
of nonzero C.
When time-reversal (T) invariance is present, the TKNN

invariants vanish, but other invariants arise that have been
the focus of much recent work. In 2D there is a Z2 invariant
[6] distinguishing ‘‘ordinary’’ from ‘‘Z2-odd’’ insulators,
with ‘‘quantum spin Hall’’ states [7,8] providing examples
of the latter. In 3D there is a similar invariant [9–11] that
can be computed either from the 2D invariant on certain
planes [9] or from an index involving the eight T-invariant
momenta [11]. If this is odd, the material is a ‘‘strong
topological insulator’’ (STI). In the context of the OMP,
note that T maps ! ! %!; the ambiguity of ! modulo 2"
then implies that T invariance is consistent with either ! ¼
0 or ! ¼ ", with the latter corresponding to the STI [12].
Note that if T invariance extends to the surfaces, these
become metallic by virtue of topologically protected edge
states, as observed experimentally for the Bi0:9Sb0:1 system
[13]. If the surface is gapped by a T-breaking perturbation,
then (H ¼ e2=2h modulo e2=h at the surface of a STI
[4,12,14].
In the noninteracting case, a Berry-phase expression for

! has been given in terms of the bulk band structure by Qi
et al. [12] by integrating out electrons in one higher dimen-
sion. Defining the Berry connection A)*

j ¼ ihu)j@jju*i,
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2"h
E $B ¼ !e2

16"h
%#&'$F#&F'$: (3)

An essential feature of the axion theory is that, when the
axion field !ðr; tÞ is constant, it plays no role in electro-
dynamics; this follows because ! couples to a total deriva-
tive, %#&'$F#&F'$ ¼ 2%#&'$@#ðA&F'$Þ, and so does not
modify the equations of motion. However, the presence of
the axion field can have profound consequences at surfaces
and interfaces, where gradients in !ðrÞ appear.

A second essential feature is that electrodynamics is
invariant under ! ! !þ 2" [4]. In order to reconcile

this peculiar fact with the phenomenology of the magneto-
electric effect, observe that the axion coupling can alter-
natively be described in terms of a surface Hall
conductivity (H whose value !e2=2"h is determined by
bulk properties, but only modulo the quantum e2=h. More
generally, at an interface between two samples, (H ¼
ð!1 % !2 þ 2"rÞe2=2"h, where the integer r depends on
the details of the interface. Recall that, in general, a 2D
gapped crystal has an integer invariant C in terms of which
its Hall conductivity is (H ¼ Ce2=h [5]. The ‘‘modulo
e2=h,’’ or integer r, discussed above corresponds to modi-
fying the surface or interface by adsorbing a surface layer
of nonzero C.
When time-reversal (T) invariance is present, the TKNN

invariants vanish, but other invariants arise that have been
the focus of much recent work. In 2D there is a Z2 invariant
[6] distinguishing ‘‘ordinary’’ from ‘‘Z2-odd’’ insulators,
with ‘‘quantum spin Hall’’ states [7,8] providing examples
of the latter. In 3D there is a similar invariant [9–11] that
can be computed either from the 2D invariant on certain
planes [9] or from an index involving the eight T-invariant
momenta [11]. If this is odd, the material is a ‘‘strong
topological insulator’’ (STI). In the context of the OMP,
note that T maps ! ! %!; the ambiguity of ! modulo 2"
then implies that T invariance is consistent with either ! ¼
0 or ! ¼ ", with the latter corresponding to the STI [12].
Note that if T invariance extends to the surfaces, these
become metallic by virtue of topologically protected edge
states, as observed experimentally for the Bi0:9Sb0:1 system
[13]. If the surface is gapped by a T-breaking perturbation,
then (H ¼ e2=2h modulo e2=h at the surface of a STI
[4,12,14].
In the noninteracting case, a Berry-phase expression for

! has been given in terms of the bulk band structure by Qi
et al. [12] by integrating out electrons in one higher dimen-
sion. Defining the Berry connection A)*

j ¼ ihu)j@jju*i,
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Inducing a Magnetic Monopole with
Topological Surface States
Xiao-Liang Qi,1 Rundong Li,1 Jiadong Zang,2 Shou-Cheng Zhang1*

Existence of the magnetic monopole is compatible with the fundamental laws of nature;
however, this elusive particle has yet to be detected experimentally. We show theoretically that an
electric charge near a topological surface state induces an image magnetic monopole charge due
to the topological magneto-electric effect. The magnetic field generated by the image magnetic
monopole may be experimentally measured, and the inverse square law of the field dependence
can be determined quantitatively. We propose that this effect can be used to experimentally realize
a gas of quantum particles carrying fractional statistics, consisting of the bound states of the
electric charge and the image magnetic monopole charge.

The electromagnetic response of a conven-
tional insulator is described by a dielectric
constant e and a magnetic permeability m.

An electric field induces an electric polarization,
whereas a magnetic field induces a magnetic
polarization. As both the electric field E(x) and
themagnetic inductionB(x) are well defined inside
an insulator, the linear response of a convention-
al insulator can be fully described by the effective

actionS0 ¼ 1
8p ∫d

3xdt eE2− 1
mB

2
! "

, where d3xdt is

the volume element of space and time. However,
in general, another possible term is allowed in the
effective action, which is quadratic in the elec-
tromagnetic field, contains the same number of
derivatives of the electromagnetic potential, and
is rotationally invariant; this term is given by
Sq ¼ q

2p

# $

a
2p

# $

∫d3xdtE⋅B. Here, a ¼ e2
ℏc (where ħ

is Planck’s constant h divided by 2p and c is the
speed of light) is the fine-structure constant, and q
can be viewed as a phenomenological parameter
in the sense of the effective Landau-Ginzburg
theory. This term describes the magneto-electric
effect (1), where an electric field can induce a
magnetic polarization, and a magnetic field can
induce an electric polarization.

Unlike conventional terms in the Landau-
Ginzburg effective actions, the integrand in Sq
is a total derivative term, when E(x) and B(x)
are expressed in terms of the electromagnetic
vector potential (where ∂m denotes the partial
derivative; m, n, r, and t denote the spacetime
coordinates; Fmn is the electromagnetic field
tensor; and Am is the electromagnetic potential)

Sq ¼
q
2p

a
16p

∫d3xdtemnrtFmnFrt

¼ q
2p

a
4p

∫d3xdt∂mðemnrsAn∂rAtÞ

Furthermore, when a periodic boundary condi-
tion is imposed in both the spatial and temporal
directions, the integral of such a total derivative
term is always quantized to be an integer; i.e.,
Sq
ℏ ¼ qn (where n is an integer). Therefore, the
partition function and all physically measurable
quantities are invariant when the q parameter is
shifted by 2p times an integer (2). Under time-
reversal symmetry, eiqn is transformed into e–iqn

(here, i2 = –1). Therefore, all time-reversal in-
variant insulators fall into two general classes,
described by either q = 0 or q = p (3). These two
time-reversal invariant classes are disconnected,
and they can only be connected continuously by
time-reversal breaking perturbations. This classi-
fication of time-reversal invariant insulators in
terms of the two possible values of the q
parameter is generally valid for insulators with
arbitrary interactions (3). The effective action
contains the complete description of the
electromagnetic response of topological insula-
tors. Topological insulators have an energy gap in
the bulk, but gapless surface states protected by
the time-reversal symmetry. We have shown (3)

that such a general definition of a topological
insulator reduces to the Z2 topological insulators
described in (4–6 ) for non-interacting band
insulators; this finding is a three-dimensional
(3D) generalization of the quantum spin Hall
insulator in two dimensions (7–10). For generic
band insulators, the parameter q has a micro-
scopic expression of the momentum space
Chern-Simons form (3, 11). Recently, experi-
mental evidence of the topologically nontrivial
surface states has been observed in Bi1−xSbx alloy
(12), which supports the theoretical prediction
that Bi1−xSbx is a Z2 topological insulator (4).

With periodic temporal and spatial boundary
conditions, the partition function is periodic in q
under the 2p shift, and the system is invariant
under the time-reversal symmetry at q = 0 and
q = p. However, with open boundary conditions,
the partition function is no longer periodic in q,
and time-reversal symmetry is generally broken
(but only on the boundary), even when q = (2n +
1)p. Our work in (3) gives the following physical
interpretation: Time-reversal invariant topologi-
cal insulators have a bulk energy gap but have
gapless excitations with an odd number of Dirac
cones on the surface. When the surface is coated
with a thin magnetic film, time-reversal sym-
metry is broken, and an energy gap also opens up
at the surface. In this case, the low-energy theory
is completely determined by the surface term in
Eq. 1. As the surface term is a Chern-Simons
term, it describes the quantum Hall effect on
the surface. From the general Chern-Simons-
Landau-Ginzburg theory of the quantum Hall
effect (13), we know that the coefficient q =
(2n+1)p gives a quantized Hall conductance of
sxy ¼ nþ 1

2

# $

e2
h . This quantized Hall effect on

the surface is the physical origin behind the
topological magneto-electric (TME) effect.
Under an applied electric field, a quantized
Hall current is induced on the surface, which in
turn generates a magnetic polarization and vice
versa.

REPORTS

1Department of Physics, Stanford University, Stanford, CA
94305–4045, USA. 2Department of Physics, Fudan Uni-
versity, Shanghai, 200433, China.

*To whom correspondence should be addressed. E-mail:
sczhang@stanford.edu

Fig. 1. Illustration of the image charge
and monopole of a point-like electric
charge. The lower-half space is occupied
by a topological insulator (TI) with di-
electric constant e2 and magnetic perme-
ability m2. The upper-half space is occupied
by a topologically trivial insulator (or vac-
uum) with dielectric constant e1 and mag-
netic permeability m1. A point electric
charge q is located at (0, 0, d ). When seen
from the lower-half space, the image
electric charge q1 and magnetic monopole
g1 are at (0, 0, d ); when seen from the
upper-half space, the image electric
charge q2 and magnetic monopole g2
are at (0, 0, −d ). The red solid lines
represent the electric field lines, and blue
solid lines represent magnetic field lines.
(Inset) Top-down view showing the in-plane component of the electric field at the surface (red arrows)
and the circulating surface current (black circles).

(1)
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Ln2Ir2O7 Pyrochlores

• Series of materials shows systematic MITs

• Ir4+ has λ≈0.5eV
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1

B

A

T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
radius dependence of TMI.
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T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
radius dependence of TMI.
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versely, the electrons on Ir subsystem are itnerant. Ir4+ has an
electron configuration 5d5. As is well-known, the onsite SOC
of 5d electrons splits the single electron spin-orbital states into
upper doublets with jeff = 1/2 and lower quadruplets with
jeff = 3/2. In the tight-binding description of the electron
tunnelings, a sufficient strong SOC splits the jeff = 3/2 bands
from jeff = 1/2 so that jeff = 3/2 bands are completely filled
and the jeff = 1/2 bands are halfly filled. Therefore, the Ir
subsystem can be viewed as a pyrochlore lattice system with
one hole per site and the hole occupies the jeff = 1/2 doublets.

For the Kondo coupling between Pr pseudospin � and Ir ef-
fective spin j, we invoke a general symmetry analysis. Before
writing down the coupling, we note that, under time reversal,
⌅z ⇥ �⌅z, ⌅x,y ⇥ ⌅x,y while j ⇥ �j. This property leads
to a great simplification of the coupling—only ⌅z couples to
the Ir spin j, that is essentially an Ising coupling. We consider
the nearest neighbor (NN) couplings between Pr and Ir. As
illustrated in Fig. 1, for each Ir atom, there are 6 neighboring
atoms. After a further space group symmetry analysis, we ob-
tain the Kondo coupling between Pr and Ir. For the Ir at site 1
in Fig. 1, the coupling is

H(1)
K = [c1⌅

z
4 � c2(⌅

z
2 + ⌅z3 )]j

x
1 + [c1⌅

z
3 � c2(⌅

z
2 + ⌅z4 )]j

y
1

+ [c1⌅
z
2 � c2(⌅

z
3 + ⌅z4 )]j

z
1 + [2 ⇤ 2�, 3 ⇤ 3�, 4 ⇤ 4�],

(2)

where c1, c2 are the only two parameters allowed by symme-
try. The couplings for the rest sublattices can be readily ob-
tained by space group symmetry operations.
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FIG. 1. (Color online) Left: the inter-penertrating Ir (in dark red) and
Pr (in light blue) tetrahedra. “1,2,3,4” label the sublattices. Right:
the 6 neighboring Pr atoms (belonging to “2,3,4” sublattices) of one
Ir atom at sublattice 1. “20, 30, 40 ” are not shown in the left figure.

For the compounds with half-integer spins, the generic
Kondo coupling can be complicated and involves all the lo-
cal magnetic multiplets that are odd under time reversal. Like
the spin-ice compounds Dy2Ti2O7 and Ho2Ti2O7[24], many
R3+ ion in R2Ir2O7, however, experiences strong easy-axis
anisotropy along local [111] axis, which pins the spin to be
aligned or anti-aligned with the local [111] axis. Therefore,
the local moment can be described by an effective Ising spin
⌅z[22, 23]. Although the Kondo coupling could still in-
volve the transverse components ⌅x and ⌅y , as we are in-

Non-Kramer’s ions Kramer’s ions

Pr3+, Tb3+, Ho3+ Nd3+, Sm3+, Gd3+, Dy3+, Yb3+

4f2, 4f8, 4f10 4f3, 4f5, 4f7, 4f9, 4f13

TABLE I. Non-Kramer’s and Kramer’s ions R3+ and their electron
configurations.

terested in the situation that R subsystem develops conven-
tional magnetic dipolar order along local [111] direction, we
can then safely neglect the coupling to the transverse compo-
nents. Therefore, the Kondo coupling for these compounds
with half-integer spin is the same as the one introduced in
Eq. (2) for the compounds with integer spins.

For the Ir subsystem, we follow Ref. 14 and include both
the indirect hopping of 5d electrons of Ir through oxygens
and the direct hopping between Ir sites. The resulting kinetic
Hamiltonian is written as

HIr =
⇤

⇥ij⇤

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
(3)

where d†i,� (di,�) is the creation (annihilation) operator for
electron with � labelling the effective spin j = 1/2 states
at site i. As pointed out in Ref. 14, the direct hopping terms
involve two hopping parameters, t⌅ and t⇤ , that describe the ⇤
and ⇥ bonding, respectively. To be specific, we set t⇤ = �t⌅
throughout the papar. The indirect hopping only has one hop-
ping parameter which we denote as t[25]. Besides this kinetic
term in the Hamiltonian, there exists local electron interaction,
whose role will be addressed in a forthcoming work[26].

For R subsystem, the local moments at R can couple to each
other either via superexchange through intermediate atoms, or
by dipole-dipole interaction, or by the “RKKY”-like interac-
tion mediated by Ir electrons. “RKKY” interaction is likely
to be the dominant exchange as the Curie-Weiss tempera-
tures in many isostructural materials R2Sn2O7 are much lower
than the correponding iridates[19]. Without writing down
each contribution explicitly, we rely on space group symme-
try that strongly contrains the form of the exchange interac-
tion. Ref. 21 has constructed and analyzed the generic sym-
metry allowed NN exchange for pseudospin-1/2 moments in
the system with integer spins. In part of the mean-field phase
diagram, magnetic ordering with ordering wavevector q = 0
is favored. For the systems with half-integer spins (i.e. effec-
tive spin 1/2), Ref. 28 has also analyzed the generic NN ex-
change for the effective spin-1/2 moment that acts on the lo-
cal Kramer’s doublets. The mean field analysis always yields
a q = 0 magnetic ground state. Therefore, in the following
of the paper, we will assume the R subsystem develops q = 0
magnetic order.

From the above analysis, we obtain the minimal model for
R2Ir2O7, which includes the R-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr, (4)
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versely, the electrons on Ir subsystem are itnerant. Ir4+ has an
electron configuration 5d5. As is well-known, the onsite SOC
of 5d electrons splits the single electron spin-orbital states into
upper doublets with jeff = 1/2 and lower quadruplets with
jeff = 3/2. In the tight-binding description of the electron
tunnelings, a sufficient strong SOC splits the jeff = 3/2 bands
from jeff = 1/2 so that jeff = 3/2 bands are completely filled
and the jeff = 1/2 bands are halfly filled. Therefore, the Ir
subsystem can be viewed as a pyrochlore lattice system with
one hole per site and the hole occupies the jeff = 1/2 doublets.

For the Kondo coupling between Pr pseudospin � and Ir ef-
fective spin j, we invoke a general symmetry analysis. Before
writing down the coupling, we note that, under time reversal,
⌅z ⇥ �⌅z, ⌅x,y ⇥ ⌅x,y while j ⇥ �j. This property leads
to a great simplification of the coupling—only ⌅z couples to
the Ir spin j, that is essentially an Ising coupling. We consider
the nearest neighbor (NN) couplings between Pr and Ir. As
illustrated in Fig. 1, for each Ir atom, there are 6 neighboring
atoms. After a further space group symmetry analysis, we ob-
tain the Kondo coupling between Pr and Ir. For the Ir at site 1
in Fig. 1, the coupling is
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where c1, c2 are the only two parameters allowed by symme-
try. The couplings for the rest sublattices can be readily ob-
tained by space group symmetry operations.
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FIG. 1. (Color online) Left: the inter-penertrating Ir (in dark red) and
Pr (in light blue) tetrahedra. “1,2,3,4” label the sublattices. Right:
the 6 neighboring Pr atoms (belonging to “2,3,4” sublattices) of one
Ir atom at sublattice 1. “20, 30, 40 ” are not shown in the left figure.

For the compounds with half-integer spins, the generic
Kondo coupling can be complicated and involves all the lo-
cal magnetic multiplets that are odd under time reversal. Like
the spin-ice compounds Dy2Ti2O7 and Ho2Ti2O7[24], many
R3+ ion in R2Ir2O7, however, experiences strong easy-axis
anisotropy along local [111] axis, which pins the spin to be
aligned or anti-aligned with the local [111] axis. Therefore,
the local moment can be described by an effective Ising spin
⌅z[22, 23]. Although the Kondo coupling could still in-
volve the transverse components ⌅x and ⌅y , as we are in-

Non-Kramer’s ions Kramer’s ions

Pr3+, Tb3+, Ho3+ Nd3+, Sm3+, Gd3+, Dy3+, Yb3+

4f2, 4f8, 4f10 4f3, 4f5, 4f7, 4f9, 4f13

TABLE I. Non-Kramer’s and Kramer’s ions R3+ and their electron
configurations.

terested in the situation that R subsystem develops conven-
tional magnetic dipolar order along local [111] direction, we
can then safely neglect the coupling to the transverse compo-
nents. Therefore, the Kondo coupling for these compounds
with half-integer spin is the same as the one introduced in
Eq. (2) for the compounds with integer spins.

For the Ir subsystem, we follow Ref. 14 and include both
the indirect hopping of 5d electrons of Ir through oxygens
and the direct hopping between Ir sites. The resulting kinetic
Hamiltonian is written as

HIr =
⇤

⇥ij⇤

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
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where d†i,� (di,�) is the creation (annihilation) operator for
electron with � labelling the effective spin j = 1/2 states
at site i. As pointed out in Ref. 14, the direct hopping terms
involve two hopping parameters, t⌅ and t⇤ , that describe the ⇤
and ⇥ bonding, respectively. To be specific, we set t⇤ = �t⌅
throughout the papar. The indirect hopping only has one hop-
ping parameter which we denote as t[25]. Besides this kinetic
term in the Hamiltonian, there exists local electron interaction,
whose role will be addressed in a forthcoming work[26].

For R subsystem, the local moments at R can couple to each
other either via superexchange through intermediate atoms, or
by dipole-dipole interaction, or by the “RKKY”-like interac-
tion mediated by Ir electrons. “RKKY” interaction is likely
to be the dominant exchange as the Curie-Weiss tempera-
tures in many isostructural materials R2Sn2O7 are much lower
than the correponding iridates[19]. Without writing down
each contribution explicitly, we rely on space group symme-
try that strongly contrains the form of the exchange interac-
tion. Ref. 21 has constructed and analyzed the generic sym-
metry allowed NN exchange for pseudospin-1/2 moments in
the system with integer spins. In part of the mean-field phase
diagram, magnetic ordering with ordering wavevector q = 0
is favored. For the systems with half-integer spins (i.e. effec-
tive spin 1/2), Ref. 28 has also analyzed the generic NN ex-
change for the effective spin-1/2 moment that acts on the lo-
cal Kramer’s doublets. The mean field analysis always yields
a q = 0 magnetic ground state. Therefore, in the following
of the paper, we will assume the R subsystem develops q = 0
magnetic order.

From the above analysis, we obtain the minimal model for
R2Ir2O7, which includes the R-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr, (4)
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We construct and analyze a theoretical model for the pyrochlore iridates R2Ir2O7 with R (= Pr, Nd, Sm, Gd,
Tb, Dy, Ho, Yb) magnetic. The electrons on trivalent rare earth ions R3+ form local Ising doublets due to
the local crystal field. Based on a space group symmetry analysis, we write down the generic Kondo coupling
between the Ising spin at R sites and the effective spin at Ir sites. Besides this interaction, we also include direct
electron tunneling between Ir sites and indirect electron tunneling via intermediate oxygens for Ir-Ir coupling.
This simple minimal model gives a rich phase diagram with broad regions of topological semi-metal and axion
insulator phases. Based on these findings, we propose R2Ir2O7 to be one of the most promising candidates to
realize the topological semi-metal and axion insulator phases. Implications for existing and future experiments
are discussed.

There has been a tremendous amount of research activ-
ity in topological matters since the discovery of the time-
reversal invariant topological band insulator (TBI) in theory
and experiment[1–3]. TBI has gap in the bulk and develops
gapless surface states that are topologically protected. This
well-known bulk-surface correspondence manifests itself in
a very special way in a more recent proposed topological
phase—the topological semi-metal which is characterized by
the presence of point or line gapless nodes[4, 6–12]. The for-
mer is called Weyl semi-metal (WSM)[4, 14], and the latter is
called nodal semi-metal[11, 14]. In WSM, the gapless surface
states connect the gapless nodes (Weyl points) with different
chiralities and form Fermi arcs in the surface Brillouin zone
(BZ). In a nodal semi-metal, the surface state exists inside the
“direct gap” between conduction and valence bands in a fi-
nite area in surface BZ, whose boundary is determined by the
projection of the bulk nodal line onto the surface BZ.

A possible realization of Weyl semi-metal in pyrochlore
iridates with 24 Weyl nodes has been recently proposed by
a first-principle LSDA+U+SO calculation in Ref. 4, and has
later been re-analyzed with a realistic tight-binding model in
Ref. 12. In this realization, WSM is essentially driven by the
magnetic ordering that is caused by strong electron correla-
tion. Therefore, the WSM may only appear in a narrow re-
gion near the magnetic phase transition, which may prohibit
the experimental observation. In contrast, Ref. 7,10,and 11
proposed a realization of WSM in topological insulator mul-
tilayers that possesses fewer Weyl nodes. The advantage of
this realization is that it does not require a strong interaction
and the model parameters are tunable. This multilayer het-
erostructure, however, may require a significant fabrication
effort.

Another motivation of this work is the Axion insulator (AI).
Besides the remarkable electronic structures of TBIs, breaking
time-reversal symmetry on the surface of TBIs can gap out the
surface states, and the unusual topological properties of the
Bloch wave functions lead to a quantized magnetoelectric re-
sponse with a quantized coefficient ⌅ = ⇧, which is known as
“Axion electrodynamics”[15, 16]. Having large values of the
⌅ value, even in the absence of quantization, is very impor-
tant and useful for spintronics. In most materials, ⌅ values are

rather small. To look for large ⌅ in real materials, one essen-
tially requires a strong spin-orbit coupling (SOC) that helps
create TBI and magnetism that breaks time-reversal. To sat-
isfy these two requirements, Ref. 4 has proposed a 5d electron
system that is realized in spinel structures with Ir and Os. By
varying the interaction strength, AI is found between the fer-
romagnetic metal and WSM phases in their phase diagram.

In this Letter, we propose that the pyrochlore iridates
R2Ir2O7 with R (= Pr, Nd, Sm, Gd, Tb, Dy, Ho, Yb)[17–
20] also magnetic are one of the most promising realizations
of the two topological phases—WSM and AI. Unlike other
proposals with pyrochlore iridates and TBI multilayer het-
erostructure where the time reversal symmetry breaking is
caused by strong correlation or magnetic doping, we break
the time-reversal symmetry by ordering the magnetic moment
at R sites. The magnetic order in R subsystem breaks the
time-reversal symmetry in Ir subsystem via Kondo coupling.
Remarkably, this Kondo coupling leads to broad regimes of
WSM, AI, and even a mixed WSM that develops electron/hole
pockets around the Weyl points. In addition, we also find
metal-insulator transitions (MIT) that are driven purely by
Kondo coupling.

Hamiltonian—Here we describe our minimal model for
R2Ir2O7. As listed in Table. I, Pr3+, Tb3+ and Ho3+ have
even numbers of electrons per site that form integer local
spins, while Nd3+, Sm3+, Gd3+, Dy3+ and Yb3+ have odd
numbers of electrons per site that form half-integer local
spins. We begin our analysis for the compounds with the in-
teger local spin first. To be specific, we define our model for
Pr2Ir2O7, and the same model applies to R=Tb, Ho. The elec-
trons of Pr3+ are localized with an electron configuration 4f2,
which forms a local spin moment with J = 4. The local D3d

crystal field lifts the 9-fold spin degeneracy and leads to an ef-
fective pseudospin � (⌃ = 1/2) that acts on the lowest crystal
field doublet with[21]

|⌃z = ±1

2
⌅ = �|Jz = ±4⌅+⇥|Jz = ±1⌅�⇤|Jz = ⇤2⌅ (1)

where � =
�

1� ⇥2 � ⇤2 and ⇥, ⇤ are small real coeffi-
cients. It is noted that the above doublet is not a Kramer’s
pair due to its integer spin origin. The excited crystal-field

2

levels are much higher in energy so that we can exclude their
effect for the low-temperature ground state properties in this
work. Conversely, the electrons on the Ir subsystem are itner-
ant. Ir4+ has an electron configuration 5d5. As is well-known,
the onsite SOC of 5d electrons splits the single electron spin-
orbital states into upper doublets with jeff = 1/2 and lower
quadruplets with jeff = 3/2. In the tight-binding description
of the electron tunnelings, a sufficiently strong SOC splits the
jeff = 3/2 bands from jeff = 1/2 so that jeff = 3/2 bands
are completely filled and the jeff = 1/2 bands are half-filled.
Therefore, the Ir subsystem can be viewed as a pyrochlore lat-
tice system with one hole per site and the hole occupies the
jeff = 1/2 doublet.

For the Kondo coupling between Pr pseudospin � and Ir ef-
fective spin j, we invoke a general symmetry analysis. Before
writing down the coupling, we note that, under time reversal,
⌅z ⇥ �⌅z, ⌅x,y ⇥ ⌅x,y while j ⇥ �j. This property leads
to a great simplification of the coupling—only ⌅z couples to
the Ir spin j, essentially leading to an Ising coupling. We con-
sider the nearest neighbor (NN) couplings between Pr and Ir.
As illustrated in Fig. 1, for each Ir atom there are 6 neighbor-
ing atoms. After a further space group symmetry analysis, we
obtain the Kondo coupling between Pr and Ir. For the Ir at site
1 in Fig. 1, the coupling is

H(1)
K = [c1⌅

z
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(2)

where c1, c2 are the only two parameters allowed by symme-
try. The couplings for the other sublattices can be readily ob-
tained by space group symmetry operations.
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FIG. 1. (Color online) Left: the neighboring Ir (in dark red) and Pr (in
light blue) tetrahedra. “1,2,3,4” label the four sublattices. Ir/Pr atoms
are marked with big/small (red/blue) circles. Empty/Dark/Light cir-
cles indicate that the atoms are below/above/in the (111) plane that
is also shown in the right figure. Right: the 6 neighboring Pr atoms
(belonging to “2,3,4” sublattices) of one Ir atom at sublattice 1 taken
from the left figure. This plane is (111) plane.

For the compounds with half-integer spins, the generic
Kondo coupling can be complicated and involves all the lo-
cal magnetic multiplets that are odd under time reversal. Like
the spin-ice compounds Dy2Ti2O7 and Ho2Ti2O7[24], R3+

Non-Kramer’s ions Kramer’s ions

Pr3+, Tb3+, Ho3+ Nd3+, Sm3+, Gd3+, Dy3+, Yb3+

4f2, 4f8, 4f10 4f3, 4f5, 4f7, 4f9, 4f13

TABLE I. Non-Kramer’s and Kramer’s ions R3+ and their electron
configurations.

ions in many R2Ir2O7, however, experience strong easy-axis
anisotropy along local [111] axis, which pins the spin to be
aligned or anti-aligned with the local [111] axis. Therefore,
the local moment can be described by an effective Ising spin
⌅z[22, 23]. Although the Kondo coupling could still involve
the transverse components ⌅x and ⌅y , we are interested in the
situation that R subsystem develops conventional magnetic
dipolar order along local [111] direction, so we can then safely
neglect the coupling to the transverse components. Therefore,
the Kondo coupling for these compounds with half-integer
spin is the same as the one introduced in Eq. (2) for the com-
pounds with integer spins.

For the Ir subsystem, we follow Ref. 12 and include both
the indirect hopping of 5d electrons of Ir through oxygens
and the direct hopping between Ir sites. The resulting kinetic
Hamiltonian is written as

HIr =
⇤

⇥ij⇤

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
(3)

where d†i,� (di,�) is the creation (annihilation) operator for the
electron, with � labelling the effective spin j = 1/2 states at
site i. As pointed out in Ref. 12, the direct hopping terms in-
volve two hopping parameters, t⌅ and t⇤ , that describe the ⇤
and ⇥ bonding, respectively. To be specific, we set t⇤ = �t⌅
throughout the paper. The indirect hopping only has one hop-
ping parameter which we denote as t[25]. Besides this kinetic
term in the Hamiltonian, there exists a local electron interac-
tion, whose role will be addressed in a forthcoming work[26].

For the R subsystem, the local moments at R can couple
to each other either via superexchange through intermediate
atoms, or by dipole-dipole interaction, or by the “RKKY”-
like exchange mediated by Ir electrons. “RKKY” exchange is
likely to be the dominant exchange as the Curie-Weiss tem-
peratures in many isostructural materials R2Sn2O7 are much
lower than the correponding iridates[19]. For instance, The
Curie-Weiss temperatures are �CW = +0.35K in Pr2Sn2O7

and �CW = �20K in Pr2Ir2O7[19, 35]. Since “RKKY” ex-
change arises from second order perturbation of the Kondo
coupling, the exchange in R subsystem is expected to be much
weaker than the Kondo exchange and hence we neglect R ex-
change in our analysis.

From the above analysis, we obtain the minimal model for
R2Ir2O7, which includes the R-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr. (4)
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Note this coplanar state is distinct from the “coplanar-[110]”
state found for D > 0,�1 < 0.

Now we discuss the ground states in D-�2 plane with �1 =
0. The phase diagram is depicted in Fig. 3. The magnetic
wavevector is q = 0 everywhere in the phase diagram.

(v1, v2)

4⇥in⇥4⇥out
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FIG. 3. (Color online) The classical ground phase diagram in D-�2

plane with �1 = 0.

For D < 0,�2 < 0, the ground state is simply the 4-in-4-
out state. For D > 0,�2 > 0, the ground state is an arbitrary
linear superposition of the basis vectors v1 and v2 in Eq. (7)
and Eq. (8). In the regime of D > 0,�2 < 0, there exist two
phases. When D > Dc1(�2) with

Dc1(�2) =

⌃
2

6
(3J � 2�2 �

⌅
9J2 � 6J�2 + 4�2

2), (18)

the ground state turns out to be weakly ferromagnetic and de-
noted as “FM” in Fig. 3. The 4-spin vectors of the magnetic
cell are

⇥ = cos ⇥ y1 + sin ⇥ y2 (19)

with

y1 =
1⌃
2
(1̄1̄0, 11̄0, 1̄10, 110) (20)

y2 = (001, 001, 001, 001). (21)

and

cos 2⇥ =
4J +

⌃
2D � �2⌅

(4J +
⌃
2D � �2)2 + 8�2

2

(22)

sin 2⇥ =
�2

⌃
2�2⌅

(4J +
⌃
2D � �2)2 + 8�2

2

. (23)

When D < Dc1(�2), the ground state is the 4-in-4-out state.
In the region of D < 0,�2 > 0, there also exist two phases.

When D < Dc2(�2) with Dc2(�2) given by

Dc2 = �3
⌃
2�2/2, (24)

the DMI is dominant, so the ground state is the 4-in-4-out
state. When D > Dc2(�2), a coplanar state with spin also
orient along various [110] directions is favored and the 4-spin
vector ⇥ is the same as the one introduced in Eq. (17) and its
symmetry equivalence. Hence, we also denote this coplanar
state as “coplanar�-[110]” in Fig. 3.

III. MAGNETIC ORDER FOR HUBBARD MODEL IN
A2Ir2O7

Having understood the role of each anisotropic exchange
for the generic exchange Hamiltonian in previous section,
in this section we discuss the physical exchange Hamilto-
nian derived perturbatively from the microscopic parent Hub-
bard model and analyze the ground states for the compound
A2Ir2O7.

A. Hubbard model and exchange

We assume the onsite SOC is strong enough so that the
lower j = 3/2 bands are completely filled and the upper
j = 1/2 bands are half filled. The electrons can tunnel from
one Ir4+ ion to neighboring Ir4+ ions either directly or indi-
rectly via the p orbitals of the intermediate oxygen ions7,10.
Since 5d electron orbitals are spatially extended, therefore the
direct tunneling of electrons might be equally important as
the indirect tunneling. With electrons locally projected onto
the j = 1/2 basis, one can write down a minimal Hubbard
model10

H =
⇤

⌅ij⇧

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
+

⇤

i

Uni,⇥ni,⇤,

(25)
in which, only NN tunneling term is included, and d†i� (di�) is
the creation (annihilation) operator for an electron on effective
spin state |j = 1/2, jz = �⌅ at site i. In Eq. (25), T d and
T id are tunneling matrices for direct and indirect processes,
respectively.

t1 t2
Ir

Ir
Ir

Ir

FIG. 4. (Color online) Left: ⇥-bonding with tunneling amplitude t1.
Right: �-bonding with tunneling amplitude t2.

For direct tunneling processes, there exist two types of
tunneling amplitudes: ⌅-bonding t1 and ⇤-bonding t2 (see
Fig. 4)10. Moreover, it is expected from orbital overlaps that
t2 has a different sign from t1. In the limit of dominant di-
rect tunneling, standard second order perturbation yields the
exchange couplings introduced in Eq. (1),

J =
603t21 � 58296t1t2 + 248369t22

2834352U
(26)

D =
5
⌃
2(153t21 � 1356t1t2 + 2528t22)

118098U
(27)

�1 =
50(9t21 � 48t1t2 + 64t22)

177147U
(28)

�2 = 3�1. (29)
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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RKKY EXCHANGE

pe!, derived from the Curie constant C, agrees with the
expectation for R3þ ions, indicating the localized nature
of the trivalent rare-earth ions. The Weiss temperatures
!CW are all antiferromagnetic. It should be noted that
although Dy3þ and Ho3þ are known to yield ferromag-
netic !CW in R2Ti2O7, both exhibit antiferromagnetic
!CW in R2Ir2O7. This di!erence suggests the involvement
of the Ir spins in determining the interaction between the
rare-earth moments. The values of "0 do not vary
systematically; we cannot determine their precise
physical signi"cance from these data. The small and
only weakly temperature-dependent susceptibilities of
the Sm and Eu compounds are quantitatively consistent
with the main contribution from the Van Vleck
susceptibility. For these compounds, there is no sign of
the additional S ¼ 1=2 local moments of the Ir ions,
which is consistent with the Pauli susceptibility expected
from the observed electronic speci"c heat (shown below).
For the nonmetallic compounds, the contribution of the
Ir local moment could not be precisely extracted because
of the large contribution from the moments of the rare-
earth elements. For Y2Ir2O7 with nonmagnetic Y3þ, the
ferromagnetic contribution with the Curie temperature
TC ¼ 170 K, possibly due to impurities or grain bound-
aries, hampered the determination of the Ir contribution.

Figure 4 shows the speci"c heat divided by tempera-
ture, C=T . An indication of long-range ordering is found
only for R ¼ Yb at 2.2 K; the others exhibit no
indication of phase transition, at least down to 1.8 K,
although the gradual increase of C=T is attributable to
the freezing of the moments. Since we did not "nd any
corresponding magnetic anomaly down to 1.8 K for
R ¼ Yb, the transition at 2.2 K may involve electric
quadrupole moments of Yb3þ ions. As in Fig. 2, the ac
susceptibility measurements extended down to 0.3 K
indicate magnetic ordering in R ¼ Nd. Thus, R2Ir2O7

remains paramagnetic at temperatures much lower than
the respective Weiss temperatures, most probably
re#ecting the geometrical frustration on the pyrochlore
lattice.

The speci"c heat of Pr2Ir2O7 is qualitatively di!erent
from those of the other compounds: C=T exhibits a
broad peak with the maximum at 4.6 K. This compound
remains metallic at least down to 50 mK and para-
magnetic down to at least 0.3 K. Since the e!ective
moment pe! obtained from the Curie{Weiss "tting at
high temperatures is consistent with that of a localized
Pr3þ ion, the itenerant character is attributable to
electrons originating from Ir4þ. Owing to the crystal-
"eld splitting of the 4f2 con"guration of the Pr3þ ion in
the expected crystal symmetry of D3d, we expect the
low-lying states to be composed of a singlet and a

magnetic doublet. In order to examine the entropy
associated with the speci"c heat peak, we subtracted the
estimated contribution from the lattice and the itinerant
electrons, using the data of metallic Eu2Ir2O7, for which
Eu3þ ion has no e!ective ground-state moment. The
speci"c heat of Eu2Ir2O7 itself yields the Debye
temperature of !D ¼ 420 K, and the electronic coe$-
cient of # ¼ 7 mJ/K2 mol-Ir. The resulting magnetic
entropy is 4.8 J/K mol-Pr at 25 K, which does not reach
the expected value of R ln 3 ¼ 9:14 J/K mol; it is even
smaller than R ln 2 ¼ 5:76 J/K mol. A simple model
based on either a singlet or a doublet ground state
cannot account for the observed behavior. Such small
entropy, however, is consistent with the level scheme
involving a frustrated ground-state doublet and an
excited singlet. In fact, C=T exhibits a minimum at
about 0.5 K and starts to increase with decreasing
temperature, as shown in Fig. 4. This increase suggests
the release of the entropy associated with the doublet at
lower temperatures. Therefore, future studies extended
to lower temperatures are needed to identify the crystal-
"eld scheme.

We noted above that the Weiss temperature is
antiferromagnetic even for R ¼ Dy and Ho. The domi-

Table I. Curie{Weiss "tting parameters for R2Ir2O7.

R Pr Nd Gd Tb Dy Ho Yb

"0 (10#3 emu/mol-Ir) 1.6 1.2 0.24 0.33 2.1 3.4 3.3

pe! (obs.) 3.00 3.20 8.18 9.62 10.1 10.3 3.55

pe! (calc.) 3.58 3.62 7.94 9.72 10.63 10.58 4.54

!CW (K) #10 #19 #7:8 #14 #3:5 #0:83 #9:3

Fig. 4. Speci"c heat vs. temperature of R2Ir2O7. The data for
R ¼ Yb, exhibiting the anomaly associated with long-range ordering
at 2.2 K, are o!set for clarity.

2882 LETTERS

Indicate domination of  RKKY  
in some materials

5

M1 M2

�̄

M1M2

M1 M2 M1M2

FIG. 5. (Color online) The electron bands for a slab that is finite
along (110) plane. The inset is the surface BZ with Fermi arcs
connecting the points with different colors (chiralities). Red/green
(dark/light) points correpond to the projection of Weyl points with
opposite chirality (�1/+1). The points with larger size have projec-
tions from two Weyl points. In the plot, t� = 0.3t and c1 = 0, c2 =
0.4t with “4-in 4-out” spin configuration. Dashed (red) line is the
Fermi energy.

Prediction—In Tab. II, we list the magnetic and transport
properties of various R2Ir2O7. Most materials in the Tab. II
exhibit MIT. Very little is known about the magnetic proper-
ties. The most studied compound in this series is Pr2Ir2O7,
which exhibit a metal ground state and anomalous Hall effect.
As the parent state for Pr2Ir2O7 is expected to be metallic (see
Fig. 2), we will discuss it in a forthcoming work[26]. LRO
has been suggested for Nd2Ir2O7[39–41] and Sm2Ir2O7[35].
Recent neutron diffraction and scattering experiments[41] on
Nd2Ir2O7 suggest a q = 0 “4-in 4-out” spin configuration for
both Nd and Ir systems. Another experiment[40] applies pres-
sure to Nd2Ir2O7 and finds that the pressure suppresses MIT
and leads to a FM metal state. Ref. 40 further conjectures the
magnetic ground state of Nd be an “ordered spin ice” with “2-
in 2-out” spin configuration and q = 0 or 2�(001). Based
on these experimental findings, it is very likely for Nd2Ir2O7

to develop the topological phases proposed in Fig. 3. For an
insulating Nd2Ir2O7 with q = 0 “4-in 4-out” spin state, one
may measure the magnetoelectric response to confirm if the
system is in the AI phase. Applying pressure changes the
Kondo coupling, which may drive a successive transition from
AI with “4-in 4-out” spin state to WSM then to M-WSM and
CSM with “2-in 2-out” state. Anomalous Hall effect and non-
trivial surface state may be detected for Nd2Ir2O7 at interme-
diate pressures. Ref. 11 and 13 have predicted the bahaviors
of dc/ac conductivitites in different limits. It will be interest-
ing to check if the available resitivity data for Nd2Ir2O7 and
also for Sm2Ir2O7 agree with their predictions. Further exper-
iments are needed to elucidate the nature of magnetic ground
state of other R2Ir2O7.

To summarize, we have constructed and analyze a minimal
and realistic model with Kondo coupling for rare-earth based
pyrochlore iridates R2Ir2O7. In constrast to the work on the
pyrochlore irdiates A2Ir2O7 with nonmagnetic A’s, we find
much broader regions of Axion insulator, topological semi-
metal phases and Kondo coupling driven metal-insulator tran-

sition.
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We summarize the low temperature magnetic properties
of R2Sn2O7 in Table I. !CW is estimated in low T region
except for Gd. Tm2Sn2O7 shows a Van Vleck paramagnet-
ism due to a CEF singlet ground state. Ferromagnetic
coupling is dominant in five compounds (Pr2Sn2O7,
Tb2Sn2O7, Dy2Sn2O7, Ho2Sn2O7 and Yb2Sn2O7). A frus-
tration effect has influence on the magnetic properties of the
other compounds. Among them, the only Tb2Sn2O7 shows a
ferromagnetic ordering. Instead, antiferromagnetic coupling
is dominant in two compounds (Nd2Sn2O7 and Gd2Sn2O7).
These compounds show an AF ordering. Heisenberg
antiferromagnet Gd2Sn2O7 indicates a existence of strong
frustration because the value of !CW=TN is large.

We will compare the magnetic behavior of stannates in
heavy rare earth with that of titanates. In the case of Gd, Dy,
Ho and Tm, the stannate shows the similar behavior to the
titanate. Yb2Ti2O7 with ferromagnetic coupling shows a
sharp anomaly at 0.21K. Although Yb2Sn2O7 has a
ferromagnetic coupling, there is no anomaly at least down
to 0.15K. However, an anomaly is expected at lower
temperature because the " becomes almost zero at 0.15K. In
the case of Tb and Er, the behavior of the stannate in the
high temperature region is similar to that of the titanate.
However, the magnetic ground state is quite different.
Although Tb2Sn2O7 shows a ferromagnetic ordering at
0.87K, Tb2Ti2O7 do not show a magnetic lang-range
ordering down to 0.07K. On the other hand, although
Er2Sn2O7 do not show a magnetic ordering at least down to
0.15K, Er2Ti2O7 shows a magnetic anomaly at 1.25K.
Because the CEF splitting is small in the case of Tb and Er,
the CEF state of the stannate may be slightly different from
that of the titanate.

As we can see in Table I, pyrochlore stannates show
various magnetic properties. The present compounds are
known as a good insulator. We have to consider not only a
superexchange interaction but also a dipolar interaction. The
sign and strength of dipolar interaction depend on the
magnetic anisotropy of CEF ground state. It is difficult to
estimate the superexchange interaction except for such cases
as magnetic isotropy and Ising anisotropy. Gd2Sn2O7 with
magnetic isotropy has the huge antiferromagnetic value of
!CW. Both superexchange and dipolar interactions may be
antiferromagnetic. When the CEF ground state has an Ising
anisotropy along the trigonal axis, the dipolar interaction is
ferromagnetic in pyrochlore lattice. In the case of Ho2Sn2O7

and Dy2Sn2O7, the nearest neighbor dipolar interaction is
estimated to be 2.1 K by using the value of magnetic
moment 10#B. The dipolar interaction is dominant. Monte
Carlo simulations results on spin ice titanates (Dy2Ti2O7 and
Ho2Ti2O7) with Ising anisotropy reveal that the AF
exchange interaction is of the order of 1K.17,27) It is
expected that AF exchange interaction in the stannates is
also of the order of 1K.

We found that Dy2Sn2O7 and Ho2Sn2O7 show a spin ice
behavior. In addition, it is suggested that Pr2Sn2O7 becomes
a spin ice state below 0.3K. It should be noted that the
dipole interaction in Pr compound is much smaller than that
in Dy and Ho compounds because the magnetic moment of
Pr site is !1=4 smaller. The dipole interaction is not
dominant. Considering a superexchange interaction, the
exchange interaction may be ferromagnetic. The appearance
of spin ice state in Pr2Sn2O7 should be confirmed by further
experimental study. We first reported the low temperature
magnetic properties of Pr compound in the case of B site is
non magnetic. Further study on frustration in other Pr
pyrochlore is also needed.
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Table I. Magnetic properties of R2Sn2O7.

R !CW "0 peak [80Hz] magnetic state

Pr 0.32K [3–20K] 0.35K spin ice

Nd "0:18K [2–15K] 0.93K AF (TN ! 0:9K)

Gd "6:58K [50–300K] 1.0K AF (TN ! 1:0K)

Tb — 0.87K F (TC ! 0:87K)

Dy 1.69K [16–40K] 2.1K spin ice

Ho 1.80K [16–40K] 1.4K spin ice

Er — <0:15K the unknown

Tm — none Van Vleck para.

Yb 0.51K [2–14K] <0:15K the unknown
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in which we do not explicitly include R-R exchange, whose
effect is assumed to generate the q = 0 magnetic ordering.

Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also
in Ref. 14, when �1.2t . t� . �0.5t, the metallic phase
(M) is obtained; for the rest regimes, strong topological band
insulator (STI) with topological class (1;000) is realized.
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t�/t
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FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-

w/o Kondo

w. Kondo
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Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also in
Ref. 12, when �1.2t . t� . �0.5t, the metallic phase (M) is
obtained; otherwise, a strong topological band insulator (STI)
with topological class (1;000) is realized[13].
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FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now add the Kondo coupling with the Ising spins at R
sites. To find the ground state of this Hamiltonian, one needs
to consider all possible Pr spin configurations and find the
lowest energy one. We now assume the magnetic unit cell
of Pr is identical to the crystal unit cell, i.e. q = 0. This
magnetic ordering pattern is actually proposed in Nd2Ir2O7

and Sm2Ir2O7[34, 38–40]. With this simplification we only
need to consider the spin configurations on a tetrahedral unit
cell for R. Under time reversal and cubic group transforma-
tions, the 16 spin configurations reduce to 3 inequivalent spin
configurations—“4-in 4-out”, “3-in 1-out” and “2-in 2-out”.
By the same reasoning, for the Kondo couping in Eq. (2) we
only have to look at the cases with c1 and c2 having the same
sign or opposite sign. We plot the resulting phase diagrams
in Fig. 3 for the two reference points marked in Fig. 2, where
the parent ground states of the two points are both STIs. We
postpone the case of a metallic parent ground state to another
paper[27]. Even though we are not considering the effect of
interaction for Ir subsystem, it is expected that the interac-
tion will narrow the electron bandwidth and thus effectively
enhance the Kondo coupling[26]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[31]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling.

Axion insulator—The AI phase can be viewed as deriving
from the STI. When time-reversal symmetry is broken but in-
version symmetry is preserved, the magnetoelectric response
parameter � is still quantized. Since our system preserves the
inversion symmetry even in presence of q = 0 magnetic or-
der, we use the formula introduced in Ref. 28 to express � in
terms of the number no(k) of filled odd parity states at the
time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.
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FIG. 3. (Color online) Phase diagrams[29] for the two reference
points in Fig. 2. The white region has“4-in 4-out” state and the green
(shaded) region has “2-in 2-out” state. In the figure, AI=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[30], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots indicates the places where the Fermi energy moves
away from the Weyl points. Another dashed line in (b) indicates the
places where the second set of Weyl points are created.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the inversion par-
ity flips at TRIMs and the AI phase turns into WSM for both
cases studied in Fig. 2. The fermi surface of WSM is com-
posed of the Weyl points, around which the spectrum is linear
and gapless. The effective Hamiltonian near the Weyl point is
obtained by expanding the full Hamiltonian at the Weyl point
with only two relevant bands involved[4, 14],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 4, Weyl points can
only be created or annihilated in pairs of the opposite chirality.

The WSM phase appears for both “4-in 4-out” and “2-in
2-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E � E0)2 scaling. For both phase
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Label Cartesian Coordinates Lattice Coordinates Range 
� ( 0 , 0 , 0 ) 0  Point 
� ( 0 , 2 � x/a , 0 )  ½ x (b1 + b3) 0 < x < 1   
X ( 0 , 2 �/a , 0 )  ½ (b1 + b3) Point 
Z ( ½ x �/a , 2 �/a , 0 )  ½ b1 + ¼ x b2 + ¼ (2+x) b3 0 < x < 1  
W ( �/a , 2 �/a , 0 )  ½ b1 + ¼ b2 + ¾ b3 Point 
Q ( �/a , (2 - x) �/a , x �/a )  ½ b1 + ¼ (1 + x) b2 + ¼ (3 - x) b3  0 < x < 1 
L ( �/a , �/a , �/a )  ½ b1 + ½ b2 + ½ b3  Point 
� ( x �/a , x �/a , x �/a )  ½ x b1 + ½ x b2 + ½ x b3  0 < x < 2 
� ( 2 � x/a , 2 � x/a , 0 )  ½ x b1 + ½ x b2 + x b3  0 < x < ¾ 
K = U  (3/2 �/a , 3/2 �/a , 0 )  3/8 b1 + 3/8 b2 + ¾ b3  Point 
S ( 2 � x/a , 2 � x/a , 0 )  ½ x b1 + ½ x b2 + x b3  ¾ < x < 1 
X' ( 2 �/a , 2 �/a , 0 )  ½ b1 + ½ b2 + b3  Point 

BAND STRUCTURE
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Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also in
Ref. 12, when �1.2t . t� . �0.5t, the metallic phase (M) is
obtained; otherwise, a strong topological band insulator (STI)
with topological class (1;000) is realized[13].
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FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now add the Kondo coupling with the Ising spins at R
sites. To find the ground state of this Hamiltonian, one needs
to consider all possible Pr spin configurations and find the
lowest energy one. We now assume the magnetic unit cell
of Pr is identical to the crystal unit cell, i.e. q = 0. This
magnetic ordering pattern is actually proposed in Nd2Ir2O7

and Sm2Ir2O7[34, 38–40]. With this simplification we only
need to consider the spin configurations on a tetrahedral unit
cell for R. Under time reversal and cubic group transforma-
tions, the 16 spin configurations reduce to 3 inequivalent spin
configurations—“4-in 4-out”, “3-in 1-out” and “2-in 2-out”.
By the same reasoning, for the Kondo couping in Eq. (2) we
only have to look at the cases with c1 and c2 having the same
sign or opposite sign. We plot the resulting phase diagrams
in Fig. 3 for the two reference points marked in Fig. 2, where
the parent ground states of the two points are both STIs. We
postpone the case of a metallic parent ground state to another
paper[27]. Even though we are not considering the effect of
interaction for Ir subsystem, it is expected that the interac-
tion will narrow the electron bandwidth and thus effectively
enhance the Kondo coupling[26]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[31]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling.

Axion insulator—The AI phase can be viewed as deriving
from the STI. When time-reversal symmetry is broken but in-
version symmetry is preserved, the magnetoelectric response
parameter � is still quantized. Since our system preserves the
inversion symmetry even in presence of q = 0 magnetic or-
der, we use the formula introduced in Ref. 28 to express � in
terms of the number no(k) of filled odd parity states at the
time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.
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FIG. 3. (Color online) Phase diagrams[29] for the two reference
points in Fig. 2. The white region has“4-in 4-out” state and the green
(shaded) region has “2-in 2-out” state. In the figure, AI=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[30], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots indicates the places where the Fermi energy moves
away from the Weyl points. Another dashed line in (b) indicates the
places where the second set of Weyl points are created.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the inversion par-
ity flips at TRIMs and the AI phase turns into WSM for both
cases studied in Fig. 2. The fermi surface of WSM is com-
posed of the Weyl points, around which the spectrum is linear
and gapless. The effective Hamiltonian near the Weyl point is
obtained by expanding the full Hamiltonian at the Weyl point
with only two relevant bands involved[4, 14],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 4, Weyl points can
only be created or annihilated in pairs of the opposite chirality.

The WSM phase appears for both “4-in 4-out” and “2-in
2-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E � E0)2 scaling. For both phase
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FIG. 4. (Color online) The evolution of the band structure. The
energy unit is set to be t. The dashed (red) line is the Fermi energy.
In the figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at
c1 = 0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in
4-out” spin configuration. The Weyl points are located along the line
from L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out”
spin configuration. The Weyl points are created by splitting L points,
but not located on high symmetric lines. Note there is a small energy
gap at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t
with “2-in 2-out” spin configuration. As in c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate to create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. In (g) and (h), we choose X and W to (2⇡, 0, 0)
and (2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

diagrams, the 8 Weyl points of the “4-in 4-out” state (white
region) are created at L points and annihilated at the � point.
As shown in Fig. 4(b), the Weyl points are located along the
line of high symmetry from L to � due to the high symmetry
of the “4-in 4-out” state. For the “2-in 2-out” state (shaded re-
gion), the band structure is more complicated. To be specific,
we choose the “2-in 2-out” state with net ferromagnetic (FM)
moment along z-direction throughout the paper. In Fig. 3(a),
away from the AI phase, the 8 Weyl points are also created
by splitting the L points but located at [kxkxkz] (and equiva-
lent points) that are off high symmetry lines. Upon increasing
the Kondo coupling, the bands in other regions of the BZ start

to touch the Fermi energy, which creates electron/hole pock-
ets around the Weyl points. Even though the electron/hole
pockets may contain two Weyl points with opposite chirality,
which leads to a conventional semi-metal, one may still ob-
tain non-trivial topological semi-metal by doping the system
properly. Therefore, we term this phase a “mixed Weyl semi-
metal” (M-WSM). As shown in Fig. 4(e), the Weyl points are
located along line of high symmetry from L to � due to the
high symmetry of the “4-in 4-out” state. For the “2-in 2-out”
state (shaded region) in Fig. 3(b), besides the same set of Weyl
points as in Fig. 3(a), a new set of Weyl points[32] at a differ-
ent energy appears in the regions of M-WSM2 and M-WSM3

(see the caption of Fig. 3 and Fig. 4(g) for details).
Due to the cubic symmetry of the “4-in 4-out” state, the

WSM in this region has a vanishing anomalous Hall effect.
A pressure induced anomalous Hall effect, however, is still
expected[6]. In the “2-in 2-out” region, the cubic symmetry is
explicitly broken. We expect a nonvanishing anomalous Hall
effect ⌅ij = e2

2�h�ijk⇥k from the 8 Weyl points with � given
by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 4, Weyl points
with opposite chirality should be connected by gapless surface
states that form open Fermi arcs in the surface BZ. These sur-
face states should appear for both WSM and the M-WSM that
contains Weyl points of opposite chirality in separate elec-
tron/hole pockets. In Fig. 5, we plot the electron spectrum
for the WSM of the “4-in 4-out” region in the phase diagram
that is depicted in Fig. 3(b). As the Weyl points in this WSM
phase appear on a line of high symmety (from L to �), the
Weyl points of opposite chiralities project to the same point
on the surface BZ for (001) surfaces. Therefore, no surface
states are expected for these surfaces. For (111) and (110) sur-
faces, however, Weyl points with opposite chiralities project
to different points in surface BZ[33], leading to gapless Fermi
arcs on the surface. In Fig. 5, half of the surface Fermi arcs
are located on the top surface, and the other half on the bottom
one.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[35–37]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[38–40]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [34]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [41]
Yb2Ir2O7 I Unknown[18]

TABLE II. Magnetic and transport properties of R2Ir2O7.
I=insulator, MIT=metal-insulator transition, LRO=long range order.

Prediction—In Table II, we list the magnetic and transport
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FIG. 4. (Color online) The evolution of the band structure. The
energy unit is set to be t. The dashed (red) line is the Fermi energy.
In the figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at
c1 = 0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in
4-out” spin configuration. The Weyl points are located along the line
from L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out”
spin configuration. The Weyl points are created by splitting L points,
but not located on high symmetric lines. Note there is a small energy
gap at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t
with “2-in 2-out” spin configuration. As in c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate to create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. In (g) and (h), we choose X and W to (2⇡, 0, 0)
and (2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

diagrams, the 8 Weyl points of the “4-in 4-out” state (white
region) are created at L points and annihilated at the � point.
As shown in Fig. 4(b), the Weyl points are located along the
line of high symmetry from L to � due to the high symmetry
of the “4-in 4-out” state. For the “2-in 2-out” state (shaded re-
gion), the band structure is more complicated. To be specific,
we choose the “2-in 2-out” state with net ferromagnetic (FM)
moment along z-direction throughout the paper. In Fig. 3(a),
away from the AI phase, the 8 Weyl points are also created
by splitting the L points but located at [kxkxkz] (and equiva-
lent points) that are off high symmetry lines. Upon increasing
the Kondo coupling, the bands in other regions of the BZ start

to touch the Fermi energy, which creates electron/hole pock-
ets around the Weyl points. Even though the electron/hole
pockets may contain two Weyl points with opposite chirality,
which leads to a conventional semi-metal, one may still ob-
tain non-trivial topological semi-metal by doping the system
properly. Therefore, we term this phase a “mixed Weyl semi-
metal” (M-WSM). As shown in Fig. 4(e), the Weyl points are
located along line of high symmetry from L to � due to the
high symmetry of the “4-in 4-out” state. For the “2-in 2-out”
state (shaded region) in Fig. 3(b), besides the same set of Weyl
points as in Fig. 3(a), a new set of Weyl points[32] at a differ-
ent energy appears in the regions of M-WSM2 and M-WSM3

(see the caption of Fig. 3 and Fig. 4(g) for details).
Due to the cubic symmetry of the “4-in 4-out” state, the

WSM in this region has a vanishing anomalous Hall effect.
A pressure induced anomalous Hall effect, however, is still
expected[6]. In the “2-in 2-out” region, the cubic symmetry is
explicitly broken. We expect a nonvanishing anomalous Hall
effect ⌅ij = e2

2�h�ijk⇥k from the 8 Weyl points with � given
by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 4, Weyl points
with opposite chirality should be connected by gapless surface
states that form open Fermi arcs in the surface BZ. These sur-
face states should appear for both WSM and the M-WSM that
contains Weyl points of opposite chirality in separate elec-
tron/hole pockets. In Fig. 5, we plot the electron spectrum
for the WSM of the “4-in 4-out” region in the phase diagram
that is depicted in Fig. 3(b). As the Weyl points in this WSM
phase appear on a line of high symmety (from L to �), the
Weyl points of opposite chiralities project to the same point
on the surface BZ for (001) surfaces. Therefore, no surface
states are expected for these surfaces. For (111) and (110) sur-
faces, however, Weyl points with opposite chiralities project
to different points in surface BZ[33], leading to gapless Fermi
arcs on the surface. In Fig. 5, half of the surface Fermi arcs
are located on the top surface, and the other half on the bottom
one.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[35–37]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[38–40]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [34]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [41]
Yb2Ir2O7 I Unknown[18]

TABLE II. Magnetic and transport properties of R2Ir2O7.
I=insulator, MIT=metal-insulator transition, LRO=long range order.

Prediction—In Table II, we list the magnetic and transport
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energy unit is set to be t. The dashed (red) line is the Fermi energy.
In the figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at
c1 = 0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in
4-out” spin configuration. The Weyl points are located along the line
from L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out”
spin configuration. The Weyl points are created by splitting L points,
but not located on high symmetric lines. Note there is a small energy
gap at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t
with “2-in 2-out” spin configuration. As in c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate to create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. In (g) and (h), we choose X and W to (2⇡, 0, 0)
and (2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

diagrams, the 8 Weyl points of the “4-in 4-out” state (white
region) are created at L points and annihilated at the � point.
As shown in Fig. 4(b), the Weyl points are located along the
line of high symmetry from L to � due to the high symmetry
of the “4-in 4-out” state. For the “2-in 2-out” state (shaded re-
gion), the band structure is more complicated. To be specific,
we choose the “2-in 2-out” state with net ferromagnetic (FM)
moment along z-direction throughout the paper. In Fig. 3(a),
away from the AI phase, the 8 Weyl points are also created
by splitting the L points but located at [kxkxkz] (and equiva-
lent points) that are off high symmetry lines. Upon increasing
the Kondo coupling, the bands in other regions of the BZ start

to touch the Fermi energy, which creates electron/hole pock-
ets around the Weyl points. Even though the electron/hole
pockets may contain two Weyl points with opposite chirality,
which leads to a conventional semi-metal, one may still ob-
tain non-trivial topological semi-metal by doping the system
properly. Therefore, we term this phase a “mixed Weyl semi-
metal” (M-WSM). As shown in Fig. 4(e), the Weyl points are
located along line of high symmetry from L to � due to the
high symmetry of the “4-in 4-out” state. For the “2-in 2-out”
state (shaded region) in Fig. 3(b), besides the same set of Weyl
points as in Fig. 3(a), a new set of Weyl points[32] at a differ-
ent energy appears in the regions of M-WSM2 and M-WSM3

(see the caption of Fig. 3 and Fig. 4(g) for details).
Due to the cubic symmetry of the “4-in 4-out” state, the

WSM in this region has a vanishing anomalous Hall effect.
A pressure induced anomalous Hall effect, however, is still
expected[6]. In the “2-in 2-out” region, the cubic symmetry is
explicitly broken. We expect a nonvanishing anomalous Hall
effect ⌅ij = e2

2�h�ijk⇥k from the 8 Weyl points with � given
by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 4, Weyl points
with opposite chirality should be connected by gapless surface
states that form open Fermi arcs in the surface BZ. These sur-
face states should appear for both WSM and the M-WSM that
contains Weyl points of opposite chirality in separate elec-
tron/hole pockets. In Fig. 5, we plot the electron spectrum
for the WSM of the “4-in 4-out” region in the phase diagram
that is depicted in Fig. 3(b). As the Weyl points in this WSM
phase appear on a line of high symmety (from L to �), the
Weyl points of opposite chiralities project to the same point
on the surface BZ for (001) surfaces. Therefore, no surface
states are expected for these surfaces. For (111) and (110) sur-
faces, however, Weyl points with opposite chiralities project
to different points in surface BZ[33], leading to gapless Fermi
arcs on the surface. In Fig. 5, half of the surface Fermi arcs
are located on the top surface, and the other half on the bottom
one.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[35–37]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[38–40]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [34]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [41]
Yb2Ir2O7 I Unknown[18]

TABLE II. Magnetic and transport properties of R2Ir2O7.
I=insulator, MIT=metal-insulator transition, LRO=long range order.

Prediction—In Table II, we list the magnetic and transport
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FIG. 4. (Color online) The evolution of the band structure. The
energy unit is set to be t. The dashed (red) line is the Fermi energy.
In the figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at
c1 = 0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in
4-out” spin configuration. The Weyl points are located along the line
from L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out”
spin configuration. The Weyl points are created by splitting L points,
but not located on high symmetric lines. Note there is a small energy
gap at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t
with “2-in 2-out” spin configuration. As in c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate to create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. In (g) and (h), we choose X and W to (2⇡, 0, 0)
and (2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

diagrams, the 8 Weyl points of the “4-in 4-out” state (white
region) are created at L points and annihilated at the � point.
As shown in Fig. 4(b), the Weyl points are located along the
line of high symmetry from L to � due to the high symmetry
of the “4-in 4-out” state. For the “2-in 2-out” state (shaded re-
gion), the band structure is more complicated. To be specific,
we choose the “2-in 2-out” state with net ferromagnetic (FM)
moment along z-direction throughout the paper. In Fig. 3(a),
away from the AI phase, the 8 Weyl points are also created
by splitting the L points but located at [kxkxkz] (and equiva-
lent points) that are off high symmetry lines. Upon increasing
the Kondo coupling, the bands in other regions of the BZ start

to touch the Fermi energy, which creates electron/hole pock-
ets around the Weyl points. Even though the electron/hole
pockets may contain two Weyl points with opposite chirality,
which leads to a conventional semi-metal, one may still ob-
tain non-trivial topological semi-metal by doping the system
properly. Therefore, we term this phase a “mixed Weyl semi-
metal” (M-WSM). As shown in Fig. 4(e), the Weyl points are
located along line of high symmetry from L to � due to the
high symmetry of the “4-in 4-out” state. For the “2-in 2-out”
state (shaded region) in Fig. 3(b), besides the same set of Weyl
points as in Fig. 3(a), a new set of Weyl points[32] at a differ-
ent energy appears in the regions of M-WSM2 and M-WSM3

(see the caption of Fig. 3 and Fig. 4(g) for details).
Due to the cubic symmetry of the “4-in 4-out” state, the

WSM in this region has a vanishing anomalous Hall effect.
A pressure induced anomalous Hall effect, however, is still
expected[6]. In the “2-in 2-out” region, the cubic symmetry is
explicitly broken. We expect a nonvanishing anomalous Hall
effect ⌅ij = e2

2�h�ijk⇥k from the 8 Weyl points with � given
by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 4, Weyl points
with opposite chirality should be connected by gapless surface
states that form open Fermi arcs in the surface BZ. These sur-
face states should appear for both WSM and the M-WSM that
contains Weyl points of opposite chirality in separate elec-
tron/hole pockets. In Fig. 5, we plot the electron spectrum
for the WSM of the “4-in 4-out” region in the phase diagram
that is depicted in Fig. 3(b). As the Weyl points in this WSM
phase appear on a line of high symmety (from L to �), the
Weyl points of opposite chiralities project to the same point
on the surface BZ for (001) surfaces. Therefore, no surface
states are expected for these surfaces. For (111) and (110) sur-
faces, however, Weyl points with opposite chiralities project
to different points in surface BZ[33], leading to gapless Fermi
arcs on the surface. In Fig. 5, half of the surface Fermi arcs
are located on the top surface, and the other half on the bottom
one.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[35–37]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[38–40]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [34]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [41]
Yb2Ir2O7 I Unknown[18]
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SURFACE STATES
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in which we do not explicitly include R-R exchange, whose
effect is assumed to generate the q = 0 magnetic ordering.

Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also
in Ref. 14, when �1.2t . t� . �0.5t, the metallic phase
(M) is obtained; for the rest regimes, strong topological band
insulator (STI) with topological class (1;000) is realized.
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FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also
in Ref. 14, when �1.2t . t� . �0.5t, the metallic phase
(M) is obtained; for the rest regimes, strong topological band
insulator (STI) with topological class (1;000) is realized.
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M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),
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no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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FIG. 5. (Color online) Illustration of surface states arising from bulk Weyl points. (a) The bulk states as a function of (kx,ky) (and arbitrary
kz) fill the inside of a cone. A cylinder whose base defines a one-dimensional circular Brillouin zone is also drawn. (b) The cylinder unrolled
onto a plane gives the spectrum of the two-dimensional subsystem H (λ,kz) with a boundary. On top of the bulk spectrum, a chiral state appears
due to the nonzero Chern number. (c) Meaning of the surface states back in the three-dimensional system. The chiral state appears as a surface
connecting the original Dirac cone to a second one, and the intersection between this plane and the Fermi level gives a Fermi arc connecting
the Weyl points.

semimetal phase is gapless in the bulk, θ is ill defined. As
U is lowered further, the Weyl points shift, with nodes of
opposite chirality approaching one another. If at lower values
of U the Weyl points meet and annihilate again, the resulting
phase will have θ = π . The parities will be the same as in the
Weyl semimetal, since the Weyl points would have annihilated
away from TRIMs. From Table II we can see that indeed
this corresponds to θ = π , since there are 14 negative-parity
filled states, while the Mott insulator corresponds to θ = 0,
having 12 negative-parity filled states. Indeed, the presence
of the intervening Weyl phase can be deduced from the
requirement that θ has to change between these two quantized
values. Similarly, when time-reversal symmetry is present but
inversion absent, a gapless phase must intervene when a change
in topology occurs.33

Unfortunately, within our LSDA + U + SO calculation, a
metallic phase intervenes on lowering U ! 1.0 eV, before the
Weyl points annihilate to give the axion insulator. We point
out this possibility nevertheless, since LDA systematically
underestimates the stability of such gapped phases. Moreover,
it provides an interesting example of a pair of insulators, a Mott
insulator and a smaller U “Slater” insulator, with the same
magnetic order, but which are nevertheless different phases,
which cannot be smoothly connected to one another. Inversion
symmetry is critical in preserving this distinction.

Topological Weyl semimetal. In the semimetal phase, there
are 24 Weyl points. Near each L point there are 3 Weyl
points related by the threefold rotation, which have the same
chiral charge, as well as the inverse images with opposite
chirality. Thus, there are 24 Weyl points, where the valence
and conduction band line up, in the whole Brillouin zone.
Since all are at the same energy by symmetry, the chemical
potential must pass through them. The Fermi velocities at the
Weyl point are found to be typically an order of magnitude
smaller than in graphene. We briefly note that this Weyl
semimetal is a gapless state with power-law forms for various
properties, which will be described in more detail elsewhere.
For example, the density of states N (E) ∝ E2. The small
density of states makes this an insulator at zero temperature
and frequency (as seen experimentally for Y2Ir2O7). The

ac conductivity for a single node with isotropic velocity
v in the free particle limit of the clean system is σ (%) =
e2

12h
|%|
v

. Furthermore, novel magnetoconductance phenomena
are expected in Weyl semimetals, as a consequence of the
Adler-Bell-Jackiw anomaly of Weyl fermions,34 which will
be discussed in future work. Additionally, a Weyl metal must
automatically have surface states, as explained in the next
section.

IV. SURFACE STATES

The Weyl points behave like “magnetic” monopoles in
momentum space whose charge is given by the chirality; they
are actually a source of “Berry flux” rather than magnetic flux.
The Berry connection, a vector potential in momentum space,
is defined by A(k) =

!N
n=1 i⟨unk|∇k|unk⟩, where N is the

number of occupied bands. As usual, the Berry flux is defined
as F = ∇k × A. To show that there are arcs connecting pairs
of Weyl points, we argue that there is an arc on the surface
Brillouin zone emanating from the projection (k0x,k0y) of each
Weyl point.

The argument is based on the band topology around the
Weyl points. Consider a curve in the surface Brillouin zone
encircling the projection of the bulk Weyl point, which is tra-
versed counterclockwise as we vary the parameter λ : 0 → 2π ;
kλ = [kx(λ),ky(λ)] [see Fig. 5(a)]. We show that the energy ϵλ

of a surface state at momentum kλ crosses E = 0 at some value
of λ. Consider H (λ,kz) = H (kλ,kz), which can be interpreted
as the gapped Hamiltonian of a two-dimensional system (with
λ and kz as the two momenta). The two periodic parameters
λ, kz define the surface of a torus in momentum space. The
Chern number of this two-dimensional band structure is given
by the Berry curvature integration: 1

2π

"
Fdkzdλ, which, by

the Stokes theorem, simply corresponds to the net monopole
density enclosed within the torus. This is obtained by summing
the chiralities of the enclosed Weyl nodes. Consider the case
when the net chirality is unity, corresponding to a single
enclosed Dirac node. Then, the two-dimensional subsystem
is a quantum Hall insulator with unit Chern number. When the
system is given a boundary at z = 0, we expect a chiral edge
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FIG. 5. (Color online) The spectrum for a slab that is finite
along [110] direction. The inset is the surface BZ with schematic
Fermi arcs connecting the points with different colors (chiralities).
Red/green (dark/light) points correpond to the projection of Weyl
points with opposite chirality (�1/+1). The points with larger size
have projections from two Weyl points. In the plot, t� = �1.5t and
c1 = 0.2t, c2 = �0.2t with a “4-in 4-out” spin configuration. The
dashed (red) line is the Fermi energy.

properties of various R2Ir2O7. Most materials in Table II ex-
hibit a MIT. Very little is known about their magnetic proper-
ties. The most studied compound in this series is Pr2Ir2O7,
which exhibit a metallic ground state and anomalous Hall
effect[35–37]. As the parent state for Pr2Ir2O7 is expected
to be metallic (see Fig. 2), we will discuss it in a forthcom-
ing work[26]. LRO has been suggested for Nd2Ir2O7[38–40]
and Sm2Ir2O7[34]. Recent neutron diffraction and scatter-
ing experiments[40] on Nd2Ir2O7 suggest a q = 0 “4-in 4-
out” spin configuration for both Nd and Ir systems. Another
experiment[39] applies pressure to Nd2Ir2O7 and finds that
the pressure suppresses MIT and leads to a FM metal state.
Ref. 39 further conjectures that the magnetic ground state of
Nd be an “ordered spin ice” with “2-in 2-out” spin configu-
ration and q = 0 or 2�(001). Based on these experimental
findings, it is very likely that Nd2Ir2O7 will develop the topo-
logical phases proposed in Fig. 3. For an insulating Nd2Ir2O7

with q = 0 “4-in 4-out” spin state, one may measure the
magnetoelectric response to confirm if the system is in the
AI phase. Applying pressure changes the Kondo coupling,
which may drive a successive transition from AI with “4-in 4-
out” spin state to WSMs then to M-WSM and CSM with “2-
in 2-out” state. Anomalous Hall effect and non-trivial surface
states may be detected for Nd2Ir2O7 at intermediate pressures.
Ref. 9 and 11 have predicted the behaviors of dc/ac conduc-
tivitites in different limits. It will be interesting to check if the
available resitivity data for Nd2Ir2O7 and also for Sm2Ir2O7

agree with their predictions. Moreover, due to the spin wave
fluctuations in the R subsystem, R2Ir2O7 is an ideal system
to explore the so-called “axionic polarition” physics[42]. Fur-
ther experiments are needed to elucidate the nature of mag-
netic ground state of other R2Ir2O7.

To summarize, we have constructed and analyzed a mini-
mal and realistic model with Kondo coupling for rare-earth-
based pyrochlore iridates R2Ir2O7. With this model we

find broad regions of Axion insulator, topological semi-metal
phases and Kondo-coupling driven metal-insulator transition.
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FIG. 1. a) Pyrochlore lattice of Ir atoms (large). The oxygens
(small) bridging the Ir’s in one unit cell are shown together
with the local axes they define. b) Phase diagram of the
hopping Hamiltonian H0. We set toxy = 1. The dashed line
is t⇡ = �2t�/3.

hopping between the Ir atoms, which is expected to be
significant due to the large spatial extent of Iridium’s
5d orbitals. The direct hopping amplitudes are treated
within the Slater-Koster formalism. We consider only the
⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
usually smaller ⇥-overlap. This leaves us with two direct
hopping parameters: t⌅ and t⇤. The resulting kinetic
Hamiltonian reads

H0 =
X

hRi,R0i0i,��0

(T ii0

o,��0 + T ii0

d,��0)d†Ri�dR0i0�0 , (1)

where R denotes the sites of the underlying Bravais FCC
lattice of the pryrochlore lattice of Ir’s, while i = 1, . . . , 4
labels the sites within the unit cell. The operator dRi"(#)
annihilates an electron in the pseudospin ⌅ (⇧) state at
site Ri. The two sets of matrices To and Td correspond to
the oxygen mediated[4] and direct hopping, respectively.

We include interactions via an on-site Hubbard
repulsion between Iridium’s d-electrons: HU =
U
P

Ri nRi"nRi#, where nRi� is the density of electrons
occupying the |je� = 1/2,�⌥ state at site Ri, with
� =⌅, ⇧. As we are interested in the magnetic phases ex-
pected at finite U , we perform a Hartree-Fock mean-field
decoupling HU ⇤ �U

P
Ri(2⌃jRi⌥ · jRi � ⌃jRi⌥2), where

jRi =
P

�⇥=",# d
†
Ri���⇥dRi⇥/2 is the pseudospin oper-

ator, whose expectation value will be determined self-
consistently. We consider magnetic configurations pre-
serving the unit cell so that ⌃jRi⌥ = ⌃ji⌥, i = 1, . . . , 4,
are the 4 order parameters under consideration. These
are directly proportional to the local magnetic moment
carried by the d-electrons. This follows from the fact
that the projections of the spin and orbital angular mo-
mentum operators onto the je� = 1/2 manifold are pro-
portional to the pseudospin operator: P̃ †SP̃ = �j/3
and P̃ †LP̃ = �4j/3 with P̃ = Pt2gP1/2, where Pt2g

projects onto the t2g subspace and P1/2 projects onto
the je� = 1/2 subspace. This allows us to treat ⌃ji⌥ as

FIG. 2. Mean-field phase diagram (toxy = 1) as a function of
U , the Hubbard coupling, and the direct hopping parameters.

the spontaneous local magnetic moment of the electrons.
We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
generated by including very weak NNN hopping, as we
have explicitly verified. Although we don’t consider trig-
onal distortions here, the direct hoppings alone can lead
to qualitatively similar e⇥ects, e.g. the metallic phase
resulting from the change in degeneracies at the � point.

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
gram, we performed an unconstrained analysis sampling
over the space of all possible magnetic configurations pre-
serving the unit cell.

Phase diagram: The resulting ground-state phase di-
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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FIG. 1. a) Pyrochlore lattice of Ir atoms (large). The oxygens
(small) bridging the Ir’s in one unit cell are shown together
with the local axes they define. b) Phase diagram of the
hopping Hamiltonian H0. We set toxy = 1. The dashed line
is t⇡ = �2t�/3.

hopping between the Ir atoms, which is expected to be
significant due to the large spatial extent of Iridium’s
5d orbitals. The direct hopping amplitudes are treated
within the Slater-Koster formalism. We consider only the
⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
usually smaller ⇥-overlap. This leaves us with two direct
hopping parameters: t⌅ and t⇤. The resulting kinetic
Hamiltonian reads

H0 =
X

hRi,R0i0i,��0

(T ii0

o,��0 + T ii0

d,��0)d†Ri�dR0i0�0 , (1)

where R denotes the sites of the underlying Bravais FCC
lattice of the pryrochlore lattice of Ir’s, while i = 1, . . . , 4
labels the sites within the unit cell. The operator dRi"(#)
annihilates an electron in the pseudospin ⌅ (⇧) state at
site Ri. The two sets of matrices To and Td correspond to
the oxygen mediated[4] and direct hopping, respectively.

We include interactions via an on-site Hubbard
repulsion between Iridium’s d-electrons: HU =
U
P

Ri nRi"nRi#, where nRi� is the density of electrons
occupying the |je� = 1/2,�⌥ state at site Ri, with
� =⌅, ⇧. As we are interested in the magnetic phases ex-
pected at finite U , we perform a Hartree-Fock mean-field
decoupling HU ⇤ �U

P
Ri(2⌃jRi⌥ · jRi � ⌃jRi⌥2), where

jRi =
P

�⇥=",# d
†
Ri���⇥dRi⇥/2 is the pseudospin oper-

ator, whose expectation value will be determined self-
consistently. We consider magnetic configurations pre-
serving the unit cell so that ⌃jRi⌥ = ⌃ji⌥, i = 1, . . . , 4,
are the 4 order parameters under consideration. These
are directly proportional to the local magnetic moment
carried by the d-electrons. This follows from the fact
that the projections of the spin and orbital angular mo-
mentum operators onto the je� = 1/2 manifold are pro-
portional to the pseudospin operator: P̃ †SP̃ = �j/3
and P̃ †LP̃ = �4j/3 with P̃ = Pt2gP1/2, where Pt2g

projects onto the t2g subspace and P1/2 projects onto
the je� = 1/2 subspace. This allows us to treat ⌃ji⌥ as

FIG. 2. Mean-field phase diagram (toxy = 1) as a function of
U , the Hubbard coupling, and the direct hopping parameters.

the spontaneous local magnetic moment of the electrons.
We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
generated by including very weak NNN hopping, as we
have explicitly verified. Although we don’t consider trig-
onal distortions here, the direct hoppings alone can lead
to qualitatively similar e⇥ects, e.g. the metallic phase
resulting from the change in degeneracies at the � point.

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
gram, we performed an unconstrained analysis sampling
over the space of all possible magnetic configurations pre-
serving the unit cell.

Phase diagram: The resulting ground-state phase di-
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(small) bridging the Ir’s in one unit cell are shown together
with the local axes they define. b) Phase diagram of the
hopping Hamiltonian H0. We set toxy = 1. The dashed line
is t⇡ = �2t�/3.
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⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
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the spontaneous local magnetic moment of the electrons.
We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
generated by including very weak NNN hopping, as we
have explicitly verified. Although we don’t consider trig-
onal distortions here, the direct hoppings alone can lead
to qualitatively similar e⇥ects, e.g. the metallic phase
resulting from the change in degeneracies at the � point.

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
gram, we performed an unconstrained analysis sampling
over the space of all possible magnetic configurations pre-
serving the unit cell.
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
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Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =
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(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also in
Ref. 12, when �1.2t . t� . �0.5t, the metallic phase (M) is
obtained; otherwise, a strong topological band insulator (STI)
with topological class (1;000) is realized[13].
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FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now add the Kondo coupling with the Ising spins at R
sites. To find the ground state of this Hamiltonian, one needs
to consider all possible Pr spin configurations and find the
lowest energy one. We now assume the magnetic unit cell
of Pr is identical to the crystal unit cell, i.e. q = 0. This
magnetic ordering pattern is actually proposed in Nd2Ir2O7

and Sm2Ir2O7[34, 38–40]. With this simplification we only
need to consider the spin configurations on a tetrahedral unit
cell for R. Under time reversal and cubic group transforma-
tions, the 16 spin configurations reduce to 3 inequivalent spin
configurations—“4-in 4-out”, “3-in 1-out” and “2-in 2-out”.
By the same reasoning, for the Kondo couping in Eq. (2) we
only have to look at the cases with c1 and c2 having the same
sign or opposite sign. We plot the resulting phase diagrams
in Fig. 3 for the two reference points marked in Fig. 2, where
the parent ground states of the two points are both STIs. We
postpone the case of a metallic parent ground state to another
paper[27]. Even though we are not considering the effect of
interaction for Ir subsystem, it is expected that the interac-
tion will narrow the electron bandwidth and thus effectively
enhance the Kondo coupling[26]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[31]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling.

Axion insulator—The AI phase can be viewed as deriving
from the STI. When time-reversal symmetry is broken but in-
version symmetry is preserved, the magnetoelectric response
parameter � is still quantized. Since our system preserves the
inversion symmetry even in presence of q = 0 magnetic or-
der, we use the formula introduced in Ref. 28 to express � in
terms of the number no(k) of filled odd parity states at the
time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.
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FIG. 3. (Color online) Phase diagrams[29] for the two reference
points in Fig. 2. The white region has“4-in 4-out” state and the green
(shaded) region has “2-in 2-out” state. In the figure, AI=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[30], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots indicates the places where the Fermi energy moves
away from the Weyl points. Another dashed line in (b) indicates the
places where the second set of Weyl points are created.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the inversion par-
ity flips at TRIMs and the AI phase turns into WSM for both
cases studied in Fig. 2. The fermi surface of WSM is com-
posed of the Weyl points, around which the spectrum is linear
and gapless. The effective Hamiltonian near the Weyl point is
obtained by expanding the full Hamiltonian at the Weyl point
with only two relevant bands involved[4, 14],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 4, Weyl points can
only be created or annihilated in pairs of the opposite chirality.

The WSM phase appears for both “4-in 4-out” and “2-in
2-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E � E0)2 scaling. For both phase
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From the above analysis, we obtain the minimal model for
Pr2Ir2O7, which includes the Pr-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr. (4)

In this simple minimal model, the itnerant Ir electrons couples
to the localized Ising spins at Pr sites, which leads to rather
non-trivial physics.

Phase diagram—We start with the Hamiltonian in the ab-
sence of Kondo coupling. To be specific we take t� = �t⇥
throughout the work. As shown in Fig. 2,[12] when �1.2t .
t⇥ . �0.5t, the metallic phase (M) is obtained; for the rest
regimes, topological band insulator (TI) with indices (1;000)
is realized.

�0.5

�1.5

�1.2

�0.3�1
t�/t

MTI TI

FIG. 2. (Color online) The phase diagram without Kondo coupling.
“M” stands for metallic phase; “TI” stands for topological insulator
phase. In this one dimension phase diagram, the circles (red) are
phase boundaries; the diamonds (blue) are three cases studied in this
paper.

We then include the Kondo coupling with the Ising spins
at Pr sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. This is numerically very challenging.
To proceed, we assume the Pr subsystem develops a magnetic
order with q = 0. Recent numerical work has also discovered
q = 0 magnetic ordering for Pr Ising spins interacting with
RKKY interaction[18]. With this simplification, we only need
to consider the spin configurations on a tetrahedral unit cell for
Pr. By time-reversal and cubic group transformation, there are
only three different spin configurations—“4-in 4-out”, “3-in
1-out” and “2-in 2-out” and we only have to look at the cases
with c1 and c2 having the same sign or different sign. We
plot the resulting phase diagrams in Fig. 3 for three reference
points in Fig. 2.

Axion insulator—
Weyl semi-metal—
Nodal semi-metal—
Surface state—
Discussion— monte carlo, also apply to A2Ir2O7, e.g.

A=Dy, Nd[16, 22–24], where there are strong 111 anisotropy.
Dy might have 4-in 4-out order, Nd is 2-in 2-out order.

magnetic field effect on anomalous hall effect magnetic or-
der µSR

dipole, octupole and quadrupolar coupling for A2Mo2O7
and A2Os2O7.
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where N is the number of unit cells, each of which has volume
!. Fa

ij is the well-known U (1) Berry’s curvature in band a:
Fa

ij = ∂iA
a
j − ∂jA

a
i where Aa

i = −i⟨ua

k⃗
|∂ki

|ua

k⃗
⟩ and |ua

k⃗
⟩ is the

Bloch state. This means ν⃗ is completely determined by the
band structure and Fermi level. If the 3D system is fully
gapped, one can show that ν⃗ must be a reciprocal lattice vector.
In this case, let the quantized ν⃗ = G⃗; and the system can be
viewed as a stacking of 2D quantized anomalous Hall layers
along the G⃗ direction.

Here, we provide a remarkably simple formula of the
anomalous Hall coefficient in a general Weyl semimetal:

ν⃗node =
!

i

(−)ξi P⃗i . (3)

Here, ν⃗node is the Chern vector of the ground state of a Weyl
semimetal, where the chemical potential is at the nodes. i

labels all different nodes, P⃗i are their momentum, and ξi are
their chiralities. Note that here we do not restrict P⃗i to be in
the first Brillouin zone. As a result, Eq. (3) can not be used
to determine ν⃗ completely; instead, it only determines the
fractional part of ν⃗ unambiguously because one can always
add a fully filled gapped band with Chern number.

The proof of this formula is quite straightforward starting
from Eq. (2). For simplicity, let us assume that there are
four Weyl nodes located in the 3D BZ, as shown in Fig. 3.
Let us study νx first. Similar to what we mentioned in
the two-band model, we cut the 3D BZ into 2D slices
for various values of kx . Unless the cut goes through the
nodes, the 2D band structure Hkx

(ky,kz) is fully gapped,
and the Chern number Ckx

is well defined. The total νx

should be integration
" Gx

0 Ckx
dkx . Because the Weyl node is

a monopole (antimonopole), one easily convinces oneself that
every node at k⃗node with negative (positive) chirality contributes
Ckx

= %(kx − knode,x) [Ckx
= −%(kx − knode,x)], where % is

the step function. After integration, one proves Eq. (3) for the
x direction, and similarly for the y,z directions.

FIG. 3. (Color online) Schematic illustration of the proof of the
general formula (3).

Plugging in all the 24 nodes’ momenta and chiralities
for the proposed Weyl phase in pyrochlore iridates, Eq. (3)
gives the vanishing anomalous Hall effect ν⃗ = 0. There is no
surprise here because of the cubic symmetry of the system. ν⃗
must vanish because it can not choose a special direction in
momentum space.

What if the lattice symmetry is not cubic? This can be
realized, for example, by applying a uniaxial pressure along
the [1,1,1] direction. In this case, the [1,1,1] direction is special
and symmetry consideration allows nonzero ν⃗ ∥ [1,1,1]. In
the following, we show that this indeed happens with |ν⃗|
as a linear function of the pressure enhancement P in the
low-P limit. We predict that a pressure !1 GPa, which
typically modifies the electronic hopping integrals in the band
structure by a few percent, can induce a large anomalous Hall
effect, corresponding to a few percent of integer quantum Hall
conductance per atomic layer. This pressure-induced large
anomalous Hall effect with its linear P dependence is an
intrinsic signature of a Weyl semimetal phase when the original
crystal symmetry dictates zero anomalous Hall effect, and can
be used to detect it in experiment.

The cubic symmetry of A2Ir2O7 is broken to trigonal
symmetry by a pressure along the [1,1,1] direction. As a result,
the 24 nodes are no longer all related by symmetry. The nodes
will shift in momentum space, and chemical potential µ will
no longer be at the node (referred to as self-doping from now
on). Because the summation of all filled states in Eq. (2) can
be separated into the summation of all states below the Weyl
nodes, and the summation due to self-doping, the change
of the Chern vector under a pressure has two contributions
δν⃗ = δν⃗node + δν⃗doping, where the δν⃗node is due to the shift of
nodes, and δν⃗doping is due to self-doping of the nodes. We will
show δν⃗node ∝ P and δν⃗doping ∝ P 2 in the low-P limit with
µ ∝ P . As a result, in the low-P limit, δν⃗node dominates and
δν⃗ ∝ P .

We first discuss the δν⃗node. Because the proof of Eq. (3) still
goes through for the contribution of ν⃗ from all the states below
the nodes, it can be used to compute δν⃗node. It is then clear that
δν⃗node ∝ P because the shifts of the nodes generically will be
a linear function of P .

To confirm this claim, we have modeled the effect of
pressure in the Weyl phase of A2Ir2O7 by multiplying the
hopping integrals along the [1,1,1] direction by a factor 1 + P̃
(P̃ > 0) in the low-energy k · p theory described in Ref. 7:

H (q,Li) =
#

' +
q2

z,i

2m1
−

q2
⊥,i

2m2

$

σz +
%
βqz,i

+λq3
⊥,i cos 3θ

&
σx + λq3

⊥,i sin 3θσy, (4)

where qz,i ,q⊥,i is defined locally around each L point with qz,i

along the,−Li direction. The three pair of Dirac points around
L points located at q2

⊥ ∼ 2m2',qz,i ∼ ∓q3
⊥λ/β. By choosing

' = 0.18 eV, β = 0.5 eV, m1 = 0.5 eV−1, m2 = 0.5 eV−1,
λ = 1 eV, q dimensionless within (−π,π )3, and appropriate
θ orientation, this Hamiltonian roughly captures the locations
and energy scales of the Weyl nodes. To simulate the effect
of pressure, in Eq. (4), we multiply each term having qz,1 (not
qz,i) by a factor of 1 + P̃ corresponding to increase of hopping
integral along the , − L1 direction. The δν⃗node is computed
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Here, we provide a remarkably simple formula of the
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their chiralities. Note that here we do not restrict P⃗i to be in
the first Brillouin zone. As a result, Eq. (3) can not be used
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x direction, and similarly for the y,z directions.

FIG. 3. (Color online) Schematic illustration of the proof of the
general formula (3).

Plugging in all the 24 nodes’ momenta and chiralities
for the proposed Weyl phase in pyrochlore iridates, Eq. (3)
gives the vanishing anomalous Hall effect ν⃗ = 0. There is no
surprise here because of the cubic symmetry of the system. ν⃗
must vanish because it can not choose a special direction in
momentum space.

What if the lattice symmetry is not cubic? This can be
realized, for example, by applying a uniaxial pressure along
the [1,1,1] direction. In this case, the [1,1,1] direction is special
and symmetry consideration allows nonzero ν⃗ ∥ [1,1,1]. In
the following, we show that this indeed happens with |ν⃗|
as a linear function of the pressure enhancement P in the
low-P limit. We predict that a pressure !1 GPa, which
typically modifies the electronic hopping integrals in the band
structure by a few percent, can induce a large anomalous Hall
effect, corresponding to a few percent of integer quantum Hall
conductance per atomic layer. This pressure-induced large
anomalous Hall effect with its linear P dependence is an
intrinsic signature of a Weyl semimetal phase when the original
crystal symmetry dictates zero anomalous Hall effect, and can
be used to detect it in experiment.

The cubic symmetry of A2Ir2O7 is broken to trigonal
symmetry by a pressure along the [1,1,1] direction. As a result,
the 24 nodes are no longer all related by symmetry. The nodes
will shift in momentum space, and chemical potential µ will
no longer be at the node (referred to as self-doping from now
on). Because the summation of all filled states in Eq. (2) can
be separated into the summation of all states below the Weyl
nodes, and the summation due to self-doping, the change
of the Chern vector under a pressure has two contributions
δν⃗ = δν⃗node + δν⃗doping, where the δν⃗node is due to the shift of
nodes, and δν⃗doping is due to self-doping of the nodes. We will
show δν⃗node ∝ P and δν⃗doping ∝ P 2 in the low-P limit with
µ ∝ P . As a result, in the low-P limit, δν⃗node dominates and
δν⃗ ∝ P .

We first discuss the δν⃗node. Because the proof of Eq. (3) still
goes through for the contribution of ν⃗ from all the states below
the nodes, it can be used to compute δν⃗node. It is then clear that
δν⃗node ∝ P because the shifts of the nodes generically will be
a linear function of P .

To confirm this claim, we have modeled the effect of
pressure in the Weyl phase of A2Ir2O7 by multiplying the
hopping integrals along the [1,1,1] direction by a factor 1 + P̃
(P̃ > 0) in the low-energy k · p theory described in Ref. 7:
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along the,−Li direction. The three pair of Dirac points around
L points located at q2

⊥ ∼ 2m2',qz,i ∼ ∓q3
⊥λ/β. By choosing

' = 0.18 eV, β = 0.5 eV, m1 = 0.5 eV−1, m2 = 0.5 eV−1,
λ = 1 eV, q dimensionless within (−π,π )3, and appropriate
θ orientation, this Hamiltonian roughly captures the locations
and energy scales of the Weyl nodes. To simulate the effect
of pressure, in Eq. (4), we multiply each term having qz,1 (not
qz,i) by a factor of 1 + P̃ corresponding to increase of hopping
integral along the , − L1 direction. The δν⃗node is computed
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systems experience metal-insulator phase transitions (The re-
sistivities of these “insulators” increase steeply as temperature
is lowered. But the absolute values of the resistivities in the
low-temperature limit are not small at all, ρ ∼ 100∼1 " cm,
and far from a typical insulator.) that are clearly associated
with a singularity in the magnetic susceptibility, suggesting
magnetic ordering.14–16 Recent µSR measurement on A =
Eu system, where metal-insulator transition occurs at 120
K, suggests large static ordering moment ∼1µB from Ir4+.17

Because of the lack of neutron scattering data, the magnetic
structure of the low-temperature phases remains unclear.

On the theoretical side, a calculation based on a microscopic
model suggests that the insulating phase can be a spin liquid
without magnetic ordering.12 A more recent local density
approximation (LDA) + U calculation, however, shows that,
depending on the strength of correlation, the system can be
in a 3D semimetal phase associated with a “4-in, 4-out”
antiferromagnetic order.7 If the proposed Weyl semimetal
phase is realized in stoichiometric clean pyrochlore iridates,
the chemical potential will be automatically tuned to the Weyl
nodes. One clear prediction was made in Ref. 7 where authors
show that there is a topologically protected surface chiral Fermi
arc, which can be detected in angle-resolved photoemission
spectroscopy (ARPES) experiments. However, it is unclear
whether this 3D material is experimentally friendly in terms
of surface-sensitive probes. One of the goals of this paper is to
find the bulk signatures of the Weyl phase.

II. PRESSURE-INDUCED ANOMALOUS HALL EFFECT

One way to view the Weyl node is that it is a monopole
of the Berry curvature.7,19,20 For example, let us consider a
simple half-filled 3D two-band model

Hk = [2tx(cos kx − cos k0) + m(2 − cos ky − cos kz)]σx

+2ty sin kyσy + 2tz sin kzσz, (1)

where σ is the spin of the electron. This model breaks
time-reversal symmetry and hosts two Weyl nodes in the bulk
Brillouin zone (BZ) at P⃗ = ±(k0,0,0), related by inversion
symmetry (see Fig. 1). If we fix kx , Hkx

(ky,kz) can be viewed
as a 2D band structure, which is fully gapped when kx ̸= ±k0
and its Chern number Ckx

, or TKNN index,21 is well defined. It
is easy to show that Ckx

= 1 when kx ∈ (−k0,k0) and Ckx
= 0

otherwise. In this sense, the Weyl nodes can be viewed as
integer quantum Hall plateau transition as kx is tuned. Because
Ckx

is an integration of the Berry’s curvature, the jump of Ckx

at a Weyl node dictates that it is a magnetic monopole of
the Berry’s curvature, positively (negatively) charged if its
chirality, defined as the handiness of the momentum axis in
front of the σx,y,z matrices, is positive (negative). A direct
consequence of these monopoles is that, on the surface not
perpendicular to the kx direction, for instance, the x-y surface,
there must be a chiral Fermi surface connecting the Weyl nodes
in the surface BZ,7 i.e., a Fermi “arc.”

The association of a Weyl node with the jump of the
Chern number indicates that the system may have a large
anomalous Hall effect. (The anomalous Hall effect associated
with monopoles in momentum space of ferromagnetic systems
was discussed by Fang et al.19) Indeed, in the two-band model

FIG. 1. (Color online) Weyl nodes in the two-band model
[Eq. (1)]. The Chern number for the 2D band structure C at a given kx

is jumping by 1 across the nodes. As a result, there are surface chiral
Fermi arcs. The arcs on the top and bottom surfaces form a closed
2D Fermi surface.

[Eq. (1)], from the existence of the surface modes, which
correspond to one edge state for every 2π/(2k0) y-z layers,
the anomalous Hall effect occurs with σyz = e2

h
2k0. When the

two nodes are moved to the BZ boundary and annihilated, the
system becomes a quantized 3D anomalous Hall state.

In the pyrochlore iridates A2Ir2O7, however, the proposed
Weyl phase hosts 24 nodes7 (see Fig. 2), all related by the
lattice cubic symmetry. Are there anomalous Hall effects in
this phase?

In a general 3D crystal, the anomalous Hall effect is
characterized by a momentum space vector22 ν⃗, the Chern
vector. The anomalous Hall conductivity is given by ν⃗ via
σij = e2

2πh
ϵijkνk . Haldane20 shows that the anomalous Hall

conductivity of the ground state of a 3D electronic structure
can be expressed as an integration of the Berry’s curvature of
the filled electronic states:

σij = e2

h̄

1
"N

!

k⃗,a

Fa
ij na(k⃗,µ), (2)

FIG. 2. (Color online) The nodes of the proposed Weyl metal
phase (Ref. 7) of A2Ir2O7 in its first BZ. Red larger dots and blue
smaller dots are of opposite chirality. The direction out or paper plane
is along the [1,1,1] direction.
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FIG. 4. (Color online) The evolution of band structure. The energy
unit is set to be t. Dashed (red) line is the Fermi energy. In the
figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at c1 =
0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in 4-out”
spin configuration. The Weyl points are located along the line from
L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out” spin
configuration. The Weyl points are created by splitting L points, but
not located on high symmetric lines. Note there is a small energy gap
at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t with
“2-in 2-out” spin configuration. Same as c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate and create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. Here, as the cubic symmetry is broken by the “2-in
2-out” spin configuration, we choose X and W to be (2⇡, 0, 0) and
(2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

more complicated. To be specific, we choose the “2-in 2-out”
state with net ferromagnetic (FM) moment along z-direction
throughout the paper. In Fig. 3(a), away from the AI phase,
the 8 Weyl points are also created by splitting the L points but
located at [kxkxkz] and equivalent points. Upon increasing
Kondo coupling, the bands in other regions of the BZ start to
touch the Fermi energy, which creates electron/hole pockets
around the Weyl points. Even though the electron/hole pock-
ets may contain two Weyl points with opposite chirality which

leads to a conventional semi-metal, one may still obtain non-
trivial topological semi-metal by doping the system properly.
Therefore, we term this phase as “mixed Weyl semi-metal”
(M-WSM). As shown in Fig. 4(e), the 8 Weyl points annihi-
late in pairs along the lines from � to K and a conventional
semi-metal (CSM) is obtained. For the “2-in 2-out” region in
Fig. 3(b), besides the same set of Weyl points as in Fig. 3(a),
a new set of Weyl points[33] at different energy appears in the
regions of M-WSM2 and M-WSM3 (see the caption of Fig. 3
and Fig. 4(g) for details).

Due to cubic symmetry of “4-in 4-out” state, the WSM in
this region has a vanishing anomalous Hall effect. A pressure
induced anamalous Hall effect, however, is still expected[8].
In the “2-in 2-out” region, the cubic symmetry is explicitly
broken. We expect a nonvanishing anomalous Hall effect
⌅ij =

e2

2�h�ijk⇥k from the 8 Weyl points with � given by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 6, the Weyl
points with opposite chirality should be connected by gapless
surface states, that form open Fermi arcs in the surface BZ.
These surface states should appear for both WSM and the M-
WSM that contains Weyl points of opposite chirality in sep-
arate electron/hole pockets. In Fig. 5, we plot the electron
spectrum for the WSM of the “4-in 4-out” region in the phase
diagram that is depicted in Fig. 3(b). As the Weyl points in
this WSM phase appear in the high symmetric line (from L
to �), the Weyl points of opposite chiralities project to the
same point on the surface BZ for (001) surfaces. Therefore,
no surface states are expected for these surfaces. For (111)
and (110) surfaces, however, Weyl points with opposite chi-
ralities project to different points in surface BZ[34], leading
to gapless Fermi arcs on the surface. In Fig. 5, half of the sur-
face Fermi arcs are located on the top surface, and the other
half on the bottom one. The Fermi arcs are not nested as the
approximately nested Fermi arcs are on different surfaces.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[36–38]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[39–41]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [35]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [42]
Yb2Ir2O7 I Unknown[18]

TABLE II. Magnetic and transport properties of R2Ir2O7.
I=insulator, MIT=metal-insulator transition, LRO=long range order.

Prediction—In Tab. II, we list the magnetic and trans-
port properties of various R2Ir2O7. Most materials in the
Tab. II exhibit MIT. Very little is known about the mag-
netic properties. The most studied compound in this series is

⌫ = 0
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FIG. 4. (Color online) The evolution of the band structure. The
energy unit is set to be t. The dashed (red) line is the Fermi energy.
In the figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at
c1 = 0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in
4-out” spin configuration. The Weyl points are located along the line
from L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out”
spin configuration. The Weyl points are created by splitting L points,
but not located on high symmetric lines. Note there is a small energy
gap at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t
with “2-in 2-out” spin configuration. As in c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate to create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. In (g) and (h), we choose X and W to (2⇡, 0, 0)
and (2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

diagrams, the 8 Weyl points of the “4-in 4-out” state (white
region) are created at L points and annihilated at the � point.
As shown in Fig. 4(b), the Weyl points are located along the
line of high symmetry from L to � due to the high symmetry
of the “4-in 4-out” state. For the “2-in 2-out” state (shaded re-
gion), the band structure is more complicated. To be specific,
we choose the “2-in 2-out” state with net ferromagnetic (FM)
moment along z-direction throughout the paper. In Fig. 3(a),
away from the AI phase, the 8 Weyl points are also created
by splitting the L points but located at [kxkxkz] (and equiva-
lent points) that are off high symmetry lines. Upon increasing
the Kondo coupling, the bands in other regions of the BZ start

to touch the Fermi energy, which creates electron/hole pock-
ets around the Weyl points. Even though the electron/hole
pockets may contain two Weyl points with opposite chirality,
which leads to a conventional semi-metal, one may still ob-
tain non-trivial topological semi-metal by doping the system
properly. Therefore, we term this phase a “mixed Weyl semi-
metal” (M-WSM). As shown in Fig. 4(e), the Weyl points are
located along line of high symmetry from L to � due to the
high symmetry of the “4-in 4-out” state. For the “2-in 2-out”
state (shaded region) in Fig. 3(b), besides the same set of Weyl
points as in Fig. 3(a), a new set of Weyl points[32] at a differ-
ent energy appears in the regions of M-WSM2 and M-WSM3

(see the caption of Fig. 3 and Fig. 4(g) for details).
Due to the cubic symmetry of the “4-in 4-out” state, the

WSM in this region has a vanishing anomalous Hall effect.
A pressure induced anomalous Hall effect, however, is still
expected[6]. In the “2-in 2-out” region, the cubic symmetry is
explicitly broken. We expect a nonvanishing anomalous Hall
effect ⌅ij = e2

2�h�ijk⇥k from the 8 Weyl points with � given
by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 4, Weyl points
with opposite chirality should be connected by gapless surface
states that form open Fermi arcs in the surface BZ. These sur-
face states should appear for both WSM and the M-WSM that
contains Weyl points of opposite chirality in separate elec-
tron/hole pockets. In Fig. 5, we plot the electron spectrum
for the WSM of the “4-in 4-out” region in the phase diagram
that is depicted in Fig. 3(b). As the Weyl points in this WSM
phase appear on a line of high symmety (from L to �), the
Weyl points of opposite chiralities project to the same point
on the surface BZ for (001) surfaces. Therefore, no surface
states are expected for these surfaces. For (111) and (110) sur-
faces, however, Weyl points with opposite chiralities project
to different points in surface BZ[33], leading to gapless Fermi
arcs on the surface. In Fig. 5, half of the surface Fermi arcs
are located on the top surface, and the other half on the bottom
one.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[35–37]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[38–40]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [34]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [41]
Yb2Ir2O7 I Unknown[18]

TABLE II. Magnetic and transport properties of R2Ir2O7.
I=insulator, MIT=metal-insulator transition, LRO=long range order.

Prediction—In Table II, we list the magnetic and transport
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FIG. 1. (Color online) R(T) at (a) pressure up to 11 GPa and
(b) pressure greater than 8 GPa. The numerals on the R(T) curves
denote the value of pressure.

was determined by the standard ruby fluorescence method at
room temperature; we ensured that the pressure change at low
temperature was smaller than 0.3 GPa. A four-probe method
was employed for resistance measurement without determina-
tion of the direction in the single crystal. The resistance was
measured by a dc method with excitation currents of 100 and
10 µA, in which the measured temperature dependence of
resistance [R(T)] show no difference between the two current
values. We show R(T) with 100-µA excitation current in this
Rapid Communication. At 2 GPa, the lowest pressure in this
measurement, the resistivity at room temperature was roughly
estimated to be about 4 m! cm by using the size of the sample
under ambient pressure.

Figure 1 shows R(T) at an applied pressure greater than
2 GPa. As R(T) at around room temperature gradually de-
creases with increasing pressure, the system becomes metallic.
TMI and R(T) in the insulating phase also decrease with
increasing pressure. In the insulating phase, the tiny slope
change of R(T) was observed up to 9 GPa. This probably
indicates that the band gap is incompletely opened under
the pressure. From these results, we could confirm that the
insulating phase is suppressed by the application of pressure.
The MIT has been found to be continuous at ambient pressure19

and at pressures less than 9 GPa based on the absence
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FIG. 2. R(T) at 11 GPa under several magnetic fields.

of discontinuities and thermal hysteresis of the MIT. Once
the pressure increases to approximately 11 GPa, no MIT is
observed in the measured temperature region.

In a previous study, a minimum in resistivity of a poly-
crystalline sample at ambient pressure was not observed.19

Here, the minimum in R(T) occurs in the metallic phase, at
a temperature denoted as Tmin in Fig. 1(a). This minimum
became observable by the suppression of the MIT under
pressure. With increasing pressure, Tmin shifts toward high
temperature up to 13 GPa. Above 13 GPa, Tmin decreases
with increasing pressure. It should be noted that a minimum
in R(T) has also been observed in similar pyrochlore iridate
Pr2Ir2O7.23 The present result suggests that the resistance
minimum is a feature common to Ln2Ir2O7 in the metallic state.
Therefore, there is a possibility that the resistance minimum
of Nd2Ir2O7 is caused by the Kondo effect, as is the case with
Pr2Ir2O7. However, we do not have additional information that
would elucidate the exact reason for the resistance minimum.
Therefore, a further discussion of Tmin is beyond the scope of
this Rapid Communication.

As shown in Fig. 1(b), at a pressure of 10 GPa, R(T) drops at
around 3.5 K and increases slightly at 3 K. This slight increase
corresponds to the MIT observed at lower pressures. With
increasing pressure, the MIT is suppressed completely but the
drop in R(T) remained up to around 15 GPa. This drop indicates
a new pressure-induced phase transition. Figure 2 shows R(T)
at 11 GPa under several magnetic fields. At a pressure of
11 GPa, a drop of 4% in R(T) at 0 T is observed for TO =
3.2 K, where TO is the onset temperature of the resistance drop.
With increasing magnetic field, the drop in R(T) broadens and
R(T) starts to decrease at higher temperature. Furthermore, the
magnetoresistance is negative. The magnetic field dependence
indicates that the drop in R(T) is caused by a ferromagnetic
(FM) transition.

Next, we will discuss the pressure-induced FM ordering
in a pyrochlore lattice in the metallic state. As the origin
of the FM ordering, there are three possibilities: ordering of
the Ir moment, the Nd moment, or both Ir and Nd moments.
First, it is important to consider the degree of freedom of the
localized Nd moment. The crystalline electric field with D3d

symmetry splits the ground state J = 9/2 multiplet in Nd3+ into
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five Kramers doublets. In this case, the Kramers ground-state
doublet has a magnetic degree of freedom. The ground-state
entropy of Rln2 has to be relieved down to 0 K. It is known
that the Nd moment in pyrochlore oxide, Nd2Mo2O7, has a
local ⟨111⟩ Ising anisotropy.10 Our preliminary magnetization
measurement of Nd2Ir2O7 indicates that the Nd moment also
has a local ⟨111⟩ Ising anisotropy.24

A local ⟨111⟩ Ising model on a pyrochlore lattice inter-
acting via the long-range RKKY interaction has been studied
theoretically.25 According to this theory, LRO of localized
moment with local ⟨111⟩ Ising anisotropy is realized in the
metallic state. In the present results, it should be noted that
only a single phase transition due to the FM ordering is
observed above 11 GPa; in particular, no additional phase
transition is observed at 13 GPa down to 100 mK. If the FM
ordering originates from only the Ir moment, the ground-state
entropy of the Nd moment is not relieved down to near 0 K
in spite of a metallic state. Obviously, this scenario is contra-
dictory to the aforementioned theoretical result. Therefore, it
is highly possible that the FM ordering is mainly driven by
the Nd moment although further measurements are required
to elucidate the origin of the FM ordering. Furthermore,
in general, the resistivity of localized f-electron systems
decreases by a FM transition, because the c-f exchange
scattering is suppressed below the Curie temperature.26 The
obtained results are consistent with this fact. Therefore, it is
quite reasonable to say that the FM ordering originates from
the Nd moment in the metallic state.

Next, we discuss the ordered state. According to the
aforementioned theoretical study, in the case of an FM RKKY
interaction, the theoretical result shows that the FM ordering
of “two-in two-out” with the wave vector q = (0,0,0) or
(0,0,2π/a) has been realized; this is an “ordered spin ice”
state in a metallic state.25 Therefore, we propose that the
pressure-induced transition of Nd2Ir2O7 at 3 K is the FM
ordering of “two-in two-out” with q = (0,0,0) or (0,0,2π/a).

Figure 3 shows the pressure-temperature phase diagram
obtained from the measurement of electrical resistance. TMI is
considered as the temperature at which R(T) starts to increase
abruptly, as shown in Fig. 1(a). TO emerges suddenly at 10 GPa,
which is close to the pressure at which the insulating phase
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FIG. 3. (Color online) Phase diagram for Nd2Ir2O7.

disappears. At pressures lower than 10 GPa, no resistance
drop assigned to the magnetic LRO is observed in the plot of
temperature dependence of resistance; therefore, there is no
LRO of the Nd moment at least in the measured temperature
region. Thus, the boundary pressure of the insulating phase
should be around 11 GPa.

The MIT in Nd2Ir2O7 is monotonically suppressed by ap-
plying pressure. The pressure dependence of TMI is negative—
approximately −4 K/GPa up to 6 GPa. This is similar to
the values observed in other pyrochlore oxides, Cd2Os2O7
(−4 K/GPa)12 and Hg2Ru2O7 (−5.4 K/GPa).18 The applica-
tion of pressure leads to structural deformation with a decrease
in the Ir-O-Ir bond angle. However, we confirmed that this
pressure effect is contradictory to the supposition made on
the basis of the ionic radius dependence of TMI in Ln2Ir2O7.
Consequently, the result indicates that the decrease in the
Ir-O-Ir bond length by the application of pressure strongly
affects the electrical conductivity of Ln2Ir2O7.

From the phase diagram, we can say that the insulating
phase below the MIT suppresses the emergence of the
magnetic ordered phase. The pressure-induced FM ordered
phase competes with the insulating phase. The MIT involves
magnetic ordering with a weak FM component from 5d
electrons. At ambient pressure, the magnetic susceptibility
measurement of a polycrystalline Nd2Ir2O7 sample provides
no evidence for magnetic LRO of the Nd moment down to
2 K.24 Because the internal field generated by a magnetic
ordering due to 5d electrons interacts with the Nd moments,
the magnetic ordering of the Nd moment is considered to
be suppressed or destroyed. The suppression of the MIT by
the application of pressure leads to the magnetic ordering of
the Nd moment via the RKKY interaction in the metallic
state. Then, as Nd2Ir2O7 becomes more metallic due to
pressure application, the RKKY interaction becomes stronger.
Therefore, the appearance of the magnetic LRO phase at 3.5 K
and 10 GPa is probably due to the strengthening of the RKKY
interaction by pressure application. Furthermore, because the
magnetic LRO of the Nd moment at 3.5 K and 10 GPa makes
no opening of band gap, the MIT can occur below TO.

The localized Nd moments in the metallic phase interact
with itinerant 5d electrons via c-f hybridization. We may
consider that Nd2Ir2O7 in the metallic phase is a frustrated
Kondo lattice system, as pointed out about Pr2Ir2O7 in Ref. 23.
RKKY interaction stabilizes a magnetic LRO. On the other
hand, the Kondo effect screens localized moments by a spin
polarization cloud of conduction electrons. Consequently, a
Fermi liquid state is formed by perfect screening of the
magnetic moment. The magnetic phase diagram resulting from
their competition is usually described by a model proposed
by Doniach.27 The ground state depends on the strength of c-f
hybridization. In Nd2Ir2O7, the application of pressure induces
the magnetic LRO by the RKKY interaction. On the other
hand, the pressure dependence of TO was slightly negative at
pressures higher than 11 GPa. As one possible explanation
for the suppression of magnetic LRO, we may consider that
the Kondo effect becomes dominant by the application of
higher pressure. Then, a magnetic quantum critical point
(QCP) is expected to appear at pressures greater than 15 GPa.
Around the magnetic QCP, we have expected that the magnetic
moment reduced by the Kondo effect strongly fluctuates on the
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the free fermion result:

σ0(ω) = N
e2

12h

|ω|

vF
(2)

We consider how this is modified in two cases separately,
(i) clean systems in the presence of Coulomb interactions
and (ii) non-interacting fermions in the presence of dis-
order.

(i) In the first case, when the chemical potential is
tuned to the Weyl node, current is carried equally by
electrons and holes moving in opposite direction. This
can be relaxed via interactions alone, leading to a finite
conductivity. The conductivity at finite temperature (T )
is shown to be finite and proportional to T (upto logarith-
mic factors), as expected of a quantum critical system12,
where scales are set by temperature.

σdc(T ) =
e2

h

kBT

!vF (T )

C

α2
T logα−1

T

(3)

where vF (T ) and αT are the renormalized Fermi velocity
and fine structure constant at temperature T :

vF (T ) = vF

!

α0

αT

"
2

N+2

αT =
α0

1 + (N+2)α0

3π ln
#

!Λ
kBT

$ (4)

where vF , α0 = e2/ε!vF are the bare Fermi velocity and
effective fine structure constant at scale Λ. The constant
C, obtained by solving the Quantum Boltzmann equation
(QBE) variationally in a leading-log approximation is:
C = 1.8. We compare our results to experimental data
on Y2Ir2O7.

Our calculation builds on related work12–15. To briefly
summarize points of similarity and differences, both
Refs. 14,15 consider D = 3, however, the former assumes
Lorentz invariance, that is broken in our case by the in-
stantaneous Coulomb interactions. Nevertheless we can
adapt the leading-log approximation technique suggested
there to solve the QBE. In Ref. 15, transport of a 3D
Dirac point was studied, which appears at a topologi-
cal phase transition between two insulators. Although
our work studies a stable phase, there is a close paral-
lel with that situation. Finally, Refs. 12,13 studied the
role of Coulomb interactions in the dc conductivity of
clean graphene, which is the D = 2 analog of the physics
described here. Besides obvious differences of dimension-
ality, the leading log approximation applied here fails12,13

in D = 2.
(ii) In the presence of impurities, power counting shows

that white-noise disorder is an irrelevant perturbation.
One might naively expect that the conductivity should
exhibit the simple form in (2). However, the result is
more interesting as indicated in Ref. 7 . On evaluating a
standard Kubo formula the finite-frequency conductivity
can be seen to exhibit distinct behaviors, depending on

whether ω ≪ T or ω ≫ T : in the former regime, as
pointed out by Burkov and Balents7 a finite Drude-like
response with a peak width vanishing as NT 2 is obtained;
in the latter regime, we recover by an explicit calculation
the universal result σ0 in (2) as the leading behavior,
independent of disorder. We also obtain numerically the
evolution of the conductivity between these two regimes.

II. PRELIMINARIES

The generic dispersion of a Weyl fermion, near the
Weyl point, is:

HWeyl = u · k 1 +
3

%

a=1

va · k σa (5)

where σa are the Pauli matrices. The velocities satisfy
v1 · (v2 × v3) ̸= 0, and the Chern number ±1 associated
with the Weyl node is Sign

&

v1 · (v2 × v3)
'

. For simplic-
ity we have dropped the term proportional to identity
and considered the isotropic dispersion (1). The Hamil-
tonian for a system of N Weyl nodes (N ‘flavors’) with
Coulomb interactions and disorder may written as (re-
peated indices are summed over)

H = H0 +HI +HD (6)

H0 =

ˆ

k

ψ†
k,a (vFχak · σ − µ)ψk,a (7)

HI =
1

2

ˆ

k1k2q

V (q)ψ†
k2−q,aσψk2,aσψ

†
k1+q,bσ′ψk1bσ′(8)

HD =

ˆ

r

%

a,b

ψ†
a(r)U(r)ψb(r) (9)

where ψk,a is a two-component spinor in the (pseudo)spin
indices σ,σ′, a, b = 1 . . .N index the flavors, vF is the
Fermi velocity, which we set to one while keeping in mind
that on reinstating it its renormalzed value from (4) must
be used, χa = ±1 is the chirality of the ath Weyl node,
µ is the chemical potential, V (q) = 4πe2

εq2 describes the
Coulomb interaction in a material with dielectric con-
stant ε, and U(r) is a random potential with white-noise
correlations ⟨⟨U(r)U(r′)⟩⟩ = nimpv20δ(r − r′) where v0
characterizes the strength of the individual impurities
and nimp their concentration, and

´

k
≡
´

d3k
(2π)3 . We have

assumed for simplicity an isotropic dispersion about the
nodal points; in practice this is not the case, but the
anisotropy effects serve mostly to complicate calculations
as they only produce small corrections to numerical fac-
tors. Below, we shall restrict ourselves to studying the
case of particle-hole symmetry, where µ = 0.

The eigenstates of the noninteracting Hamiltonian H0

are trivially also eigenstates of the helicity operator,
σ · k̂, and can therefore be labeled by helicity eigenvalues
±1. More explicitly, H0 can be diagonalized by a uni-
tary transformation that acts only on the spinor indices,
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surface, not normal to the z-axis. For more details on
this we refer the reader to Ref. [9].

In the rest of this section we will focus on diagonal
transport characteristics of the Weyl semimetal, namely
its optical conductivity. Some of the results, presented
here, were quoted in [9], but not derived in detail. As we
will demonstrate, the frequency dependence of the opti-
cal conductivity of the Weyl semimetal is very unusual,
and can be used for experimental characterization of this
phase of matter.

To calculate the optical conductivity, we assume a
model with short-range impurity scattering potential of
the form:

V (r) = u0

⌥

a

⇥(r� ra), (8)

where ra label the impurity positions. For simplicity we
will assume that the impurity potential is diagonal in
both the spin and the pseudospin indices. We will con-
sider a single Weyl fermion in the 3D BZ for simplicity:
generalization to any number of distinct Weyl fermions is
trivial, as they contribute additively to transport (we will
assume that the impurity potential does not mix Weyl
fermions at di�erent points in the BZ). In the first Born
approximation, the impurity scattering rate is given by:

1

�(⇤)
= �� Im

�
d3k

(2⌃)3

⌥

�

GR
� (⇤,k) = 2⌃�g(⇤), (9)

where

GR
� =

1

⇤� ⇧vF k + i⌅
, (10)

is the retarded Green’s function of the Weyl fermion,
⇧ = ± labels the helicity of the positive and negative
energy Dirac cones, � = u2

0ni, where ni is the impurity
concentration, and the density of states g(⇤) is given by:

g(⇤) =
⇤2

2⌃2v3F
. (11)

Thus 1/�(⇤) ⇤ ⇤2 ⇧ ⇤, which means that the conduc-
tivity can be calculated semiclassically, using Boltzmann
equation. Solving linearized Boltzmann equation with
the energy-dependent momentum relaxation rate (9) in
the standard way, we obtain:

Re ⌥xx( ) = �e2v2F
3

� ⇥

�⇥
g(⇤)

dnF (⇤)

d⇤

1/�(⇤)

 2 + 1/�(⇤)2
,

(12)
where nF is the Fermi distribution function at temper-
ature T . Introducing dimensionless integration variable
x = ⇤/2T and restoring explicit h̄, we obtain:

Re ⌥xx( ) =
e2v2F
6�h

� ⇥

�⇥
dx

x4 sech2(x)

x4 + (h3v3F /32⌃
2�T 2)2

,

(13)
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FIG. 1. (Color online). Optical conductivity of the Weyl
semimetal, in units of the DC conductivity ⇤DC . The ⌅/T 2

ratio on the horizontal axis is in units of 32⇥2�/h3v3F .

This gives a DC conductivity:

⌥DC =
e2v2F
3�h

, (14)

and a Drude-like peak in the optical conductivity, but
with a temperature-dependent width, scaling as T 2. This
is a very unusual property of the optical conductivity
in a metal and can be used to characterize the Weyl
semimetal phase experimentally.
The Drude peak also has a highly unusual shape, with

a divergent first derivative, as can be seen from Fig. 1.
This can be obtained explicitly from Eq. (13). The first
derivative of the optical conductivity with respect to the
frequency is given by:

dRe ⌥xx( )

d 
= �e2v2F 

3�h

�
h3v3F

32⌃2�T 2

⇥2

⇥
� ⇥

�⇥
dx

x4 sech2(x)

[x4 + (h3v3F /32⌃
2�T 2)2]2

. (15)

The integral above diverges when  ⌃ 0 and at small
frequencies is dominated by the contribution near x = 0.
Then we can set sech(x) ⌅ 1 and obtain:

Re ⌥xx( ) ⌅
e2v2F
3�h

⇤

⇧1� 1
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 v3Fh

3

2 �T 2

⌅

⌃ . (16)

At high frequencies, on the other hand:

Re ⌥xx( ) ⌅
7⌃4e2v2F
720�h

�
32⌃2�T 2

h3v3F 

⇥2

. (17)

III. LINE NODE SEMIMETALS

In this section we will describe a realization, in the
same physical system of a TI multilayer, of a line-node
semimetal: a distinct topological semimetal phase, with
zeros in the spectrum, forming continuous lines in mo-
mentum space.

�
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Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also in
Ref. 12, when �1.2t . t� . �0.5t, the metallic phase (M) is
obtained; otherwise, a strong topological band insulator (STI)
with topological class (1;000) is realized[13].

�0.5

�1.5

�1.2
t�/t

MSTI STI

0.3

FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now add the Kondo coupling with the Ising spins at R
sites. To find the ground state of this Hamiltonian, one needs
to consider all possible Pr spin configurations and find the
lowest energy one. We now assume the magnetic unit cell
of Pr is identical to the crystal unit cell, i.e. q = 0. This
magnetic ordering pattern is actually proposed in Nd2Ir2O7

and Sm2Ir2O7[34, 38–40]. With this simplification we only
need to consider the spin configurations on a tetrahedral unit
cell for R. Under time reversal and cubic group transforma-
tions, the 16 spin configurations reduce to 3 inequivalent spin
configurations—“4-in 4-out”, “3-in 1-out” and “2-in 2-out”.
By the same reasoning, for the Kondo couping in Eq. (2) we
only have to look at the cases with c1 and c2 having the same
sign or opposite sign. We plot the resulting phase diagrams
in Fig. 3 for the two reference points marked in Fig. 2, where
the parent ground states of the two points are both STIs. We
postpone the case of a metallic parent ground state to another
paper[27]. Even though we are not considering the effect of
interaction for Ir subsystem, it is expected that the interac-
tion will narrow the electron bandwidth and thus effectively
enhance the Kondo coupling[26]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[31]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling.

Axion insulator—The AI phase can be viewed as deriving
from the STI. When time-reversal symmetry is broken but in-
version symmetry is preserved, the magnetoelectric response
parameter � is still quantized. Since our system preserves the
inversion symmetry even in presence of q = 0 magnetic or-
der, we use the formula introduced in Ref. 28 to express � in
terms of the number no(k) of filled odd parity states at the
time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.
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CSM
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FIG. 3. (Color online) Phase diagrams[29] for the two reference
points in Fig. 2. The white region has“4-in 4-out” state and the green
(shaded) region has “2-in 2-out” state. In the figure, AI=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[30], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots indicates the places where the Fermi energy moves
away from the Weyl points. Another dashed line in (b) indicates the
places where the second set of Weyl points are created.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the inversion par-
ity flips at TRIMs and the AI phase turns into WSM for both
cases studied in Fig. 2. The fermi surface of WSM is com-
posed of the Weyl points, around which the spectrum is linear
and gapless. The effective Hamiltonian near the Weyl point is
obtained by expanding the full Hamiltonian at the Weyl point
with only two relevant bands involved[4, 14],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 4, Weyl points can
only be created or annihilated in pairs of the opposite chirality.

The WSM phase appears for both “4-in 4-out” and “2-in
2-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E � E0)2 scaling. For both phase

FM metal with q=0 2-in 2-out spin config 
q=0 4-in 4-out spin config 

Nd-Neodymium

Gang Chen’s theory group 

Gang Chen’s theory group
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FIG. 3: (Color online) Magnetic structure modelling. (a) Comparison between experimental and best-fit calculated magnetic
reflection intensities given in Table I. (b) All-in all-out magnetic structure. The filled circles represent Nd3+ ions, and the
arrows represent the Nd moments. (c) Trigonally distorted O2− ligand around Ir4+ ion. All the Ir-O bonds are of the same
length (2.01 Å). (d) Relation between magnetic moments (blue arrows) of Ir4+ ions (blue balls) and magnetic moments (red
arrows) of Nd3+ ions (red balls). Both the Ir and the Nd moments form the all-in all-out structures. Alternative directions
of Nd moments in the case of a ferromagnetic Nd-Ir interaction are depicted: when the moments are antiferromagnetic, the
directions of all the red arrows are reversed, and the all-in all-out type structure is retained.

We can confirm that the all-in all-out type of Ir struc-
ture generates the all-in all-out type of Nd structure,
when only nearest-neighbor Nd-Ir exchange interactions
are taken into account. Figure 3(d) shows the relation of
Ir and Nd crystallographic sites and magnetic moments
with the all-in all-out structures. The single Nd site is
positioned at the centre of the hexagon on the kagome
plane in the Ir sublattice. At the Nd site, the surrounding
six nearest-neighbor Ir moments generate the exchange
field, which is perpendicular to the (111) kagome plane.
The alternative upward or downward direction depends
on whether the Nd-Ir interaction is ferromagnetic or an-
tiferromagnetic.

B. Relation between frustration and MI transition

The present experiments revealed that the antiferro-
magnetic long-range structure with q0 exists below TMI

in Nd2Ir2O7. This fact strongly suggests that the frus-
tration is released below TMI. That is, the system is ex-
pected to change from the magnetically frustrated metal-
lic phase to the antiferromagnetic insulating phase at
TMI. The metallic phase will gain orbital hybridization
energy (band formation energy), whereas the insulating
phase will gain magnetic ordering energy.
Then, the following question arises: how is the frus-

tration released without lattice distortion at TMI? In
a pyrochlore lattice, antiferromagnetic nearest-neighbor
interactions with isotropic moments induce strong frus-
tration, as is the case in the highly frustrated spinel
MgCr2O4 (Cr3+: 3d3)30, whereas those with anisotropic
moments induce the all-in all-out type long-range order
without frustration31,32. The anisotropy is based on the

spin-orbit-coupled Jeff states. The spin-orbit coupling is
normally suppressed in a metallic phase (unlike in an in-
sulating phase), since the coupling constant λ is roughly
proportional to 1/r3, where r is the size of an unpaired
electron cloud. Thus, in Nd2Ir2O7, above TMI, an anti-
ferromagnetic interaction with relatively isotropic Ir mo-
ments is considered to hamper magnetic ordering owing
to frustration. Below TMI, the spin-orbit coupling will
become relatively active and the Ir moments will restore
the in/out-type anisotropy; therefore, the all-in all-out
type of order will emerge without frustration.
It is open how the electron/hole bands change below

and above TMI. We remark that the Mott-type antifer-
romagnetic insulator with Jeff = 1/2 half-filled bands
was recently established in Sr2IrO4

19,33. The Jeff = 1/2
Mott insulator might be related to the insulating phase
in Nd2Ir2O7.

VI. CONCLUSIONS

In summary, to study a relation among magnetic frus-
tration, the absence of structural phase transition, and
the MI transition in Nd2Ir2O7, we conducted neutron ex-
periments of this material in powder form. As the results,
magnetic Bragg reflections with q0 = (0, 0, 0) were found
by diffraction. The propagation vector is consistent with
the absence of structural transition. The reflection inten-
sity of Nd2Ir2O7 increases with decreasing temperature
below TNd = 15±5 K. The magnetic structure of this sys-
tem can be described by the all-in all-out type of model
for Nd moments with a magnitude of about 2.4 ± 0.4µB

at 0.7 K. The magnitude of moments is consistent with
the results of a previous crystalline field analysis.

Nd2Ir2O7  AI and Pressure induced WSM?
3

FIG. 1: (Color online) Measured neutron diffraction data for
powder Nd2Ir2O7. (a) Diffraction data measured at 9 K. (b)
Diffraction data obtained by subtracting the 40 K data from
the 9 K data (a). (c) Bragg reflection lines measured around
the (220) reciprocal lattice point at 9 K, 40 K, and 102 K.
(d) Temperature dependence of summation of the integrated
intensities 113 and 222. In (a), (c), and (d), all the lines are
a guide to the eye.

shown by the solid arrows; in the previous study, it was
not important for us to know at what temperature the
peak began sharpening21. The emergence of the sharp
inelastic peak can be attributed to the splitting of the
ground doublet of Nd 4f electrons21. The agreement be-
tween the data in figures 1(d) and 2(a) strongly suggests

TABLE I: Integrated intensities of magnetic components of
several fundamental reflections in barn/unit cell. Here, a
unit cell refers to a crystallographic unit cell denoted by
2(Nd2Ir2O7). The intensities were evaluated by subtracting
the integrated intensities at 40 K from those at 9 K. The
best-fit calculated intensities were obtained for the all-in all-
out structure shown in figure 3(b). The experimental and
calculated intensities are compared in figure 3(a) as well.

hkl Experimental Calculated
111 −5.9± 5.4 0
200 0± 2.5 0
220 13.6 ± 3.5 16.8

113 + 222 23.3 ± 13.7 17.4
400 −2.4± 3.9 0
331 5.0 ± 5.8 5.5
420 9.3 ± 6.7 9.8
422 0.9 ± 4.5 3.3
135 4.9 ± 2.9 8.6

FIG. 2: (Color online) Measured inelastic neutron scattering
data for powder Nd2Ir2O7. (a) Scan data measured at con-
stant Q of 0.8 Å−1 at different temperatures21. The vertical
origins shift to the height indicated by the horizontal dotted
lines. (b) Inelastic scattering intensity distributions in (Q,E)
space at 3 K. (c) Comparison results of Constant-E scans
measured at E = 1.2 and 1.4 meV in (b). In (a) and (c), the
solid curves are a guide to the eye.

that the q0 structure mainly originates from Nd3+ mag-
netic moments.
Figure 2(b) shows the inelastic scattering intensity dis-

tributions in (Q,E) space measured below TMI. The hor-
izontally spreading excitation mode is observed at around
1.3 meV; it corresponds to the splitting of the Nd3+

ground doublet. The scattering intensity decreases with
increasing Q, confirming that the excitations are mag-
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thermocouples (chromel/Auþ 7 at.% Fe) from 4.2 to
310K. Specific heat measurements were performed by a
thermal relaxation method (PPMS, Quantum Design). DC
magnetizations were measured using the SQUID magne-
tometer (MPMS, Quantum Design).

Figure 1 shows the temperature dependence of the
electrical resistivities !ðTÞ and the thermoelectric powers
SðTÞ of Ln2Ir2O7 for Ln = Pr, Nd, Sm, and Eu (sample #1).
In Fig. 1(a), !ðTÞ is normalized using its value at 300K
[!ðTÞ=!ð300KÞ]. The values of !ðTÞ at room temperature are
in relatively good agreement with those stated in a previous
report.16) Changing from Ln = Pr to Eu, the gradient of
!ðTÞ=!ð300KÞ at room temperature gradually changes from
a positive value to a small negative value. SðTÞ is negative
for Ln = Pr and Nd and positive for Ln = Sm and Eu. As
the ionic radius of Ln becomes smaller, SðTÞ tends to
become more positive. Figure 1(a) shows that Nd2Ir2O7,
Sm2Ir2O7, and Eu2Ir2O7 exhibit MITs at 36, 117, and 120K,
respectively, while Pr2Ir2O7 exhibits no anomaly down to
at least 4.2 K. The values of !ð4:2KÞ=!ðTMIÞ for Ln = Nd,
Sm, and Eu are 25, 1000, and 230, respectively. These
values tend to increase for temperatures below 4.2K.
Below TMI, !ðTÞ for Ln = Nd, Sm, and Eu cannot be
described by the equation !ðTÞ ¼ !0 expðEg=TÞ, where Eg is
the energy gap; in addition, !ðTÞ cannot be expressed in
terms of variable range hopping. A strong temperature
dependence of Eg is suggested. Instead, by using the
equation Eg ¼ T lnð!=!ðTMIÞÞ, the maximum values of Eg

for Ln = Nd, Sm, and Eu are found to be 20, 95, and 77K

at %0:4TMI, respectively. Figure 1(b) shows that SðTÞ for
Ln = Sm and Eu exhibits a clear upturn just below the MIT
temperature TMI. In contrast, SðTÞ for Ln = Nd exhibits a
small kink at TMI. Discontinuities and thermal hysteresis
were not observed around TMI, thus indicating that these
MITs are second-order transitions.

As the ionic radius of Ln becomes smaller, TMI tends to
increase. It is suggested that TMI depends on the t2g
bandwidth. For Ln = Pr, it is reported that no MIT is
observed down to 0.3K.12) Instead, a Kondo effect with
TK ¼ 25K due to a strong c– f hybridization effect is
observed. It is conjectured that the ionic radius boundary
for MITs in Ln2Ir2O7 lies between Ln = Pr and Nd.

Remarkably, the TMI for Sm2Ir2O7 and Eu2Ir2O7 are in
good agreement with TO in the "ðTÞ reported in ref. 15.
Interestingly, no MIT was observed in the previous report
on the electrical resistivities of pyrochlore iridates.16) We
conjecture that this discrepancy between these findings is
caused by the sample dependence of these iridates. In order
to test this hypothesis, we investigated the sample depen-
dence of the resistivity of Sm2Ir2O7 using many samples
prepared under different reaction conditions. In the latter
section of this letter, we focus on the MIT of Sm2Ir2O7.

We prepared another polycrystalline sample Sm2Ir2O7

under a different set of synthesis conditions. Mixtures of
Sm2O3 and IrO2 in the molar ratio of 1 : 2:2 were pressed
into pellets. The pellets were then inserted into a Pt tube and
heated at 1423K for 8 days in a vacuum silica tube with
several intermediate grindings. After adding 10% of IrO2 in
a molar ratio, the process was continued for four days with
several intermediate grindings. The abovementioned process
was repeated once. This sample is denoted by #2. Figure 2
shows the XRD patterns of Sm2Ir2O7 (samples #1 and #2).
The peaks observed for sample #2 are sharper than those for
sample #1.21) The inset shows the peaks for the 662 and 840
reflections in samples #1 and #2. Peak splitting caused by a
slight difference in the wavelengths of K#1 and K#2 is
observed in sample #2. We thus conclude that sample #2 has
better crystallinity than sample #1. The XRD data for sample
#2 was analyzed by using the Rietveld method and the

Fig. 1. (Color online) (a) Electrical resistivities of Ln2Ir2O7 for Ln = Pr,
Nd, Sm, and Eu (sample #1) that have been normalized by the value at
300K. Inset shows an enlarged view around TMI. (b) Thermoelectric
powers of Ln2Ir2O7 for Ln = Pr, Nd, Sm, and Eu (sample #1).

Fig. 2. (Color online) Powder X-ray diffraction patterns of Sm2Ir2O7

(samples #1 and #2). The solid line at the bottom shows the deviation
between the experimental result and the calculation. The inset shows the
peaks from 662 and 840 reflections.
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FIG. 5. (Color online) The electron bands for a slab that is finite
along (110) plane. The inset is the surface BZ with Fermi arcs
connecting the points with different colors (chiralities). Red/green
(dark/light) points correpond to the projection of Weyl points with
opposite chirality (�1/+1). The points with larger size have projec-
tions from two Weyl points. In the plot, t� = 0.3t and c1 = 0, c2 =
0.4t with “4-in 4-out” spin configuration. Dashed (red) line is the
Fermi energy.

Prediction—In Tab. II, we list the magnetic and transport
properties of various R2Ir2O7. Most materials in the Tab. II
exhibit MIT. Very little is known about the magnetic proper-
ties. The most studied compound in this series is Pr2Ir2O7,
which exhibit a metal ground state and anomalous Hall effect.
As the parent state for Pr2Ir2O7 is expected to be metallic (see
Fig. 2), we will discuss it in a forthcoming work[26]. LRO
has been suggested for Nd2Ir2O7[39–41] and Sm2Ir2O7[35].
Recent neutron diffraction and scattering experiments[41] on
Nd2Ir2O7 suggest a q = 0 “4-in 4-out” spin configuration for
both Nd and Ir systems. Another experiment[40] applies pres-
sure to Nd2Ir2O7 and finds that the pressure suppresses MIT
and leads to a FM metal state. Ref. 40 further conjectures the
magnetic ground state of Nd be an “ordered spin ice” with “2-
in 2-out” spin configuration and q = 0 or 2�(001). Based
on these experimental findings, it is very likely for Nd2Ir2O7

to develop the topological phases proposed in Fig. 3. For an
insulating Nd2Ir2O7 with q = 0 “4-in 4-out” spin state, one
may measure the magnetoelectric response to confirm if the
system is in the AI phase. Applying pressure changes the
Kondo coupling, which may drive a successive transition from
AI with “4-in 4-out” spin state to WSM then to M-WSM and
CSM with “2-in 2-out” state. Anomalous Hall effect and non-
trivial surface state may be detected for Nd2Ir2O7 at interme-
diate pressures. Ref. 11 and 13 have predicted the bahaviors
of dc/ac conductivitites in different limits. It will be interest-
ing to check if the available resitivity data for Nd2Ir2O7 and
also for Sm2Ir2O7 agree with their predictions. Further exper-
iments are needed to elucidate the nature of magnetic ground
state of other R2Ir2O7.

To summarize, we have constructed and analyze a minimal
and realistic model with Kondo coupling for rare-earth based
pyrochlore iridates R2Ir2O7. In constrast to the work on the
pyrochlore irdiates A2Ir2O7 with nonmagnetic A’s, we find
much broader regions of Axion insulator, topological semi-
metal phases and Kondo coupling driven metal-insulator tran-

sition.
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the free fermion result:

σ0(ω) = N
e2

12h

|ω|

vF
(2)

We consider how this is modified in two cases separately,
(i) clean systems in the presence of Coulomb interactions
and (ii) non-interacting fermions in the presence of dis-
order.

(i) In the first case, when the chemical potential is
tuned to the Weyl node, current is carried equally by
electrons and holes moving in opposite direction. This
can be relaxed via interactions alone, leading to a finite
conductivity. The conductivity at finite temperature (T )
is shown to be finite and proportional to T (upto logarith-
mic factors), as expected of a quantum critical system12,
where scales are set by temperature.

σdc(T ) =
e2

h

kBT

!vF (T )

C

α2
T logα−1

T

(3)

where vF (T ) and αT are the renormalized Fermi velocity
and fine structure constant at temperature T :

vF (T ) = vF

!

α0

αT

"
2

N+2

αT =
α0

1 + (N+2)α0

3π ln
#

!Λ
kBT

$ (4)

where vF , α0 = e2/ε!vF are the bare Fermi velocity and
effective fine structure constant at scale Λ. The constant
C, obtained by solving the Quantum Boltzmann equation
(QBE) variationally in a leading-log approximation is:
C = 1.8. We compare our results to experimental data
on Y2Ir2O7.

Our calculation builds on related work12–15. To briefly
summarize points of similarity and differences, both
Refs. 14,15 consider D = 3, however, the former assumes
Lorentz invariance, that is broken in our case by the in-
stantaneous Coulomb interactions. Nevertheless we can
adapt the leading-log approximation technique suggested
there to solve the QBE. In Ref. 15, transport of a 3D
Dirac point was studied, which appears at a topologi-
cal phase transition between two insulators. Although
our work studies a stable phase, there is a close paral-
lel with that situation. Finally, Refs. 12,13 studied the
role of Coulomb interactions in the dc conductivity of
clean graphene, which is the D = 2 analog of the physics
described here. Besides obvious differences of dimension-
ality, the leading log approximation applied here fails12,13

in D = 2.
(ii) In the presence of impurities, power counting shows

that white-noise disorder is an irrelevant perturbation.
One might naively expect that the conductivity should
exhibit the simple form in (2). However, the result is
more interesting as indicated in Ref. 7 . On evaluating a
standard Kubo formula the finite-frequency conductivity
can be seen to exhibit distinct behaviors, depending on

whether ω ≪ T or ω ≫ T : in the former regime, as
pointed out by Burkov and Balents7 a finite Drude-like
response with a peak width vanishing as NT 2 is obtained;
in the latter regime, we recover by an explicit calculation
the universal result σ0 in (2) as the leading behavior,
independent of disorder. We also obtain numerically the
evolution of the conductivity between these two regimes.

II. PRELIMINARIES

The generic dispersion of a Weyl fermion, near the
Weyl point, is:

HWeyl = u · k 1 +
3

%

a=1

va · k σa (5)

where σa are the Pauli matrices. The velocities satisfy
v1 · (v2 × v3) ̸= 0, and the Chern number ±1 associated
with the Weyl node is Sign

&

v1 · (v2 × v3)
'

. For simplic-
ity we have dropped the term proportional to identity
and considered the isotropic dispersion (1). The Hamil-
tonian for a system of N Weyl nodes (N ‘flavors’) with
Coulomb interactions and disorder may written as (re-
peated indices are summed over)

H = H0 +HI +HD (6)

H0 =

ˆ

k

ψ†
k,a (vFχak · σ − µ)ψk,a (7)

HI =
1

2

ˆ

k1k2q

V (q)ψ†
k2−q,aσψk2,aσψ

†
k1+q,bσ′ψk1bσ′(8)

HD =

ˆ

r

%

a,b

ψ†
a(r)U(r)ψb(r) (9)

where ψk,a is a two-component spinor in the (pseudo)spin
indices σ,σ′, a, b = 1 . . .N index the flavors, vF is the
Fermi velocity, which we set to one while keeping in mind
that on reinstating it its renormalzed value from (4) must
be used, χa = ±1 is the chirality of the ath Weyl node,
µ is the chemical potential, V (q) = 4πe2

εq2 describes the
Coulomb interaction in a material with dielectric con-
stant ε, and U(r) is a random potential with white-noise
correlations ⟨⟨U(r)U(r′)⟩⟩ = nimpv20δ(r − r′) where v0
characterizes the strength of the individual impurities
and nimp their concentration, and

´

k
≡
´

d3k
(2π)3 . We have

assumed for simplicity an isotropic dispersion about the
nodal points; in practice this is not the case, but the
anisotropy effects serve mostly to complicate calculations
as they only produce small corrections to numerical fac-
tors. Below, we shall restrict ourselves to studying the
case of particle-hole symmetry, where µ = 0.

The eigenstates of the noninteracting Hamiltonian H0

are trivially also eigenstates of the helicity operator,
σ · k̂, and can therefore be labeled by helicity eigenvalues
±1. More explicitly, H0 can be diagonalized by a uni-
tary transformation that acts only on the spinor indices,

With impurities

• Neutral impurities w/o interactions leads 
to non-zero DC conductivity

Re�(⇥, T ) / �0f(⇥/T
2)

3

surface, not normal to the z-axis. For more details on
this we refer the reader to Ref. [9].

In the rest of this section we will focus on diagonal
transport characteristics of the Weyl semimetal, namely
its optical conductivity. Some of the results, presented
here, were quoted in [9], but not derived in detail. As we
will demonstrate, the frequency dependence of the opti-
cal conductivity of the Weyl semimetal is very unusual,
and can be used for experimental characterization of this
phase of matter.

To calculate the optical conductivity, we assume a
model with short-range impurity scattering potential of
the form:

V (r) = u0

⌥

a

⇥(r� ra), (8)

where ra label the impurity positions. For simplicity we
will assume that the impurity potential is diagonal in
both the spin and the pseudospin indices. We will con-
sider a single Weyl fermion in the 3D BZ for simplicity:
generalization to any number of distinct Weyl fermions is
trivial, as they contribute additively to transport (we will
assume that the impurity potential does not mix Weyl
fermions at di�erent points in the BZ). In the first Born
approximation, the impurity scattering rate is given by:

1

�(⇤)
= �� Im

�
d3k

(2⌃)3

⌥

�

GR
� (⇤,k) = 2⌃�g(⇤), (9)

where

GR
� =

1

⇤� ⇧vF k + i⌅
, (10)

is the retarded Green’s function of the Weyl fermion,
⇧ = ± labels the helicity of the positive and negative
energy Dirac cones, � = u2

0ni, where ni is the impurity
concentration, and the density of states g(⇤) is given by:

g(⇤) =
⇤2

2⌃2v3F
. (11)

Thus 1/�(⇤) ⇤ ⇤2 ⇧ ⇤, which means that the conduc-
tivity can be calculated semiclassically, using Boltzmann
equation. Solving linearized Boltzmann equation with
the energy-dependent momentum relaxation rate (9) in
the standard way, we obtain:

Re ⌥xx( ) = �e2v2F
3

� ⇥

�⇥
g(⇤)

dnF (⇤)

d⇤

1/�(⇤)

 2 + 1/�(⇤)2
,

(12)
where nF is the Fermi distribution function at temper-
ature T . Introducing dimensionless integration variable
x = ⇤/2T and restoring explicit h̄, we obtain:

Re ⌥xx( ) =
e2v2F
6�h

� ⇥

�⇥
dx

x4 sech2(x)

x4 + (h3v3F /32⌃
2�T 2)2

,

(13)
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FIG. 1. (Color online). Optical conductivity of the Weyl
semimetal, in units of the DC conductivity ⇤DC . The ⌅/T 2

ratio on the horizontal axis is in units of 32⇥2�/h3v3F .

This gives a DC conductivity:

⌥DC =
e2v2F
3�h

, (14)

and a Drude-like peak in the optical conductivity, but
with a temperature-dependent width, scaling as T 2. This
is a very unusual property of the optical conductivity
in a metal and can be used to characterize the Weyl
semimetal phase experimentally.
The Drude peak also has a highly unusual shape, with

a divergent first derivative, as can be seen from Fig. 1.
This can be obtained explicitly from Eq. (13). The first
derivative of the optical conductivity with respect to the
frequency is given by:

dRe ⌥xx( )

d 
= �e2v2F 

3�h

�
h3v3F

32⌃2�T 2

⇥2

⇥
� ⇥

�⇥
dx

x4 sech2(x)

[x4 + (h3v3F /32⌃
2�T 2)2]2

. (15)

The integral above diverges when  ⌃ 0 and at small
frequencies is dominated by the contribution near x = 0.
Then we can set sech(x) ⌅ 1 and obtain:

Re ⌥xx( ) ⌅
e2v2F
3�h

⇤

⇧1� 1

8

 
 v3Fh

3

2 �T 2

⌅

⌃ . (16)

At high frequencies, on the other hand:

Re ⌥xx( ) ⌅
7⌃4e2v2F
720�h

�
32⌃2�T 2

h3v3F 

⇥2

. (17)

III. LINE NODE SEMIMETALS

In this section we will describe a realization, in the
same physical system of a TI multilayer, of a line-node
semimetal: a distinct topological semimetal phase, with
zeros in the spectrum, forming continuous lines in mo-
mentum space.

�

�0

!

/ T 2
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program RIETAN2000.22) The experimental result is well
reproduced by the calculation. We obtained the lattice
parameters (space group Fd !33m, a ¼ 10:3063 Å, and x ¼
0:339) and the reliability factors (RWP ¼ 12:50% and RI ¼
1:61%). This analysis showed no evidence of any deviation
from the stoichiometry.

We will now discuss the quality of the samples used in
previous reports. The samples were essentially prepared by a
solid-state reaction in air over a long period.15,16) Unfortu-
nately, it is not possible to evaluate the quality of these
samples since no XRD patterns are available. Hence, we
attempted to prepare samples by a solid-state reaction in air.
As a result, we found that we were unable to prepare samples
free from impurity phases by this method. In addition, the
reflection peaks were much broader than that of sample #1.
It is suggested that samples prepared in air have poorer
crystallinity or a slight deviation from the stoichiometry.
For example, the product prepared at 1273K over one week
was indeed mainly composed of the pyrochlore phase of
Sm2Ir2O7. However, the presence of the impurity phases of
Sm2O3 and IrO2 was confirmed. As the reaction temperature
rises, the impurity phases of Sm2O3 and IrO2 disappear.
However, another impurity phase of Sm3IrO7 began to
appear because of the volatility of IrO2.23) For these samples
containing small amounts of impurity phases, we observed a
signature of MIT around TMI. We were not able to confirm
that a sample prepared in air did not have a MIT as reported
in ref. 16.

Figure 3 shows the sample dependence of !ðTÞ for
Sm2Ir2O7. The upturn for sample #2 at TMI is sharper than
that for sample #1. Furthermore, the value of !ð5KÞ=!ðTMIÞ
for sample #2 reaches 7700. We found that sample #2 with
higher quality exhibited a clearer MIT. Therefore, we can
conclude that the MIT is intrinsic. As was seen in sample #1,
the Eg shows a strong temperature dependence. Using the
equation Eg ¼ T lnð!=!ðTMIÞÞ, the maximum value of Eg is
estimated to be 127K at 0:38TMI, which is 30% larger than
that for sample #1. The temperature dependence of Eg

exhibits a behavior similar to a BCS gap function suggesting
a correlation between Eg and the unknown order parameter
of this MIT.

Figure 4(a) shows the CðTÞ of Sm2Ir2O7 (sample #2). A
sharp anomaly is observed at TMI, which strongly indicates
a bulk transition. Figure 4(b) shows "ðTÞ for Sm2Ir2O7

(sample #2) measured by applying a magnetic field of 1 kOe.
Above TMI, "ðTÞ exhibits a very weak temperature depen-
dence. "ðTÞ measured under the ZFC condition shows a
small sharp peak at TMI, suggesting AFM ordering; the
present ZFC result is sharper than that given in ref. 15. "ðTÞ
measured under the FC condition shows a step-like increase
at TMI. It is speculated that a complex magnetic ordering
influenced by geometrical frustration in the pyrochlore
lattice occurs below TMI.

Both the ZFC and FC results indicate that "ðTÞ increases
below 40K. It is conjectured that this increase is caused by
the free moment of the Sm3þ ion. The crystalline electric
field (CEF) with D3d symmetry splits the ground state J ¼
5=2 multiplet in Sm3þ into three Kramers doublets. A slight
upturn in CðTÞ is observed below 5K [inset in Fig. 4(a)],
this is considered to be attributed to a tail of a Schottky
anomaly due to the CEF ground state doublet that is almost
degenerate. Magnetic ordering between Sm moments is
expected at lower temperatures.

We will now discuss the MIT in Sm2Ir2O7. In pyrochlore
oxides, MITs have thus far been observed in Cd2Os2O7

(TMI ¼ 226K) and Tl2Ru2O7 (TMI ¼ 120K).24–28) For
Tl2Ru2O7, the 6s electrons from Tl3þ contribute to its
conductivity. This MIT is a first-order transition since
thermal hysteresis, a jump in !ðTÞ, and a discontinuity in the
lattice parameter are all observed at TMI.26,27) On the other
hand, for Cd2Os2O7, the (5d)3 electrons from Os5þ form
the t2g band close to half-filling and contribute to its
conductivity. This MIT is a second-order transition since no
thermal hysteresis in !ðTÞ is observed at TMI.25) This MIT is

Fig. 3. (Color online) Electrical resistivities of Sm2Ir2O7 (samples #1 and
#2) normalized using their values at 300K.

Fig. 4. (Color online) (a) Specific heat of Sm2Ir2O7 (sample #2). The
inset shows an enlarged view below 15K. (b) Magnetic susceptibility of
Sm2Ir2O7 (sample #2). The inset shows an enlarged view around TMI.
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(sample #2) measured by applying a magnetic field of 1 kOe.
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small sharp peak at TMI, suggesting AFM ordering; the
present ZFC result is sharper than that given in ref. 15. "ðTÞ
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at TMI. It is speculated that a complex magnetic ordering
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lattice occurs below TMI.

Both the ZFC and FC results indicate that "ðTÞ increases
below 40K. It is conjectured that this increase is caused by
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field (CEF) with D3d symmetry splits the ground state J ¼
5=2 multiplet in Sm3þ into three Kramers doublets. A slight
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this is considered to be attributed to a tail of a Schottky
anomaly due to the CEF ground state doublet that is almost
degenerate. Magnetic ordering between Sm moments is
expected at lower temperatures.

We will now discuss the MIT in Sm2Ir2O7. In pyrochlore
oxides, MITs have thus far been observed in Cd2Os2O7

(TMI ¼ 226K) and Tl2Ru2O7 (TMI ¼ 120K).24–28) For
Tl2Ru2O7, the 6s electrons from Tl3þ contribute to its
conductivity. This MIT is a first-order transition since
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lattice parameter are all observed at TMI.26,27) On the other
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between
frequenciesm and

⇣
m2+b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ⌥ = c⌃k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic
field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(�SiA� + �SiB�), the
antiferromagnetic order parameter M� = 1/2(�SiA� � �SiB�) and
the charge-density-wave order parameter ⌃ = 1/2(�niA� � �niB�).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M�

0 ẑ
if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z and axion field ⌅ ⌥=0,�.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ⌅ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +⇥Mz(x,t ))ẑ+⇥Mx(x,t )x̂+⇥My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
⇥Mz , because ⌅ is a pseudo-scalar. In other words, we have
⇥⌅(x, t ) = ⇥m5(x, t )/g = �(2/3)U ⇥Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode ⇥Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field ⇥⌅(x, t ).
Considering the coupling term ⌅E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8�

⌅
d3xdt

�
⇤E2 � 1

µ
B2

⇥
+ �

4�2

⌅
d3xdt (⌅0 +⇥⌅)E ·B

+ g 2J
⌅

d3xdt [(⌦t⇥⌅)2 � (vi⌦i⇥⌅)2 �m2⇥⌅ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode ⇥Mz , E andB are the electric field and themagnetic
field respectively and ⇤ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with � ⇧ e2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
⌅

d3k
(2�)3

di(k)di(k)
16|d|5 , Jm2 =

�
2
3
UM�

z

⇥2⌅ d3k
(2�)3

1
4|d|3

where |d| =
⇣⇤5

a=1dada and the repeated index indicates summa-
tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ⌅ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ⌅ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16
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the ferromagnetic order parameter M+ = 1/2(�SiA� + �SiB�), the
antiferromagnetic order parameter M� = 1/2(�SiA� � �SiB�) and
the charge-density-wave order parameter ⌃ = 1/2(�niA� � �niB�).
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if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z and axion field ⌅ ⌥=0,�.
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a=1dada and the repeated index indicates summa-
tion with i= 1,2,3,4.
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obtained from the effective action (4), which leads to the following
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frozen at Tf. The observed T-independent behavior sug-
gests that only a partial fraction of spins freezes, while the
majority remain liquid.

The h111i Ising-like anisotropy of the 4f moments is
confirmed by the field dependence of the magnetization
M!B" along #100$, #110$, and #111$ at 70 mK (Fig. 3). The
4f ground-state-doublet contribution (thick curves) is esti-
mated by subtracting the sum of the Van Vleck and Pauli
paramagnetic contributions, which is estimated from !0B
(Fig. 3). At 13 T, M tends to saturate and approaches a
Brillouin function (thin curves) for noninteracting, local
h111i Ising spins with gJJz % 2:69, consistent with the
CEF analysis [11]. This slow saturation at the field scale,
B& ' kBjT&j=!gJ"BJz" ( 11 T, confirms an AF coupling
with an energy scale of jT&j % 20 K. At low fields, M
becomes isotropic (Fig. 3), as expected for h111i Ising
spins on a pyrochlore lattice [17]. Below 0.3 T, M changes
displaying a nearly constant derivative dM=dB (inset of
Fig. 3). This departure from a Brillouin function also
suggests liquidlike short-range correlations.

When such h111i Ising spins on a pyrochlore lattice
interact only through a nearest-neighbor AF coupling J,
mean-field theory predicts an ‘‘all-in and all-out’’ type of
LRO to appear at T ( J [18]. This indicates that in
Pr2Ir2O7, effects beyond the mean-field theory of nearest-
neighbor AF interaction, such as quantum fluctuations and
longer-range couplings, are crucial to suppress the LRO
down to T ) jT&j. Observed indications of such effects are
(1) the Kondo coupling between the 4f moments and the
5d-conduction electrons, and (2) the RKKY long-range
interactions between the 4f moments.

Although rare, the Kondo effect in Pr-based compounds
[19,20] and low carrier systems [14] has been reported. The
first evidence of Kondo effect in Pr2Ir2O7 is the lnT de-
pendence of the resistivity [Fig. 4(a)]. For such a depen-
dence in a stoichiometric high-quality metal, two mecha-
nisms can be considered: (i) CEF effect and (ii) Kondo

effect. Since the gap to the first excited level is (160 K,
the lnT dependence below 50 K cannot be due to a CEF
effect. Thus, the observed lnT dependence is likely due to
the Kondo effect, and in fact, over a decade in T between
3 K and 35 K, #!T" can be fit to the Hamann’s expression
(solid line) with TK % 25 K [21]. Interestingly, TK is close
to jT&j, and suggests that it is not the single-ion screening,
but the intersite screening that leads to the Kondo effect, as
discussed for low carrier-density and AF correlated Kondo
lattices [14,22]. In addition, the field dependence of the
resistivity is consistent with the Kondo effect [13]; the
negative magnetoresistance is proportional to M2 for all
axes under fields up to 2 T<B& [inset of Fig. 4(a)].

Second, the Kondo effect is also seen in the low T
decrease of the effective Curie constant C!T" ' T!!T";
see Fig. 4(b). The rapid decrease in C!T" below 10 K
suggests that the moment size diminishes owing to
Kondo screening. Correspondingly, !*1!T" follows the
CW law over a decade in T from 1.5 to 16 K [solid line
in the inset of Fig. 4(b)], yielding a slightly smaller effec-
tive moment 2:69"B, and a reduced Weiss temperature,
j$Wj % 1:7 K, in comparison with the high T values
(3:06"B, 20 K). These results and the crossover to lnT de-
pendence below j$Wj indicate partial screening of 4f mo-
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Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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FIG. 1: (Color online) Powder XRD patterns (crosses) at 295 K for the Ba3NiSb2O9 polytypes: (a) 6H-A, (b) 6H-B, and
(c) 3C. Solid curves are the best fits obtained from Rietveld refinements using FullProf. Schematic crystal structures for the
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Ni2/3Sb1/3(M) site. Magnetic lattices composed of Ni2+ ions for the Ba3NiSb2O9 polytypes: (g) 6H-A, (h) 6H-B, and (i) 3C.

ers of the Ni triangular lattice are displaced with respect
to each other in a way that the Ni ion in one layer is pro-
jected towards the center of the triangle formed by the
Ni ions in the adjacent layers along the c-axis, as shown
in Fig. 1(h). The instability of the 6H-A phase should
arise from the fact that high pressures tend to reduce the
Sb5+-Sb5+ distance and therefore partially relieve strong
electrostatic repulsion by exchanging Ni with one of the
Sb atoms. Battle et al. reported a similar structure for
the 6H-B phase [25], but with no physical characteriza-
tion.

With increasing pressure we observed an additional
phase transformation to a cubic perovskite structure.
This 3C phase was obtained under 9 GPa and at a tem-
perature of 1000 ◦C kept for 30 min. Its XRD pattern
(Fig. 1(c)) is best described as a double-perovskite in
a Ba2MM’O6 model with the cubic space group Fm-3m
having a lattice parameter a = 8.1552(2) Å. The refine-
ment shows a full-ordered arrangement of Ni2/3Sb1/3 and
Sb atoms at the M and M’ sites (Fig. 1(f)), respectively.
Therefore the Ni2/3Sb1/3 sites form a network of edge-
shared tetrahedra, as shown in Fig. 1(i). Instead of
adopting a primitive perovskite structure in which the
Ni2+ and Sb5+ ions are randomly distributed, the pre-
ferred double-perovskite structure should be attributed
to the large difference in charges between the Ni2+ and
the Sb5+ ions.

All three samples are insulators with the room temper-
ature resistance higher than 20 MΩ. The DC magnetic
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FIG. 2: (Color online) (a) Temperature dependencies of the
DC magnetic susceptibility (χ) for the Ba3NiSb2O9 poly-
types. Inset: Temperature dependencies of 1/χ. The solid
lines on 1/χ data represent Curie-Weiss fits. For 6H-B phase,
χ (open squares) is obtained by subtracting 1.7% Ni2+ or-
phan spin’s contribution (crosses) from the as measured data
(solid squares).

susceptibility (χ(T ), Fig. 2) for all three compounds was
measured under a field H = 5000 Oe. For each com-
pound, one does not observe any difference between the
data measured under zero-field-cooled (ZFC) and that
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High pressure sequence of Ba3NiSb2O9 structural phases: new S = 1 quantum
spin-liquids based on Ni2+
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By using a high pressure, high temperature (HPHT) technique, the antiferromagnetically ordered
(TN = 13.5 K) 6H-A phase of Ba3NiSb2O9 was transformed into two new gapless quantum spin liq-
uid(QSL) candidates with S = 1 (Ni2+) moments: the 6H-B phase with a Ni2+-triangular lattice and
the 3C-phase with a Ni2+-three-dimensional (3D) edge-shared tetrahedral lattice. Both compounds
show no magnetic order down to 0.35 K despite Curie-Weiss temperatures θCW of -75.5 K (6H-B)
and -182.5 K (3C), respectively. Below ∼ 25 K the magnetic susceptibility of the 6H-B phase satu-
rates to a constant value χ0 = 0.013 emu/mol which is followed below 7 K, by a linear-temperature
dependent magnetic specific heat (CM ) displaying a giant coefficient γ = 168 mJ/mol-K2. Both
observations suggest the development of a Fermi-liquid like ground state characterized by a Wilson
ratio of 5.6 in this insulating material. For the 3C phase, the CM ∝ T 2 behavior indicates a unique
S = 1, 3D QSL ground-state.

PACS numbers: 75.40.Cx, 75.45.+j, 61.05.C-

A quantum spin-liquid (QSL) is a ground-state where
strong quantum-mechanical fluctuations prevent a phase-
transition towards conventional magnetic order and
make the spin ensemble to remain in a liquid-like
state [1, 2]. So far various gapped spin liquids have
been found in dimerized spin systems and spin lad-
ders [3–10]. However, topological and gapless spin
liquids are much less well-understood in dimensions
higher than one. Most of the gapless QSL candi-
dates studied to date are two-dimensional frustrated
magnets composed of either a triangular lattice of
S = 1/2 dimers, such as the organic compounds κ-
(BEDT-TTF)2Cu2(CN)3[11, 12] (abbreviated as ET) or
EtMe3Sb[Pd(dmit)2]2[13, 14] (abbreviated as dmit), or
of a kagome lattice of Cu2+ (S = 1/2) ions, such as the
ZnCu3(OH)6Cl2[15, 16], BaCu3V2O8(OH)2[17], and the
Cu3V2O7(OH)2·2H2O[18] compounds.

However, whether a gapless QSL can be realized in sys-
tems with larger spins, e.g. S = 1, especially in systems
with a three-dimensional (3D) lattice, is still a matter
of debate. For example, the S = 1 material NiGa2S4
[19]with a triangular lattice develops quadrupolar order
[20, 21], while so far all the 3D gapless QSL candidates
studied to date, such as Na3Ir4O8 with Ir4+ ions [22], are
either S = 1/2 or effective S = 1/2 systems due to strong
spin-orbit coupling. Therefore, the present challenge is
to find additional model compounds to test current the-
ories for gapless QSLs. The key to find a new QSL can-
didate is to construct a geometrically frustrated lattice
with specific magnetic ions. A commonly used method to
design and discover new materials is to pursue chemical
substitutions, although the application of high pressures
is also an alternative way to transform crystalline struc-
tures and discover new phases which has not been widely

used for synthesizing new frustrated magnets. Here, we
followed the second route to synthesize frustrated mag-
nets Ba3NiSb2O9 displaying the unique physical proper-
ties shown below.

The ambient pressure 6H-A phase of Ba3NiSb2O9 was
synthesized through a conventional solid-state reaction.
Its x-ray diffraction (XRD) pattern (recorded at room
temperature with Cu Kα radiation, Fig. 1(a)) shows a
single phase having the hexagonal space group P63/mmc.
The obtained lattice parameters a = 5.8376(5) Å and c =
14.4013(1) Å agree well with previously reported values
[23, 24]. The structure of the 6H-A phase (Fig. 1(d)) con-
sists of dimers of face-sharing Sb2O9 octahedra linked by
their vertices to single corner-sharing NiO6/2 octahedra
along the c axis. The Ni2+ ions occupy the 2a Wyck-
off site to form a two-dimensional (2D) triangular lattice
in the ab plane (Fig. 1(g)), which is separated by two
non-magnetic Sb layers.

The 6H-B phase of Ba3NiSb2O9 was obtained by treat-
ing the 6H-A phase at 600 ◦C under a pressure of 3 GPa
for 1 hour in a Walker-type multianvil module (Rockland
Research Co.). Its XRD pattern (Fig. 1(b)) is different
from that of 6H-A phase and can be satisfactorily indexed
as a distinct hexagonal space group, i.e. the P63mc with
a = 5.7923(2) Å and c = 14.2922(7) Å, respectively. In
this structure (Fig. 1(e)), the dimers of the face-sharing
NiSbO9 octahedra (instead of the Sb2O9 octahedra as
for the 6H-A phase) are linked by their vertices to single
corner-sharing SbO6/2 octahedra along the c axis. In the
well ordered NiSbO9 octahedra, the Ni2+ ions occupy the
2b Wyckoff sites, which still form a triangular lattice in
the ab plane. For the 6H-A phase, the layers of the Ni tri-
angular lattice are exactly on top of each other along the
c-axis. However, for the 6H-B phase, the nearest two lay-
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FIG. 3: (Color online) (a) Temperature dependencies for the
magnetic specific heat (CM ) for all three Ba3NiSb2O9 poly-
types. Solid lines are the fits as described in the main text.
Inset: variation in magnetic entropy ∆S below 30 K.

measured under field-cooled (FC) conditions. The 6H-A
sample exhibits a cusp-like anomaly at the antiferromag-
netic ordering temperature TN = 13.5 K, as previously
reported [24]. On the other hand, neither the 6H-B nor
the 3C phase show any sign of long range magnetic order
down to 2 K. For the 6H-B phase, we have subtracted
the Curie contribution provided by 1.7 % Ni2+ of orphan
spins from the as measured data. This percentage of
Ni2+ orphan spins was calculated from fitting the spe-
cific heat data[26]. After this subtraction, χ(T ) for the
6H-B phase (open squares in Fig. 2) basically saturates
below 25 K with a saturation value χ0 ∼ 0.013 emu/mol.
The fittings of the high-temperature region of χ−1(T ) to
the Curie-Weiss law show that all three compounds have
the same value for effective moment, µeff ∼ 3.54 µB, as
seen from the fact that all three χ−1(T ) curves are ba-
sically parallel to each other (insert of Fig. 2). This
value gives a g-factor of 2.5, which is close to the typical
value for Ni2+ ions with spin-orbital coupling[27]. The
Curie-Weiss temperatures, θCW, obtained for the 6H-A,
6H-B, and 3C phases are -116.9(4) K, -75.6(6) K, and
-182.5(3) K, respectively, indicating dominant antiferro-
magnetic interactions for all compounds.

The magnetic specific-heat (CM , Fig. 3) for each com-
pound was obtained by subtracting the heat capacity of
the non-magnetic compound Ba3ZnSb2O9 ordered in the
6H-A, 6H-B, and 3C phases, respectively, which are used
here as lattice standards. For the 6H-B phase a Schottky
anomaly due to 1.7% of Ni2+ orphan spins was also sub-
tracted, see Supplemental Materials[26]. For the 6H-A
phase, CM shows a sharp peak around TN = 13.5 K. On
the other hand, for both the 6H-B and the 3C phases,
CM which emerges from around 30 K, shows a broad
peak around 13 K with no sign for long-range magnetic-
order down to T = 0.35 K. For the 6H-B and the 3C

phases, CM is not at all affected by the application of
a magnetic field as large as H = 9 T. Below 30 K, the
associated change in magnetic entropy (inset of Fig. 3)
is 5.0 J/mol-K, 3.7 J/mol-K, and 2.0 J/mol-K for the
6H-A, 6H-B, and the 3C phase, respectively. These val-
ues correspond respectively, to 55%, 41%, and 22% of
R ln(3) for a S = 1 system, where R is the gas constant.
The remarkable result is that CM at low temperatures
for all three phases follows a γTα behavior, but with a
distinct value of α for each phase. As shown in Fig. 3,
a linear fit of CM plotted in a log-log scale yields respec-
tively, γ = 2.0(1) mJ/mol-K4 and α = 3.0(2) for the
6H-A phase in the range 1.8 ≤ T ≤ 10 K, γ = 168(3)
mJ/mol-K2 with α = 1.0(1) for the 6H-B phase when
0.35 ≤ T ≤ 7 K, and γ = 30(2) mJ/mol-K3 with α =
2.0(1) for 3C phase within 0.35 ≤ T ≤ 5 K.
Both the susceptibility and the specific heat show no

evidence for magnetic ordering down to T = 0.35 K for ei-
ther the 6H-B or the 3C phase, despite moderately strong
antiferromagnetic interactions. The 41% (6H-B) and the
22% (3C) change in magnetic entropy also indicates a
high degeneracy of low-energy states at low tempera-
tures. These behaviors suggest that both the 6H-B and
3C phases are candidates for spin liquid behavior. For
the 6H-A phase, the CM ∝ T 3 behavior observed below
TN is typical for 3D magnons [28]. This indicates that
besides the intra-layer magnetic interactions within the
Ni2+ triangular lattice, the inter-layer coupling is also
relevant for this phase. As for the 6H-B phase, on the
other hand, the relative shift of the two nearest Ni2+ tri-
angular layers leads to a frustrated inter-layer magnetic
coupling, which prevents 3D long-range magnetic-order.
The linear-T dependent CM of the 6H-B phase is unusual
for a magnetic insulator having a 2D frustrated lattice.
Naively, for a 2D lattice one would expect CM to display
a T 2 dependence given by a linearly dispersive low-energy
mode [19].
In fact, a series of recent low temperature studies re-

veal that CM ∝ γT , with a considerable large value for γ,
is a common feature among QSL candidates [11, 29, 30].
For example, ET[11], dmit[29], and Ba3CuSb2O9[30], all
composed of a S = 1/2 triangular lattice, display γ =
12.0 mJ/mol-K2, 19.9 mJ/mol-K2, and 43.4 mJ/mol-
K2, respectively. It has been proposed theoretically that
magnetic excitations or quasiparticles called spinons can
lead to a Fermi surface even in a Mott insulator, which
yields a linear term in the specific heat after the U(1)
gauge fluctuation is suppressed due to partial pairing on
the fermi surface[31]. The observation of a saturation
in χ(T ) for 6H-B phase enables us to calculate the Wil-
son ratio, RW = [4π2kB2χ0]/[3(gµB)2γ]. One obtains a
value of 5.6 by using χ0 = 0.013 emu/mol and γ = 168
mJ/mol-K2. In metals, a Pauli-like paramagnetic suscep-
tibility and a linear-T dependent heat capacity, as seen
for the 6H-B phase at lower temperatures, which leads
to a concomitant RW in the order of unity, are conven-
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FIG. 1: (Color online) Powder XRD patterns (crosses) at 295 K for the Ba3NiSb2O9 polytypes: (a) 6H-A, (b) 6H-B, and
(c) 3C. Solid curves are the best fits obtained from Rietveld refinements using FullProf. Schematic crystal structures for the
Ba3NiSb2O9 polytypes: (d) 6H-A, (e) 6H-B, and (f) 3C, red octahedra represents Sb(M’) site and blue octahedra represents
Ni2/3Sb1/3(M) site. Magnetic lattices composed of Ni2+ ions for the Ba3NiSb2O9 polytypes: (g) 6H-A, (h) 6H-B, and (i) 3C.

ers of the Ni triangular lattice are displaced with respect
to each other in a way that the Ni ion in one layer is pro-
jected towards the center of the triangle formed by the
Ni ions in the adjacent layers along the c-axis, as shown
in Fig. 1(h). The instability of the 6H-A phase should
arise from the fact that high pressures tend to reduce the
Sb5+-Sb5+ distance and therefore partially relieve strong
electrostatic repulsion by exchanging Ni with one of the
Sb atoms. Battle et al. reported a similar structure for
the 6H-B phase [25], but with no physical characteriza-
tion.

With increasing pressure we observed an additional
phase transformation to a cubic perovskite structure.
This 3C phase was obtained under 9 GPa and at a tem-
perature of 1000 ◦C kept for 30 min. Its XRD pattern
(Fig. 1(c)) is best described as a double-perovskite in
a Ba2MM’O6 model with the cubic space group Fm-3m
having a lattice parameter a = 8.1552(2) Å. The refine-
ment shows a full-ordered arrangement of Ni2/3Sb1/3 and
Sb atoms at the M and M’ sites (Fig. 1(f)), respectively.
Therefore the Ni2/3Sb1/3 sites form a network of edge-
shared tetrahedra, as shown in Fig. 1(i). Instead of
adopting a primitive perovskite structure in which the
Ni2+ and Sb5+ ions are randomly distributed, the pre-
ferred double-perovskite structure should be attributed
to the large difference in charges between the Ni2+ and
the Sb5+ ions.

All three samples are insulators with the room temper-
ature resistance higher than 20 MΩ. The DC magnetic
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FIG. 2: (Color online) (a) Temperature dependencies of the
DC magnetic susceptibility (χ) for the Ba3NiSb2O9 poly-
types. Inset: Temperature dependencies of 1/χ. The solid
lines on 1/χ data represent Curie-Weiss fits. For 6H-B phase,
χ (open squares) is obtained by subtracting 1.7% Ni2+ or-
phan spin’s contribution (crosses) from the as measured data
(solid squares).

susceptibility (χ(T ), Fig. 2) for all three compounds was
measured under a field H = 5000 Oe. For each com-
pound, one does not observe any difference between the
data measured under zero-field-cooled (ZFC) and that
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Exotic S = 1 spin liquid state with fermionic excitations on triangular lattice

Maksym Serbyn, T. Senthil, and Patrick A. Lee
Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

(Dated: August 23, 2011)

Motivated by recent experiments on the material Ba3NiSb2O9 we consider a spin-one quantum
antiferromagnet on a triangular lattice with the Heisenberg bilinear and biquadratic exchange inter-
actions and a single-ion anisotropy. Using a fermionic “triplon” representation for spins, we study
the phase diagram within mean field theory. In addition to a fully gapped spin-liquid ground state,
we find a state where one gapless triplon mode with Fermi surface coexists with d + id topological
pairing of the other triplons. Despite the existence of a Fermi surface, this ground state has fully
gapped bulk spin excitations. Such a state has linear in temperature specific heat and constant in
plane spin susceptibility, with an unusually high Wilson ratio.

PACS numbers: 71.27.+a, 75.10.Jm, 75.10.Kt, 75.30.Kz

Spin liquid (SL) is a long sought exotic state of matter
proposed by Anderson [1], where long range magnetic or-
der is destroyed by quantum fluctuations at zero temper-
ature. A number of materials have been discovered which
are promising candidates for two-dimensional S = 1/2
SL state [2]. More recently, possible SL materials with
S = 1 have been discussed. One example is the insulating
spin-1 quantum magnet on a triangular lattice, NiGa2S4,
reported by Nakatsuji et al [3]. This material motivated
a number of theoretical papers proposing different mi-
croscopic realizations of S = 1 SL [4–7]. Recently high
pressure synthesis of the two-dimensional triangular mag-
net Ba3NiSb2O9 [8] has produced two new phases which
possibly realize two and three-dimensional S = 1 SL. In
particular the 6H-B phase, described as a triangular lat-
tice of Ni2+ ions, shows no magnetic ordering down to
T = 350 mK along with linear in temperature specific
heat (with unusually high coefficient) and constant spin
susceptibility. The metal-like behavior of specific heat
and spin susceptibility observed in the insulating 6H-A
phase suggest the presence of quasiparticle excitations
with a Fermi surface.
Motivated by this newly discovered material, in the

present Letter we propose a new candidate SL ground
state with exotic physical properties. Our model system
consists of quantum S = 1 spins forming a triangular
lattice. For simplicity, we consider only nearest neighbor
interactions. The general form of Hamiltonian can be
written as

H =
!

⟨ij⟩

[JS⃗i · S⃗j +K(S⃗i · S⃗j)
2] +D

!

i

(Sz
i )

2, (1)

where we included Heisenberg exchange interaction with
coupling J > 0 and biquadratic exchange with cou-
pling K. In addition we allow easy-plane or easy-axis
type of anisotropy controlled by the parameter D, but
we neglect this anisotropy in the couplings J and K
since it is presumably small for transition metals. The
Hamiltonian (1) has been considered in the literature in
limits when the anisotropy is either zero or dominates

FIG. 1. Schematic representation of the ground state in dif-
ferent limits of the Hamiltonian (1). White arrows represent
average spin; arrows with discs indicate the director of the
nematic order parameter. Details are discussed in the text.

over other couplings, or there are longer range compet-
ing exchange couplings. Fig. 1 summarizes known results
for the ground state (GS) phase diagram in a schematic
way. There are three different phases on the line of zero
anisotropy D = 0 [9–12]: in the range K = −0.4J . . . J
GS is 120◦-degree antiferromagnet (AFM). For larger
negative K system favors collinear ferro-nematic (FN)
order, i.e. nematic order that does not break lattice
translational symmetry. In this state the average spin
vanishes ⟨S⃗⟩ = 0, but full spin rotation symmetry is
broken down to rotations around an axis specified by
the director vector d (see Refs. [10, 11] and discussion
below). For positive K > J the ground state is de-
scribed by aniferro-nematic (AFN) order. In this state
director vectors di on three different sublattices are or-
thogonal to each other (see Fig. 1), thus breaking lattice
translation symmetry. In the extreme case of easy-plane
anisotropy (D ≫ J, |K|), the GS is a trivial product
of states of |Sz = 0⟩ on all sites, corresponding to the
trivial single-site FN order. For large but negative D,
implying extreme easy axis anisotropy, only two states
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Motivated by recent experiments on the material Ba3NiSb2O9 we consider a spin-one quantum
antiferromagnet on a triangular lattice with the Heisenberg bilinear and biquadratic exchange inter-
actions and a single-ion anisotropy. Using a fermionic “triplon” representation for spins, we study
the phase diagram within mean field theory. In addition to a fully gapped spin-liquid ground state,
we find a state where one gapless triplon mode with Fermi surface coexists with d + id topological
pairing of the other triplons. Despite the existence of a Fermi surface, this ground state has fully
gapped bulk spin excitations. Such a state has linear in temperature specific heat and constant in
plane spin susceptibility, with an unusually high Wilson ratio.
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proposed by Anderson [1], where long range magnetic or-
der is destroyed by quantum fluctuations at zero temper-
ature. A number of materials have been discovered which
are promising candidates for two-dimensional S = 1/2
SL state [2]. More recently, possible SL materials with
S = 1 have been discussed. One example is the insulating
spin-1 quantum magnet on a triangular lattice, NiGa2S4,
reported by Nakatsuji et al [3]. This material motivated
a number of theoretical papers proposing different mi-
croscopic realizations of S = 1 SL [4–7]. Recently high
pressure synthesis of the two-dimensional triangular mag-
net Ba3NiSb2O9 [8] has produced two new phases which
possibly realize two and three-dimensional S = 1 SL. In
particular the 6H-B phase, described as a triangular lat-
tice of Ni2+ ions, shows no magnetic ordering down to
T = 350 mK along with linear in temperature specific
heat (with unusually high coefficient) and constant spin
susceptibility. The metal-like behavior of specific heat
and spin susceptibility observed in the insulating 6H-A
phase suggest the presence of quasiparticle excitations
with a Fermi surface.
Motivated by this newly discovered material, in the

present Letter we propose a new candidate SL ground
state with exotic physical properties. Our model system
consists of quantum S = 1 spins forming a triangular
lattice. For simplicity, we consider only nearest neighbor
interactions. The general form of Hamiltonian can be
written as

H =
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⟨ij⟩

[JS⃗i · S⃗j +K(S⃗i · S⃗j)
2] +D
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where we included Heisenberg exchange interaction with
coupling J > 0 and biquadratic exchange with cou-
pling K. In addition we allow easy-plane or easy-axis
type of anisotropy controlled by the parameter D, but
we neglect this anisotropy in the couplings J and K
since it is presumably small for transition metals. The
Hamiltonian (1) has been considered in the literature in
limits when the anisotropy is either zero or dominates

FIG. 1. Schematic representation of the ground state in dif-
ferent limits of the Hamiltonian (1). White arrows represent
average spin; arrows with discs indicate the director of the
nematic order parameter. Details are discussed in the text.

over other couplings, or there are longer range compet-
ing exchange couplings. Fig. 1 summarizes known results
for the ground state (GS) phase diagram in a schematic
way. There are three different phases on the line of zero
anisotropy D = 0 [9–12]: in the range K = −0.4J . . . J
GS is 120◦-degree antiferromagnet (AFM). For larger
negative K system favors collinear ferro-nematic (FN)
order, i.e. nematic order that does not break lattice
translational symmetry. In this state the average spin
vanishes ⟨S⃗⟩ = 0, but full spin rotation symmetry is
broken down to rotations around an axis specified by
the director vector d (see Refs. [10, 11] and discussion
below). For positive K > J the ground state is de-
scribed by aniferro-nematic (AFN) order. In this state
director vectors di on three different sublattices are or-
thogonal to each other (see Fig. 1), thus breaking lattice
translation symmetry. In the extreme case of easy-plane
anisotropy (D ≫ J, |K|), the GS is a trivial product
of states of |Sz = 0⟩ on all sites, corresponding to the
trivial single-site FN order. For large but negative D,
implying extreme easy axis anisotropy, only two states
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with Sz = ±1 on each site survive. This system can be
described by a spin-1/2 XXZ model with all exchange
couplings being antiferromagnetic if 2J > K > 0 or with
Jz being frustrating and J⊥ ferromagnetic if K < 0. In
both cases there is spin density wave ordering of the z-
component of the spin in the GS, supplemented by planar
AFN order in former and collinear nematic order in the
latter case [13].
Physically for Ba3NiSb2O9 we may expect the ex-

change coupling J to be the largest with J > |K|, |D|.
Both signs of D seems plausible. Likewise it is not known
what sign of the biquadratic exchangeK is realized, even
though negative K can be obtained from large U expan-
sion of certain multi-orbital Hubbard model or from cou-
pling to phonons. Therefore in what follows we study
the phase diagram of Hamiltonian (1) for both signs of
D and K but will assume |D|, |K| < J . Except of very
small |D|, this is outside of the regions of known GS’s
shown in Fig. 1. In order to to get access to the (RVB-
like) state with fermion excitations, we use the fermion
representation of the spin [6]. After this we study result-
ing phase diagram in the mean field approximation.
Fermion representation. The spin operator is conve-

niently represented via a set of three operators called
triplons which are labeled by index α = x, y, z. In earlier
papers [7, 9] these operators were bosons, but here we
use fermions [6] written as a vector f⃗i = (fix, fiy, fiz)T ,

S⃗i = −if⃗ †
i × f⃗i, f⃗ †

i · f⃗i = 1. (2)

In terms of Sz eigenstates, we used the following basis to
represent the states of S = 1, |x⟩ = i(|1⟩ − | − 1⟩)/

√
2,

|y⟩ = (|1⟩ + | − 1⟩)/
√
2, |z⟩ = −i|0⟩, since it facilitates

the handling of the biquadratic term in the Hamiltonian.
Eq. (2) also imposes a constraint of single occupation in
order to exclude unphysical states from the Hilbert space.
In the mean field theory this constraint will be relaxed
to hold only on average. There are two possible choices
of constraint for spin-one system: the particle represen-
tation that we used above and the hole representation
f⃗ †
i · f⃗i = 2. In contrast to the case of S = 1/2, these
are not equivalent. Nevertheless, they can be mapped
into each other by particle-hole transformation plus a
change of the sign of hopping. Therefore we consider
only particle representation but do not restrict hopping
to be positive to include the hole representation [14].
The chosen spin representation has U(1) redundancy

remaining [6, 14]: one can multiply f⃗i by a phase fac-
tor leaving the spin intact. In addition, in the absence
of D there is a spin rotation symmetry, realized by the
simultaneous rotation of the vectors f⃗i and (f⃗ †

i )
T . Non-

zero anisotropy D breaks full spin rotation symmetry to
rotation symmetry in xy-plane supplemented by the re-
flection of spin along z-axis.
The bilinear term is expressed via fermions as S⃗i · S⃗j =

(f⃗ †
i · f⃗ †

j )(f⃗i · f⃗j) + f⃗ †
i (f⃗i · f⃗

†
j )f⃗j . Using the constraint f⃗ †

i ·

f⃗i = 1, the biquadratic term also can be expressed as a
product of four fermion operators [9], (S⃗i · S⃗j)2 = 1 −
(f⃗ †

i · f⃗
†
j )(f⃗i · f⃗j). Adding a Lagrange multiplier to enforce

the single occupancy constraint (2) on average, we have

H =
!

⟨ij⟩

[Jf⃗ †
i (f⃗i · f⃗

†
j )f⃗j + (J −K)(f⃗ †

i · f⃗
†
j )(f⃗i · f⃗j) +K]

+
!

i

[µ(1− f⃗ †
i · f⃗i) +D(1− f †

izfiz)], (3)
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approach. We define an action based on the Hamilto-
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We search for self-consistent solutions to the mean
field equations that do not break any additional sym-
metries other than T -reversal. When the full spin ro-
tation symmetry is present, the only possible pairing
order parameter is ∆o ∼ ⟨f⃗i · f⃗j⟩. Such pairing pre-
serves full rotational symmetry in spin space, the result-
ing state being a spin singlet. We call this pairing in
odd channel, since it is possible only with odd orbital
momentum, i.e. p, f -wave pairing. Since in Hamilto-
nian (1), only in-plane rotational symmetry is present
for D ̸= 0, the pairing in even channel with order pa-
rameter ∆e ∼ ⟨(f⃗i × f⃗j)z⟩ = ⟨fixfjy − fiyfjx⟩ is allowed.
However, the presence of two order parameters simulta-
neously violates the symmetry with respect to rotations
of π around the x or y axis.
Both aforementioned types of pairing were considered

by Liu et.al. [6] in a similar system, however without
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with Sz = ±1 on each site survive. This system can be
described by a spin-1/2 XXZ model with all exchange
couplings being antiferromagnetic if 2J > K > 0 or with
Jz being frustrating and J⊥ ferromagnetic if K < 0. In
both cases there is spin density wave ordering of the z-
component of the spin in the GS, supplemented by planar
AFN order in former and collinear nematic order in the
latter case [13].
Physically for Ba3NiSb2O9 we may expect the ex-

change coupling J to be the largest with J > |K|, |D|.
Both signs of D seems plausible. Likewise it is not known
what sign of the biquadratic exchangeK is realized, even
though negative K can be obtained from large U expan-
sion of certain multi-orbital Hubbard model or from cou-
pling to phonons. Therefore in what follows we study
the phase diagram of Hamiltonian (1) for both signs of
D and K but will assume |D|, |K| < J . Except of very
small |D|, this is outside of the regions of known GS’s
shown in Fig. 1. In order to to get access to the (RVB-
like) state with fermion excitations, we use the fermion
representation of the spin [6]. After this we study result-
ing phase diagram in the mean field approximation.
Fermion representation. The spin operator is conve-

niently represented via a set of three operators called
triplons which are labeled by index α = x, y, z. In earlier
papers [7, 9] these operators were bosons, but here we
use fermions [6] written as a vector f⃗i = (fix, fiy, fiz)T ,
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In the mean field theory this constraint will be relaxed
to hold only on average. There are two possible choices
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i · f⃗i = 2. In contrast to the case of S = 1/2, these
are not equivalent. Nevertheless, they can be mapped
into each other by particle-hole transformation plus a
change of the sign of hopping. Therefore we consider
only particle representation but do not restrict hopping
to be positive to include the hole representation [14].
The chosen spin representation has U(1) redundancy
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FIG. 2. The phase boundary between SL GS’s with p+ip and
d + id pairing. (a) The spin susceptibility χ̃xx in the d + id
phase as a function of D/J for K/J = 0.55. The susceptibility
is normalized by the average density of states, ν̄ = (νx+νz)/2,
where νx is calculated without the gap. (b) Gapped (dashed
red line) and ungapped (blue line) Fermi surfaces of x, y, and
z-fermions for K/J = 0.55, D/J = 0.8.

modes at the boundaries. The physics of these modes
will be discussed elsewhere.
The combination of gapless excitations with topolog-

ical pairing gives rise to a number of unusual physical
properties, that may explain the results of the recent ex-
periment [8]. Due to ungapped fz excitations the spe-
cific heat depends linearly on temperature near T = 0,
C = π2k2BνzT/3, where νz is the density of states of
fiz at the Fermi surface. Due to Higgs mechanism the
gauge field is massive and does not modify the linear in
T behavior of the specific heat. The spin susceptibility
exhibits more exotic behavior: due to the pairing of x
and y-fermions the zz-component χzz = 0. On the other
hand, χxx is finite and depends on the anisotropy D.
For D smaller than the gap, χ̃xx = χxx/(µBg)2 ≈ νz,
and approaches a factor two larger value χ̃xx ≈ 2νz,
when D is much larger than the gap. This difference
by factor 2 is approximate, valid in the limit of con-
stant gap and density of states. The behavior of χ̃xx

is shown in Fig. 2 (a). We calculate Wilson ratio de-
fined as RW = (4π2k2B)/(3g

2µ2
B)(χ̄T )/C, and obtain

RW = 8/3 ≈ 2.66 for the case of small anisotropy, and
RW → 16/3 ≈ 5.33 for large anisotropy. Note that we
take the average susceptibility χ̄ = 2/3χxx to account for
the polycrystalline nature of the sample. The latter value
gives surprisingly good agreement with the Wilson ratio
observed experimentally, RW ≈ 5.63. We also calculated
the imaginary part of the spin susceptibility. Since two
out of three fermions are gapped, Imχαα(ω,q) vanishes
for temperatures and frequencies smaller than the gap
for all α. This implies the NMR relaxation 1/(T1T ) is
exponentially small for temperatures below the pairing

scale. These results tell us that the Fermi surface as-
sociated with fz [see Fig. 2 (b)] should be viewed very
differently than the spinon Fermi surface in the S = 1/2
SL which carries spin-1/2 quantum numbers and leads
to gapless spin-1 excitations. In our case Sz = 1 exci-
tations are gapped even though the static spin suscep-
tibility χxx,χyy ̸= 0 and the specific heat has linear T
dependence.

Finally, we discuss experiments that could confirm the
proposed ground state. Measurement of the spin suscep-
tibility for single crystal or oriented powder samples is
of great interest in order to test our prediction of strong
anisotropy. We also predict an exponentially activated
behavior for 1/(T1T ) which may be surprising in view of
the linear T behavior of the specific heat.

We thank Luis Balicas for bringing Ref. [8] to our at-
tention. We acknowledge useful discussions with Samuel
Bieri. T.S. is supported by grant NSF-DMR 6922955.
P.A.L. is supported by NSF-DMR 1104498.

[1] P. W. Anderson, Mater. Res. Bull. 8, 153 (1973); Science
235, 1196 (1987).

[2] See P. A. Lee, Science 321, 1306 (2008).
[3] S. Nakatsuji, Y. Nambu, H. Tonomura, O. Sakai,

S. Jonas, C. Broholm, H. Tsunetsugu, Y. Qiu, and
Y. Maeno, Science 309, 1697 (2005).

[4] S. Bhattacharjee, V. B. Shenoy, and T. Senthil,
Phys. Rev. B 74, 092406 (2006).

[5] H. Tsunetsugu and M. Arikawa,
Journal of the Physical Society of Japan 75, 083701
(2006).

[6] Z.-X. Liu, Y. Zhou, and T.-K. Ng, Phys. Rev. B 81,
224417 (2010); 82, 144422 (2010).

[7] T. Grover and T. Senthil, Phys. Rev. Lett. 107, 077203
(2011).

[8] J. G. Cheng, G. Li, L. Balicas, J. S. Zhou, J. B. Goode-
nough, and H.D. Zhou, arXiv:1108.2897[cond-mat.str-el].

[9] N. Papanicolaou, Nuclear Physics B 305, 367 (1988).
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Motivated by recent experiments on material Ba3NiSb2O9, we propose two novel spin liquid
phases (A and B) for spin-1 systems on a triangular lattice. At the mean field level, both spin
liquid phases have gapless fermionic spinon excitations with quadratic band touching, thus in both
phases the spin susceptibility and γ = Cv/T saturate to a constant at zero temperature, which
are consistent with the experimental results on Ba3NiSb2O9. On the lattice scale, these spin liquid
phases have Sp(4) ∼ SO(5) gauge fluctuation; while in the long wavelength limit this Sp(4) gauge
symmetry is broken down to U(1)×Z2 in type A spin liquid phase, and broken down to Z4 in type
B phase. We also demonstrate that the A phase is the parent state of the ferro-quadrupole state,
nematic state, and the noncollinear spin density wave state.

PACS numbers:

A quantum spin liquid (QSL) is a ground state of an in-
sulating magnet with vanishing static local moments and
exotic emergent excitations.[1] Within spin wave theory
for the simplest Heisenberg Hamiltonians, quantum fluc-
tuations rapidly decrease with increasing spin quantum
number S, so it is often believed that QSLs may occur
only in the extreme case of S =1/2 spins. Indeed, the
most promising empirical QSL materials are comprised
of spin-1/2 moments[2–7]. However, when the Hamilto-
nian deviates from the Heisenberg form, quantum effects
can be enhanced also for higher spin, leading to ground
states beyond the usual magnetically ordered ones. The-
oretically, biquadratic and other higher order exchange
terms have been argued to favor multipolar ordered and
QSL states in particular materials, such as the triangu-
lar lattice spin-1 magnet NiGa2S4 [8–12] and certain or-
dered double perovskites[13]. Quite unexpectedly, recent
experiments have evidenced QSL behavior in the spin-1
magnet Ba3NiSb2O9, with spins residing on triangular
lattices with AB stacking.[14] Although the Curie-Weiss
temperature of this material is θCW ∼ −75K, no mag-
netic ordering or phase transition was observed down to
a temperature of 0.35K, approximately 200 times lower
than |θCW |. The low temperature thermodynamics of
this material is strikingly similar to that of the geomet-
rically similar spin-1/2 organic triangular lattice QSLs
[5, 15–17]. In particular, the spin susceptibility χ and lin-
ear coefficient of specific heat γ = cv/T in Ba3NiSb2O9

both saturate to constants at low temperature [14].
Most theoretical approaches to QSLs rely on slave par-

ticle methods, and/or wave functions which correspond
to slave particles. While these approaches have been ex-
tensively developed for S =1/2 systems, there has been
little theoretical work on them for the S =1 case. We con-
sider this here. To sharpen the discussion, we assume the
presence of SU(2) spin symmetry, and seek QSL states
in this framework which match the basic phenomenology

so far observed in the low temperature thermodynamics.
One way of studying spin-1 system is by introducing

three flavors of fermionic spinon fα (α = 1−3) as follows
[18, 19]: Ŝa = f †

αS
a
αβfβ, and Sa are three spin-1 matri-

ces. In order to guarantee the equivalence of the spin
Hilbert space and the spinon Hilbert space, one must
impose the gauge constraint

!

α f †
i,αfi,α = 1, fixing the

spinon density locally to 1/3-filling. At the mean field
level, the spinon fα forms a Fermi surface whose area is
1/3 of the Brillouin zone. A spinon Fermi surface seems
to be consistent with constant χ and γ observed experi-
mentally. However, beyond the mean field theory, due to
the single occupancy constraint, the spinon fermi surface
is coupled to a dynamical U(1) gauge field. This U(1)
gauge field has a “dressed” over-damped z = 3 dynam-
ics due to its coupling to the Fermi surface, which leads
to a γ = Cv/T ∼ T−1/3 at low temperature [20, 21],
inconsistent with experiment. One solution of this prob-
lem is to introduce pairing of the spinons in the mean
field state. This has its own difficulties: either a gap
is induced and impurities must be invoked to restore the
proper thermodynamics,[22] or spin-rotational symmetry
must be strongly broken.[18]
General Formalism

We start instead by representing the spin-1 operators
in the following way:

Ŝµ
i =

1

2

"

α,β=↑,↓

"

a=1,2

f †
α,a,iσ

µ
αβfβ,a,i. (1)

Here σµ are three spin-1/2 Pauli matrices. Each spinon
fα,a has two indices: α =↑, ↓ denotes spin and a = 1, 2
is an “orbital” quantum number. Thus we can consider
not only the usual spin SU(2) rotations in the α − β
space, but also orbital SU(2) transformations in the a−b
space. Matching with the spin Hilbert space requires not
only constraining the total fermion number to half-filling

2

(two fermions per site), but also requiring each site to be
an orbital SU(2) singlet, which guarantees that the spin
space is a symmetric spin-1 representation:

n̂i =
!

a=1,2

!

α=↑,↓

f †
α,a,ifα,a,i = 2,

τ̂µ =
!

α,a,b

f †
α,a,iτ

µ
abfα,b,i = 0. (2)

Here τµab are three Pauli matrices that operate on the
orbital indices. A similar slave fermion formalism with
orbital indices was introduced in Ref. [23], and it was ap-
plied to two-orbital SU(N) magnets that can be realized
in Alkaline earth cold atoms [24–26].
Due to these two independent constraints in Eq. 2, the

spinon fα,a appears to have the following U(1)× SU(2)
gauge symmetries:

U(1)c : fα,a,i → eiθifα,a,i;

SU(2)o : fα,a,i → [eiθ⃗i·τ⃗/2]abfα,b,i. (3)

By rewriting fα,a,i in terms of Majorana fermions η as
follows, however, a larger gauge symmetry is exposed:

fα,a,i =
1

2
(ηα,a,1,i + iηα,a,2,i). (4)

On every site, ηi has in total three two-component
spaces, making the maximal possible transformation
on ηi SO(8). Within this SO(8), the spin SU(2)
transformations are generated by the three operators
(σxλy, σy, σzλy), where the Pauli matrices λa op-
erate on the two-component space (Re[f ], Im[f ]). The
total gauge symmetry on η is the maximal subgroup
of SO(8) that commutes with the spin-SU(2) operators.
This is Sp(4) ∼ SO(5) generated by the ten matrices
Γab = 1

2i [Γa,Γb], where

Γ1 = σyτyλz , Γ2 = σyτyλx, Γ3 = τyλy ,

Γ4 = τz , Γ5 = τx. (5)

These Γa with a = 1 · · · 5 define five gamma matrices that
satisfy the Clifford algebra {Γa,Γb} = 2δab. Γab and Γa

are all 8×8 hermitian matrices. Γab are all antisymmetric
and imaginary, while Γa are symmetric.
We consider a spin-1 Heisenberg model on the triangu-

lar lattice with both nearest neighbor and 2nd neighbor
antiferromagnetic couplings. Based on the above spinon
representation of spin-1 operators, the Heisenberg model
can be rewritten as follows:

!

i,j,µ

Jij Ŝ
µ
i Ŝ

µ
j ∼

!

i,j,µ

Jijf
†
α,a,iσ

µ
αβfβ,a,if

†
γ,b,jσ

µ
γρfρ,b,j

∼ −2Jij∆̂
∗
ab,ji∆̂ba,ji +Const,

∆̂ab,ji = εαβfα,a,jfβ,b,i. (6)

Decoupling through a hopping term is also possible, but
we do not pursue this here. To analyze Eq. (6), we adopt
a mean field ansatz with nonzero pairing ⟨∆̂ab,ji⟩, so that
the spinon fα,a fills a mean field band structure. To im-
prove beyond mean field, a variational spin wave function
may be obtained by projecting the mean field ground
state to satisfy Eq. (2):

|Gspin⟩ =
"

i

P(n̂i = 2)⊗ P(τ̂µi = 0)|fα,a⟩. (7)

The general formalism discussed above can describe
many novel spin liquid states, with various different
gauge fluctuations that are subgroups of Sp(4). Here
we focus on simple states which satisfy the phenomenol-
ogy of Ba3NiSb2O9[14], and in particular demand linear
specific heat and constant susceptibility. We consider the
following ansatz, which is a d+id pairing state of spinons:

⟨∆̂ab,(i,i+ê)⟩ =
#

δab∆
(m)
1 + τzab∆

(m)
2

$

(ex + iey)
2, (8)

where ê is any of the nearest-neighbor or 2nd neighbor
unit vectors, and ∆(m) with m = 1, 2 denotes the pairing
amplitude on the nearest and 2nd neighbor links respec-
tively. This is a spin singlet but orbital triplet. Because
the pair wave function vanishes when two spinons are on
the same site, such states may be particularly insensitive
to the projection in Eq. 7.
Continuum theory: In the majority of the paper, we

consider the case with ∆(m)
2 = 0. Then, expanded at

k⃗ = 0, the low energy mean field Hamiltonian reads

H ∼ ηt{(∂2
x − ∂2

y)Γ13 + 2∂x∂yΓ23}η,

Γ13 = −σyλx, Γ23 = σyλz . (9)

This mean field Hamiltonian has quadratic band-
touching at k⃗ = 0. Using the same method as intro-
duced in Ref. [27], one can verify that this mean field
Hamiltonian breaks the Sp(4) gauge symmetry down to
a U(1)× Z2 gauge symmetry:

ηi → eiθiΓ45ηi,

ηi → Qiηi, Qi ∈ {1, Γ4}. (10)

Notice that the U(1) and Z2 gauge transformations do
not commute with each other.
In addition to the quadratic band touching at k⃗ = 0,

depending on ∆(m), there are multiple Dirac points in
the Brillouin zone. For instance, when ∆(2) < ∆(1),
there are Dirac points at the Brillouin zone corners
Q⃗ = ±(4π/3, 0). A complex Dirac fermion field ψ at
momentum Q⃗ = (4π/3, 0) can be defined as

ηr⃗ = ψr⃗e
iQ⃗·r⃗ + ψ†

r⃗e
−iQ⃗·r⃗. (11)

2

(two fermions per site), but also requiring each site to be
an orbital SU(2) singlet, which guarantees that the spin
space is a symmetric spin-1 representation:

n̂i =
!

a=1,2

!

α=↑,↓

f †
α,a,ifα,a,i = 2,

τ̂µ =
!

α,a,b

f †
α,a,iτ

µ
abfα,b,i = 0. (2)
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By rewriting fα,a,i in terms of Majorana fermions η as
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1

2
(ηα,a,1,i + iηα,a,2,i). (4)

On every site, ηi has in total three two-component
spaces, making the maximal possible transformation
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We consider a spin-1 Heisenberg model on the triangu-

lar lattice with both nearest neighbor and 2nd neighbor
antiferromagnetic couplings. Based on the above spinon
representation of spin-1 operators, the Heisenberg model
can be rewritten as follows:

!

i,j,µ

Jij Ŝ
µ
i Ŝ

µ
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!

i,j,µ

Jijf
†
α,a,iσ

µ
αβfβ,a,if

†
γ,b,jσ

µ
γρfρ,b,j

∼ −2Jij∆̂
∗
ab,ji∆̂ba,ji +Const,
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Decoupling through a hopping term is also possible, but
we do not pursue this here. To analyze Eq. (6), we adopt
a mean field ansatz with nonzero pairing ⟨∆̂ab,ji⟩, so that
the spinon fα,a fills a mean field band structure. To im-
prove beyond mean field, a variational spin wave function
may be obtained by projecting the mean field ground
state to satisfy Eq. (2):
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The general formalism discussed above can describe
many novel spin liquid states, with various different
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specific heat and constant susceptibility. We consider the
following ansatz, which is a d+id pairing state of spinons:
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#

δab∆
(m)
1 + τzab∆
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2

$

(ex + iey)
2, (8)
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amplitude on the nearest and 2nd neighbor links respec-
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the pair wave function vanishes when two spinons are on
the same site, such states may be particularly insensitive
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not commute with each other.
In addition to the quadratic band touching at k⃗ = 0,

depending on ∆(m), there are multiple Dirac points in
the Brillouin zone. For instance, when ∆(2) < ∆(1),
there are Dirac points at the Brillouin zone corners
Q⃗ = ±(4π/3, 0). A complex Dirac fermion field ψ at
momentum Q⃗ = (4π/3, 0) can be defined as

ηr⃗ = ψr⃗e
iQ⃗·r⃗ + ψ†
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−iQ⃗·r⃗. (11)
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a b

FIG. 1: a, The spin liquid we are considering contains a
quadratic band touching at k⃗ = 0 (hexagon), and Dirac points
(squares) at the corners of the Brillouin zone. b, with a
nonzero and small nematic order N1 > 0, the quadratic band
touching is split into two Dirac points, and the locations of
the other Dirac points are shifted.

transformation η → Γ4η, so it is a headless nematic direc-
tor. The physical order parameter is actually a bilinear
of d⃗, which corresponds to the ferro-quadrupoletensor

Qµν =
1

2
⟨Ŝµ

i Ŝ
ν
i + Ŝν

i Ŝ
µ
i ⟩ −

2

3
δµν = dµdν −

|d⃗|2

3
δµν .(16)

Spatial nematic order, in which lattice rotation symmetry
is broken but time-reversal and spin symmetry are pre-
served, is described by N1 andN2. Order of this type was
suggested for S=1 triangular antiferromagnets in Ref.[9],
but also can be realized by spontaneous formation of Hal-
dane chains. The spin-chirality order parameter C is less
obvious from a microscopic perspective, but is a fluctu-
ating order for this QSL state.
At the mean field level, the equal time correlation

of spin chirality, nematic, and spin density wave order
parameters all fall off as 1/r4; the correlation of spin
quadrupole order parameter falls off as 1/r8. The U(1)
gauge fluctuation will modify the scaling dimension of the
order parameters, and its correction can be calculated
systematically using a 1/N expansion. We will leave this
calculation to future studies.
Potential instabilities: One potential instability of this

spin liquid state is instanton (monopole) proliferation of
the compact U(1) gauge field. However, due to screen-
ing by the gapless fermions, the instantons are greatly
suppressed. By analogy with the theory of the algebraic
spin liquid [28] (in which the z = 1 gauge field is similarly
strongly coupled to Dirac fermions), we expect the spin
liquid phase here to be similarly stable in principle.
Furthermore, the mean field Hamiltonian Eq. 17 is sub-

ject to perturbations such as four-fermion interactions,
which are marginal perturbations at the quadratic band
touching according to naive power-counting. These four-
fermion interactions can modify the correlation functions
of the order parameters discussed above. The renormal-
ization group may lead to weak run-away flow of these
four-fermion interactions, which eventually can break the

symmetry of the system, and develop one of the orders
in Eq. 15.
If one of these orders develops, it can completely or

partially gap the fermions and introduce interesting ef-
fects. Nonzero spin nematic order, d⃗ ̸= 0, gaps out the
quadratic band touching and Dirac fermion ψ. Depend-
ing on the sign of a2 and b2, a nonzero d⃗ drives the mean
field band structure of spinon into either a quantum spin
Hall type of topological insulator or a topologically trivial
insulator. If the system is in a quantum spin Hall topo-
logical insulator, assuming d⃗ is ordered along ẑ direction,
the quantized flux of U(1) gauge field aµΓ45 would carry
spin Sz. Since the 2+1d photon phase of the U(1) gauge
field is the condensate of gauge flux, the U(1) spin rota-
tion around ẑ axis is spontaneously broken in the pho-
ton phase, thus eventually the spin SU(2) symmetry is
broken down to a discrete subgroup i.e. there are in to-
tal three Goldstone modes instead of two. If the spinon
band insulator has trivial topology, then the system is
in an ordinary ferro-quadrupolar phase as discussed in
Ref. [9, 10].
Weak spatial nematic order does not open a gap

but only splits the quadratic band touching into Dirac
fermions at two different momenta (Fig. 1); the original
Dirac fermions ψ also shift. When the nematic order
magnitude is very strong, above some critical value, all
the Dirac fermions meet and annihilate in pairs, and the
spinons become fully gapped.
Spin chirality order, which breaks time-reversal and

reflection symmetries, gaps out both the quadratic band
touching and the Dirac points. Depending on the sign
of a4 and b4, a nonzero spin chirality order can drive the
spinons into a topological Chern insulator, or a topolog-
ically trivial band insulator with the same symmetry. In
the former case, one obtains a chiral spin liquid, in which
the U(1) gauge field aµΓ45 acquires a Chern-Simons term
after integrating out the fermions. In the topologically
trivial band insulator, the U(1) gauge field will become
confined by instanton proliferation.
Other phases: For S = 1 spins, we may also consider

another state with ∆(m)
1 and ∆(m)

2 both nonzero, and

|∆(m)
1 | ̸= |∆(m)

2 |. In this case, the spinons have two dif-

ferent bands both with quadratic band touching at k⃗ = 0,
but they have different band curvature:

H ∼ ηt{(∂2
x − ∂2

y)(AΓ13 +BΓ25)

+ 2∂x∂y(AΓ23 −BΓ15)}η. (17)

A and B are two linear combinations of pairing ampli-
tudes on nearest and 2nd neighbor links. In this state,
the gauge symmetry is broken down to Z4:

ηi → Qiηi, Qi ∈ {±1, ±Γ4}. (18)

The Z4 gauge field has a deconfined phase in 2+1 dimen-
sion, and this state is thus clearly locally stable. It also
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FIG. 3: Magnetic contribution to the specific heat (CM ) for the 6H-B phase after subtraction of
the CP from the isostructural Zn-sample as well as the Schottky contribution (CSch-orp.) from the
Ni2+ orphan spins.

traces taken under 0 T and 9 T.

As discussed in the main text, the contribution to the DC magnetic susceptibility χ(T )

of this 1.7% Ni2+ orphan spins was subtracted from the as measured susceptibility for the

6H-B phase to show the intrinsic susceptibility of the Ni2+ triangular lattice. This intrinsic

susceptibility is found to reach a nearly constant value below T ∼ 25 K, as discussed in the

main text.
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FIG. 1: Powder XRD patterns (crosses) at 295 K for the Ba3NiSb2O9 polytypes: (a) 6H-A, (b)
6H-B, and (c) 3C. Solid curves are the best fits obtained from Rietveld refinements using FullProf.
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FIG. 3: (Color online) (a) Temperature dependencies for the
magnetic specific heat (CM ) for all three Ba3NiSb2O9 poly-
types. Solid lines are the fits as described in the main text.
Inset: variation in magnetic entropy ∆S below 30 K.

measured under field-cooled (FC) conditions. The 6H-A
sample exhibits a cusp-like anomaly at the antiferromag-
netic ordering temperature TN = 13.5 K, as previously
reported [24]. On the other hand, neither the 6H-B nor
the 3C phase show any sign of long range magnetic order
down to 2 K. For the 6H-B phase, we have subtracted
the Curie contribution provided by 1.7 % Ni2+ of orphan
spins from the as measured data. This percentage of
Ni2+ orphan spins was calculated from fitting the spe-
cific heat data[26]. After this subtraction, χ(T ) for the
6H-B phase (open squares in Fig. 2) basically saturates
below 25 K with a saturation value χ0 ∼ 0.013 emu/mol.
The fittings of the high-temperature region of χ−1(T ) to
the Curie-Weiss law show that all three compounds have
the same value for effective moment, µeff ∼ 3.54 µB, as
seen from the fact that all three χ−1(T ) curves are ba-
sically parallel to each other (insert of Fig. 2). This
value gives a g-factor of 2.5, which is close to the typical
value for Ni2+ ions with spin-orbital coupling[27]. The
Curie-Weiss temperatures, θCW, obtained for the 6H-A,
6H-B, and 3C phases are -116.9(4) K, -75.6(6) K, and
-182.5(3) K, respectively, indicating dominant antiferro-
magnetic interactions for all compounds.

The magnetic specific-heat (CM , Fig. 3) for each com-
pound was obtained by subtracting the heat capacity of
the non-magnetic compound Ba3ZnSb2O9 ordered in the
6H-A, 6H-B, and 3C phases, respectively, which are used
here as lattice standards. For the 6H-B phase a Schottky
anomaly due to 1.7% of Ni2+ orphan spins was also sub-
tracted, see Supplemental Materials[26]. For the 6H-A
phase, CM shows a sharp peak around TN = 13.5 K. On
the other hand, for both the 6H-B and the 3C phases,
CM which emerges from around 30 K, shows a broad
peak around 13 K with no sign for long-range magnetic-
order down to T = 0.35 K. For the 6H-B and the 3C

phases, CM is not at all affected by the application of
a magnetic field as large as H = 9 T. Below 30 K, the
associated change in magnetic entropy (inset of Fig. 3)
is 5.0 J/mol-K, 3.7 J/mol-K, and 2.0 J/mol-K for the
6H-A, 6H-B, and the 3C phase, respectively. These val-
ues correspond respectively, to 55%, 41%, and 22% of
R ln(3) for a S = 1 system, where R is the gas constant.
The remarkable result is that CM at low temperatures
for all three phases follows a γTα behavior, but with a
distinct value of α for each phase. As shown in Fig. 3,
a linear fit of CM plotted in a log-log scale yields respec-
tively, γ = 2.0(1) mJ/mol-K4 and α = 3.0(2) for the
6H-A phase in the range 1.8 ≤ T ≤ 10 K, γ = 168(3)
mJ/mol-K2 with α = 1.0(1) for the 6H-B phase when
0.35 ≤ T ≤ 7 K, and γ = 30(2) mJ/mol-K3 with α =
2.0(1) for 3C phase within 0.35 ≤ T ≤ 5 K.
Both the susceptibility and the specific heat show no

evidence for magnetic ordering down to T = 0.35 K for ei-
ther the 6H-B or the 3C phase, despite moderately strong
antiferromagnetic interactions. The 41% (6H-B) and the
22% (3C) change in magnetic entropy also indicates a
high degeneracy of low-energy states at low tempera-
tures. These behaviors suggest that both the 6H-B and
3C phases are candidates for spin liquid behavior. For
the 6H-A phase, the CM ∝ T 3 behavior observed below
TN is typical for 3D magnons [28]. This indicates that
besides the intra-layer magnetic interactions within the
Ni2+ triangular lattice, the inter-layer coupling is also
relevant for this phase. As for the 6H-B phase, on the
other hand, the relative shift of the two nearest Ni2+ tri-
angular layers leads to a frustrated inter-layer magnetic
coupling, which prevents 3D long-range magnetic-order.
The linear-T dependent CM of the 6H-B phase is unusual
for a magnetic insulator having a 2D frustrated lattice.
Naively, for a 2D lattice one would expect CM to display
a T 2 dependence given by a linearly dispersive low-energy
mode [19].
In fact, a series of recent low temperature studies re-

veal that CM ∝ γT , with a considerable large value for γ,
is a common feature among QSL candidates [11, 29, 30].
For example, ET[11], dmit[29], and Ba3CuSb2O9[30], all
composed of a S = 1/2 triangular lattice, display γ =
12.0 mJ/mol-K2, 19.9 mJ/mol-K2, and 43.4 mJ/mol-
K2, respectively. It has been proposed theoretically that
magnetic excitations or quasiparticles called spinons can
lead to a Fermi surface even in a Mott insulator, which
yields a linear term in the specific heat after the U(1)
gauge fluctuation is suppressed due to partial pairing on
the fermi surface[31]. The observation of a saturation
in χ(T ) for 6H-B phase enables us to calculate the Wil-
son ratio, RW = [4π2kB2χ0]/[3(gµB)2γ]. One obtains a
value of 5.6 by using χ0 = 0.013 emu/mol and γ = 168
mJ/mol-K2. In metals, a Pauli-like paramagnetic suscep-
tibility and a linear-T dependent heat capacity, as seen
for the 6H-B phase at lower temperatures, which leads
to a concomitant RW in the order of unity, are conven-
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interlayer exchange path goes through one more oxygen than
intralayer coupling, the multiplicity of the former is 6 times
larger than the latter. In addition, in a structurally similar
material 6H-A-Ba3NiSb2O9 with long range magnetic order
specific heat at low temperature is observed to behave as
Cv(T ) ⇤ T 3, which indicates non-negligible interlayer cou-
pling. Therefore, we also include the interlayer coupling for
6H-B. As we will show in the following, this interlayer cou-
pling plays an important role in understanding the thermody-
namics properties of the material. The resulting exchange
model is therefore given on the triangular multilayer with
Hamiltonian,

Hex = J1
⇧

⌃ij⌥⇥AB

Si · Sj + J2
⇧

⌃ij⌥⇥AA or BB

Si · Sj , (1)

in which, the first sum is for the interlayer exchange between
nearest neighboring (NN) sites on neighboring A and B lay-
ers, the second sum is for the intralayer exchange between
NN sites within the same layer. In contrast to Ref. 21, we do
not include the NN biquadratic exchange (that can arise from
high order perturbation of the Hubbard model or effectively
from spin-lattice interaction), that we expect to be strongly
subdominant to the exchange Hex. As illustrated in Fig. 1,
the interlayer (intralayer) exchange on a triangular bilayer can
be viewed as the nearest neighbor (next nearest neighbor) ex-
change on a single honeycomb layer.

Besides the exchange, we also add the single-ion
anisotropy. The magnetic ion Ni2+ carries a spin S = 1 which
admits single-ion anisotropy in a non-cubic environment. The
space group symmetry P63mc of 6H-B restricts the single-ion
anisotropy to have the following form,

Hani = D
⇧

i

(Sz
i )

2, (2)

where z direction is normal to the triangular plane. Since
an easy-axis anisotropy is more likely to favor magnetic or-
der, we then expect an easy-plane anisotropy with D > 0 for
6H-B. Furthermore, as the spin susceptibility is observed to
saturate at around 25K[20], with a high temperature mean-
field theory we establish that this saturation point is set by
the coupling D and thus expect D to be comparable to the
exchange that is related to Curie-Weiss temperature �CW =
�75.5K[20].

Minimal model for 6H-B—Our minimal model now
contains two competing terms, exchange and single-ion
anisotropy,

Hmin = Hex +Hani. (3)

For this minimal Hamiltonian, we implement high tempera-
ture series expansion and extract the Curie-Weiss tempera-
ture. We thereby find that �z

CW = �[4(J1 + J2) + D/3]
and �⇤

CW = �[4(J1 + J2) � D/6] for magnetic field ap-
plied along and perpendicular to the z axis, respectively. With
a powder sample in experiment[20], after a powder average

we have �av
CW = �4(J1 + J2) which is independent of the

anisotropy parameter D.
For the minimal Hamiltonian in Eq. (3), when the single-

ion anisotropy Hani dominates with D ⇧ J1, J2, the ground
state is a uniform quantum paramagnetic (QP) state with spin
state at each site |Sz = 0 . In the opposite limit of the dom-
inant exchange, we expect the ground state to be magneti-
cally ordered. Applying Luttinger-Tisza method[24] gives the
classical ground state spin configurations with the ordering
wavevector qz = 0 and spin orient in xy plane. With qz = 0,
the exchange is equivalent to a J1eff-J2 model on a 2D hon-
eycomb lattice with J1eff = 2J1[23]. When J1 > 3J2, the
classical ground state is a usual Néel state. When J1 < 3J2,
the classical ground state is degenerate with degenerate spin
spiral wavevectors q⇤ = (qx, qy) satisfying,

⇧

{b}

cos(q⇤ · b) = (
J1
J2

)2 � 3, (4)

in which, {b} are 6 next-nearest neighbor (NNN) lattice vec-
tors of the honeycomb lattice. The degenerate wavevectors
form contour curves in momentum space. Moreover, in the
limit of J1 ⌅ J2, this spin spiral reduces a commensurate
spiral state corresponding to the familiar 120o of the decou-
pled A and B triangle lattices. Quantum fluctuations lift the
degeneracy of these classical spin-spiral ground states, select-
ing states characterized by a discrete set of q’s around which
the quantum zero-point energy is minimized. Remarkably, the
classical ground states favored by the quantum fluctuation do
not vary upon introducing the single-ion anisotropy. The op-
timal spin spiral wavevectors are given by[23]

q⇤ =
⇤
0,

2↵
3
cos�1

�
(
J1
2J2

)2 � 5

4

⇥⌅
, if 1 <

J1
J2

< 3 (5)

q⇤ =
�
2 cos�1(

J1
2J2

+
1

2
),

2�↵
3

⇥
, if

J1
J2

< 1, (6)

the other five equivalent wavevectors are obtained by �/3 ro-
tations of the above results. Generally, these states are incom-
mensurate spin spirals.

Mean field theory from the ordered regime—Starting from
the magnetic ordered phase, the existence and properties of
the phase transition can be analyzed within a standard mean-
field theory (MFT). We decouple the exchange interaction into
an effective Zeeman field which is then self-consistently de-
termined for each sublattice. We parameterize the spin order
as,

SA(r) = M [cos(q · r)x̂+ sin(q · r)ŷ],
SB(r) = M [cos(q · r+ ⇥)x̂+ sin(q · r+ ⇥)ŷ]. (7)

in which, ⇥ is the relative phase between two sublattices that
depends on J1/J2, and M is magnetic order parameter to be
determined self-consistently. This parameterization describes
both the Néel state for J1 > 3J2, the 120o state and the incom-
mensurate spin spiral state for J1 < 3J2. Zero-temperature
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G. Chen, M. Hermele, and L. Radzihovsky
Department of Physics, University of Colorado, Boulder, CO 80309, USA

(Dated: December 8, 2011)

We present a minimal model for a recently discovered material 6H-B-Ba3NiSb2O9 which was proposed
as a candidate for S = 1 quantum spin liquid on a triangular lattice. Our spin-1 model lies on a stacked
multilayer triangular lattice. In our minimal model, we point out the competition between Heisenberg exchange
interactions, which favor magnetic ordering, and the easy-plane single-ion anisotropy, which favors a uniform
quantum paramagnetic state with Sz = 0 at each site. We argue that the system is close to the quantum
critical point separating these two phases and and may lie on the quantum paramagnetic phase side. Viewing the
system as a three dimensional multilayer structure, we find that the frustrated interlayer and intralayer exchange
interaction induces nodal lines of low energy spin excitations at the quantum critical point. Due to the proximity
to the quantum critical point, we show there exists a broad crossover regime at intermediate temperatures with
a linear-temperature dependence of specific heat as well as a quadratic-temperature dependence of specific heat
at lower temperatures.

PACS numbers: 71.70.Ej,71.70.Gm,75.10.-b

In recent years there have been a lot of theoretical and
experimental activities in the search of quantum spin liquid
(QSL), a novel state of matter in which quantum fluctuation
prevents conventional magnetic ordering down to zero tem-
perature. Although realization of QSL in theoretical models
has been well established[1], direct experimental confirmation
is still lacking. To date many compounds have been proposed
as promising candidates of QSL[2–12]. Some of these puta-
tive candidates are understandable in terms of interesting but
of a more conventional explanation[1]. For example, the 2D
“QSL” in Cs2CuCl4 originates from quasi-1D nature of the
system[13, 14]; the 2D “QSL” in NiGa2S4 comes from the
existence of magnetic quadrupolar order[15]; the 3D “QSL”
in FeSc2S4 is due to the proximitiy to a quantum critical point
between a local singlet and a magnetically ordered state[16].

Recently two high pressure sequences of the material
Ba3NiSb2O9 have been proposed as two candidates for quan-
tum spin liquid[17]. In particular, 6H-B-Ba3NiSb2O9 (6H-
B) has magnetic ions Ni2+ forming triangular layers with lo-
cal spin moment S = 1. The Curie-Weiss temperature is
�CW = �75.5K and no sign of magnetic ordering is detected
down to 0.35K, which indicates a strong frustration. A lin-
ear temperature dependence of specific heat and constant spin
susceptibility at low temperature with a large Wilson ratio of
5.6 have been found[17]. To account for these experiments,
Ref. 18 proposed an exotic state in which one gapless triplon
mode with Fermi surface coexists with d+id topological pair-
ing of the other triplons. More recently, Ref. 19 proposed
another two novel QSLs and both liquid phases have gapless
fermionic spinon excitations with quadratic band touching. In
contrast to these two proposals, in this Letter we argue that
the 6H-B data can be understood in a less intriguing way. We
argue that the ”QSL” behavior arises as a crossover due to
the proximity of a quantum critical point (QCP) between a
magnetically-ordered spin spiral state favored by the exchange
and a quantum paramagnetic (QP) phase induced by single-
ion anisotropy.

In 6H-B, the Ni2+ triangular layers have an A-B stack-
ing with the lattice sites on one layer projecting to the cen-
ters of the triangle plaquettes on the two neighboring layers
(see Fig. 1). Our minimal model includes the interlayer (J1)
and intralayer (J2) exchange interactions and a single-ion spin
anisotropy. Treating the two neighboring triangular layers
as the two sublattices of a honeycomb lattice, we view the
system as a multilayer honeycomb lattice. Therefore, when
the exchange dominates, the classical ground state is highly
degenerate[20]. Quantum fluctuation lifts the degeneracy and
favors coplanar spiral order. With a strong onsite easy plane
spin anisotropy, a quantum paramagnetic ground state is fa-
vored, separated from the magnetic state by a QCP. We pro-
pose that 6H-B is close to this QCP and most likely to lie
on the QP side. The constant spin susceptibility arises from
the explicit breaking of spin rotation symmetry by the single-
ion anisotropy and powder nature of these samples. More no-
tably, we interpret the observed broad linear-temperature de-
pendence of specific heat as an intermediate regime that arises
from an approximate constant density of states (DOS) at inter-
mediate energies.

A

B

B

J2

J1

A
J1J2

FIG. 1. (Color online) The bilayer triangular lattice (left) is equiva-
lent to a single layer honeycomb lattice (right). J1, J2 are interlayer
and intralayer exchange, respectively.

Hamiltonian for 6H-B—We consider both the interlayer
and intralayer exchange interaction for 6H-B. Although the
interlayer exchange path goes through one more oxygen than
intralayer coupling, the multiplicity of the former is much
larger than the latter. In addition, in a structurally similar ma-
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high order perturbation of the Hubbard model or effectively
from spin-lattice interaction), that we expect to be strongly
subdominant to the exchange Hex. As illustrated in Fig. 1,
the interlayer (intralayer) exchange on a triangular bilayer can
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where z direction is normal to the triangular plane. Since
an easy-axis anisotropy is more likely to favor magnetic or-
der, we then expect an easy-plane anisotropy with D > 0 for
6H-B. Furthermore, as the spin susceptibility is observed to
saturate at around 25K[20], with a high temperature mean-
field theory we establish that this saturation point is set by
the coupling D and thus expect D to be comparable to the
exchange that is related to Curie-Weiss temperature �CW =
�75.5K[20].

Minimal model for 6H-B—Our minimal model now
contains two competing terms, exchange and single-ion
anisotropy,

Hmin = Hex +Hani. (3)

For this minimal Hamiltonian, we implement high tempera-
ture series expansion and extract the Curie-Weiss tempera-
ture. We thereby find that �z
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and �⇤

CW = �[4(J1 + J2) � D/6] for magnetic field ap-
plied along and perpendicular to the z axis, respectively. With
a powder sample in experiment[20], after a powder average

we have �av
CW = �4(J1 + J2) which is independent of the

anisotropy parameter D.
For the minimal Hamiltonian in Eq. (3), when the single-

ion anisotropy Hani dominates with D ⇧ J1, J2, the ground
state is a uniform quantum paramagnetic (QP) state with spin
state at each site |Sz = 0 . In the opposite limit of the dom-
inant exchange, we expect the ground state to be magneti-
cally ordered. Applying Luttinger-Tisza method[24] gives the
classical ground state spin configurations with the ordering
wavevector qz = 0 and spin orient in xy plane. With qz = 0,
the exchange is equivalent to a J1eff-J2 model on a 2D hon-
eycomb lattice with J1eff = 2J1[23]. When J1 > 3J2, the
classical ground state is a usual Néel state. When J1 < 3J2,
the classical ground state is degenerate with degenerate spin
spiral wavevectors q⇤ = (qx, qy) satisfying,

⇧

{b}

cos(q⇤ · b) = (
J1
J2

)2 � 3, (4)

in which, {b} are 6 next-nearest neighbor (NNN) lattice vec-
tors of the honeycomb lattice. The degenerate wavevectors
form contour curves in momentum space. Moreover, in the
limit of J1 ⌅ J2, this spin spiral reduces a commensurate
spiral state corresponding to the familiar 120o of the decou-
pled A and B triangle lattices. Quantum fluctuations lift the
degeneracy of these classical spin-spiral ground states, select-
ing states characterized by a discrete set of q’s around which
the quantum zero-point energy is minimized. Remarkably, the
classical ground states favored by the quantum fluctuation do
not vary upon introducing the single-ion anisotropy. The op-
timal spin spiral wavevectors are given by[23]

q⇤ =
⇤
0,

2↵
3
cos�1

�
(
J1
2J2

)2 � 5

4

⇥⌅
, if 1 <

J1
J2

< 3 (5)

q⇤ =
�
2 cos�1(

J1
2J2

+
1

2
),

2�↵
3

⇥
, if

J1
J2

< 1, (6)

the other five equivalent wavevectors are obtained by �/3 ro-
tations of the above results. Generally, these states are incom-
mensurate spin spirals.

Mean field theory from the ordered regime—Starting from
the magnetic ordered phase, the existence and properties of
the phase transition can be analyzed within a standard mean-
field theory (MFT). We decouple the exchange interaction into
an effective Zeeman field which is then self-consistently de-
termined for each sublattice. We parameterize the spin order
as,

SA(r) = M [cos(q · r)x̂+ sin(q · r)ŷ],
SB(r) = M [cos(q · r+ ⇥)x̂+ sin(q · r+ ⇥)ŷ]. (7)

in which, ⇥ is the relative phase between two sublattices that
depends on J1/J2, and M is magnetic order parameter to be
determined self-consistently. This parameterization describes
both the Néel state for J1 > 3J2, the 120o state and the incom-
mensurate spin spiral state for J1 < 3J2. Zero-temperature
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interlayer exchange path goes through one more oxygen than
intralayer coupling, the multiplicity of the former is 6 times
larger than the latter. In addition, in a structurally similar
material 6H-A-Ba3NiSb2O9 with long range magnetic order
specific heat at low temperature is observed to behave as
Cv(T ) ⇤ T 3, which indicates non-negligible interlayer cou-
pling. Therefore, we also include the interlayer coupling for
6H-B. As we will show in the following, this interlayer cou-
pling plays an important role in understanding the thermody-
namics properties of the material. The resulting exchange
model is therefore given on the triangular multilayer with
Hamiltonian,

Hex = J1
⇧

⌃ij⌥⇥AB

Si · Sj + J2
⇧

⌃ij⌥⇥AA or BB

Si · Sj , (1)

in which, the first sum is for the interlayer exchange between
nearest neighboring (NN) sites on neighboring A and B lay-
ers, the second sum is for the intralayer exchange between
NN sites within the same layer. In contrast to Ref. 21, we do
not include the NN biquadratic exchange (that can arise from
high order perturbation of the Hubbard model or effectively
from spin-lattice interaction), that we expect to be strongly
subdominant to the exchange Hex. As illustrated in Fig. 1,
the interlayer (intralayer) exchange on a triangular bilayer can
be viewed as the nearest neighbor (next nearest neighbor) ex-
change on a single honeycomb layer.

Besides the exchange, we also add the single-ion
anisotropy. The magnetic ion Ni2+ carries a spin S = 1 which
admits single-ion anisotropy in a non-cubic environment. The
space group symmetry P63mc of 6H-B restricts the single-ion
anisotropy to have the following form,

Hani = D
⇧

i

(Sz
i )

2, (2)

where z direction is normal to the triangular plane. Since
an easy-axis anisotropy is more likely to favor magnetic or-
der, we then expect an easy-plane anisotropy with D > 0 for
6H-B. Furthermore, as the spin susceptibility is observed to
saturate at around 25K[20], with a high temperature mean-
field theory we establish that this saturation point is set by
the coupling D and thus expect D to be comparable to the
exchange that is related to Curie-Weiss temperature �CW =
�75.5K[20].

Minimal model for 6H-B—Our minimal model now
contains two competing terms, exchange and single-ion
anisotropy,

Hmin = Hex +Hani. (3)

For this minimal Hamiltonian, we implement high tempera-
ture series expansion and extract the Curie-Weiss tempera-
ture. We thereby find that �z

CW = �[4(J1 + J2) + D/3]
and �⇤

CW = �[4(J1 + J2) � D/6] for magnetic field ap-
plied along and perpendicular to the z axis, respectively. With
a powder sample in experiment[20], after a powder average

we have �av
CW = �4(J1 + J2) which is independent of the

anisotropy parameter D.
For the minimal Hamiltonian in Eq. (3), when the single-

ion anisotropy Hani dominates with D ⇧ J1, J2, the ground
state is a uniform quantum paramagnetic (QP) state with spin
state at each site |Sz = 0 . In the opposite limit of the dom-
inant exchange, we expect the ground state to be magneti-
cally ordered. Applying Luttinger-Tisza method[24] gives the
classical ground state spin configurations with the ordering
wavevector qz = 0 and spin orient in xy plane. With qz = 0,
the exchange is equivalent to a J1eff-J2 model on a 2D hon-
eycomb lattice with J1eff = 2J1[23]. When J1 > 3J2, the
classical ground state is a usual Néel state. When J1 < 3J2,
the classical ground state is degenerate with degenerate spin
spiral wavevectors q⇤ = (qx, qy) satisfying,

⇧

{b}

cos(q⇤ · b) = (
J1
J2

)2 � 3, (4)

in which, {b} are 6 next-nearest neighbor (NNN) lattice vec-
tors of the honeycomb lattice. The degenerate wavevectors
form contour curves in momentum space. Moreover, in the
limit of J1 ⌅ J2, this spin spiral reduces a commensurate
spiral state corresponding to the familiar 120o of the decou-
pled A and B triangle lattices. Quantum fluctuations lift the
degeneracy of these classical spin-spiral ground states, select-
ing states characterized by a discrete set of q’s around which
the quantum zero-point energy is minimized. Remarkably, the
classical ground states favored by the quantum fluctuation do
not vary upon introducing the single-ion anisotropy. The op-
timal spin spiral wavevectors are given by[23]

q⇤ =
⇤
0,

2↵
3
cos�1

�
(
J1
2J2

)2 � 5

4

⇥⌅
, if 1 <

J1
J2

< 3 (5)

q⇤ =
�
2 cos�1(

J1
2J2

+
1

2
),

2�↵
3

⇥
, if

J1
J2

< 1, (6)

the other five equivalent wavevectors are obtained by �/3 ro-
tations of the above results. Generally, these states are incom-
mensurate spin spirals.

Mean field theory from the ordered regime—Starting from
the magnetic ordered phase, the existence and properties of
the phase transition can be analyzed within a standard mean-
field theory (MFT). We decouple the exchange interaction into
an effective Zeeman field which is then self-consistently de-
termined for each sublattice. We parameterize the spin order
as,

SA(r) = M [cos(q · r)x̂+ sin(q · r)ŷ],
SB(r) = M [cos(q · r+ ⇥)x̂+ sin(q · r+ ⇥)ŷ]. (7)

in which, ⇥ is the relative phase between two sublattices that
depends on J1/J2, and M is magnetic order parameter to be
determined self-consistently. This parameterization describes
both the Néel state for J1 > 3J2, the 120o state and the incom-
mensurate spin spiral state for J1 < 3J2. Zero-temperature
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with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility vanishes. For
field applied along x axis, the zero-temperature spin suscepti-
bility saturates to a constant

 ⇧
0 =

2µ0(gµB)2

D + 12J
. (9)

In a powder sample (studied in experiments), the zero-
temperature spin susceptibility averages to  av

0 = 2 ⇧
0 /3.

Mean field theory from paramagnetic phase—Rather than
working with spin models, it will be particularly convenient to
instead model this easy-plane system with rotor variables, by
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
i ⌥

⌘
2ei⇧i , the rotor Hamiltonian

reads

Hrotor =
1

2

⌅

ij

Jij [2 cos(�i � �j) + ninj ] +
⌅

i

Dn2
i . (10)

where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,

Z =

⌃
D⇥

⇧

i

⇥(|⇥i|2 � 1)e�S (11)

with

S =

⌃

⌅

⌅

k

(4DI+ 2Jk)
�1
µ⇤ ✏⌅⇥

⇤
µ,k✏⌅⇥⇤,�k +

⌅

ij

Jij⇥
⇤
i⇥j

(12)
where, we have represented ei⇧i by the unimodular field ⇥⇤

i ,
Jk is the 2 ⇤ 2 exchange coupling matrix written in momen-
tum space and µ, ⌃ are the sublattice indices and I is a 2 ⇤ 2
identity matrix. We introduce Lagrange multipliers to enforce
the constraints on ⇥i,

Z =

⌃
D⇥D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =
��(T ), we integrate out the ⇥ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,

⌅

i=±

⌃

k

2D + si,k
⇤i,k

coth(
�⇤i,k
2

) = 2, (14)

where s±,k ⇧
⇤

{b} J2 cos(k ·b)±2|J1 cos(kz
2 )

⇤
{a} e

ik·a|
are two eigenvalues of Jk with {a} the three NN lattice vec-
tors of the honeycomb lattice, and ⇤±,k are two modes of spin
excitations,

⇤±,k =
⌥

(4D + 2s±,k)(�(T ) + s±,k)

=

�
2
�
(s±,k +D +

�(T )

2
)2 � (D � �(T )

2
)2
⇥
(15)
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FIG. 2. (Color online) Zero-temperature phase diagram determined
from the SPE. Shaded region (in blue) is the expected parame-
ter regime for the 6H-B compound. Possible supersolid phase[22]
deep in the ordered region is beyond of the scope of this work.
J � J1 + J2.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, in addition to obtain the transi-
tion temperature from high-temperature paramagnetic phase
to spin spiral states, we can readily obtain the critical Dc that
separates spin spiral states from QP phase and the phase di-
agram at T = 0 (see Fig. 2). As expected, Dc determined
here is smaller than the one determined previously from Weiss
type of MFT. In particular, Dc is minimal for J1 = J2 which
suggests largest frustration at this point. Right at the QCP
and T = 0, we have �(T ) ⇧ �0 = 3J2 + J2

1/J2 and the
low-energy spin mode ⇤�,k develops gapless excitations. As
shown in Fig. 3(a-d), the momenta of the gapless excitations
form nodal lines that are identical to the contours of degen-
erate classical ground state spiral wavevectors in Eq. (4). In
particular, as J1/J2 increases from 0, the nodal lines around
the the BZ corners gradually expand and meet at M (“3”)
points when J1 = J2.

In the vicinity of QCP with T ⌃ J—At finite tem-
peratures, �(T ) increases with temperature and we define
�(T ) ⇧ �0 + �1(T ). The spin excitation ⇤±(k) also picks
up a self-energy via the temperature dependence of �(T ).
By numerically solving the SPE, we find that, near the QCP
�1(T ) � T 2 at T ⌃ J for the generic cases that are away
from the crossover point with J1 = J2. Here, we provide
an analytical argument for the cases where ⇤±(k) develops
disconnected nodal lines as shown in Fig. 3(a,c). Similar ar-
gument can be readily formulated for the quasi-2D limit with
J1 ⌃ J2[23]. At T ⌃ J , the low-energy spin excitation near

Phase diagram

J ⌘ J1 + J2
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interlayer exchange path goes through one more oxygen than
intralayer coupling, the multiplicity of the former is 6 times
larger than the latter. In addition, in a structurally similar
material 6H-A-Ba3NiSb2O9 with long range magnetic order
specific heat at low temperature is observed to behave as
Cv(T ) ⇤ T 3, which indicates non-negligible interlayer cou-
pling. Therefore, we also include the interlayer coupling for
6H-B. As we will show in the following, this interlayer cou-
pling plays an important role in understanding the thermody-
namics properties of the material. The resulting exchange
model is therefore given on the triangular multilayer with
Hamiltonian,

Hex = J1
⇧

⌃ij⌥⇥AB

Si · Sj + J2
⇧

⌃ij⌥⇥AA or BB

Si · Sj , (1)

in which, the first sum is for the interlayer exchange between
nearest neighboring (NN) sites on neighboring A and B lay-
ers, the second sum is for the intralayer exchange between
NN sites within the same layer. In contrast to Ref. 21, we do
not include the NN biquadratic exchange (that can arise from
high order perturbation of the Hubbard model or effectively
from spin-lattice interaction), that we expect to be strongly
subdominant to the exchange Hex. As illustrated in Fig. 1,
the interlayer (intralayer) exchange on a triangular bilayer can
be viewed as the nearest neighbor (next nearest neighbor) ex-
change on a single honeycomb layer.

Besides the exchange, we also add the single-ion
anisotropy. The magnetic ion Ni2+ carries a spin S = 1 which
admits single-ion anisotropy in a non-cubic environment. The
space group symmetry P63mc of 6H-B restricts the single-ion
anisotropy to have the following form,

Hani = D
⇧

i

(Sz
i )

2, (2)

where z direction is normal to the triangular plane. Since
an easy-axis anisotropy is more likely to favor magnetic or-
der, we then expect an easy-plane anisotropy with D > 0 for
6H-B. Furthermore, as the spin susceptibility is observed to
saturate at around 25K[20], with a high temperature mean-
field theory we establish that this saturation point is set by
the coupling D and thus expect D to be comparable to the
exchange that is related to Curie-Weiss temperature �CW =
�75.5K[20].

Minimal model for 6H-B—Our minimal model now
contains two competing terms, exchange and single-ion
anisotropy,

Hmin = Hex +Hani. (3)

For this minimal Hamiltonian, we implement high tempera-
ture series expansion and extract the Curie-Weiss tempera-
ture. We thereby find that �z

CW = �[4(J1 + J2) + D/3]
and �⇤

CW = �[4(J1 + J2) � D/6] for magnetic field ap-
plied along and perpendicular to the z axis, respectively. With
a powder sample in experiment[20], after a powder average

we have �av
CW = �4(J1 + J2) which is independent of the

anisotropy parameter D.
For the minimal Hamiltonian in Eq. (3), when the single-

ion anisotropy Hani dominates with D ⇧ J1, J2, the ground
state is a uniform quantum paramagnetic (QP) state with spin
state at each site |Sz = 0 . In the opposite limit of the dom-
inant exchange, we expect the ground state to be magneti-
cally ordered. Applying Luttinger-Tisza method[24] gives the
classical ground state spin configurations with the ordering
wavevector qz = 0 and spin orient in xy plane. With qz = 0,
the exchange is equivalent to a J1eff-J2 model on a 2D hon-
eycomb lattice with J1eff = 2J1[23]. When J1 > 3J2, the
classical ground state is a usual Néel state. When J1 < 3J2,
the classical ground state is degenerate with degenerate spin
spiral wavevectors q⇤ = (qx, qy) satisfying,

⇧

{b}

cos(q⇤ · b) = (
J1
J2

)2 � 3, (4)

in which, {b} are 6 next-nearest neighbor (NNN) lattice vec-
tors of the honeycomb lattice. The degenerate wavevectors
form contour curves in momentum space. Moreover, in the
limit of J1 ⌅ J2, this spin spiral reduces a commensurate
spiral state corresponding to the familiar 120o of the decou-
pled A and B triangle lattices. Quantum fluctuations lift the
degeneracy of these classical spin-spiral ground states, select-
ing states characterized by a discrete set of q’s around which
the quantum zero-point energy is minimized. Remarkably, the
classical ground states favored by the quantum fluctuation do
not vary upon introducing the single-ion anisotropy. The op-
timal spin spiral wavevectors are given by[23]

q⇤ =
⇤
0,

2↵
3
cos�1

�
(
J1
2J2

)2 � 5

4

⇥⌅
, if 1 <

J1
J2

< 3 (5)

q⇤ =
�
2 cos�1(

J1
2J2

+
1

2
),

2�↵
3

⇥
, if

J1
J2

< 1, (6)

the other five equivalent wavevectors are obtained by �/3 ro-
tations of the above results. Generally, these states are incom-
mensurate spin spirals.

Mean field theory from the ordered regime—Starting from
the magnetic ordered phase, the existence and properties of
the phase transition can be analyzed within a standard mean-
field theory (MFT). We decouple the exchange interaction into
an effective Zeeman field which is then self-consistently de-
termined for each sublattice. We parameterize the spin order
as,

SA(r) = M [cos(q · r)x̂+ sin(q · r)ŷ],
SB(r) = M [cos(q · r+ ⇥)x̂+ sin(q · r+ ⇥)ŷ]. (7)

in which, ⇥ is the relative phase between two sublattices that
depends on J1/J2, and M is magnetic order parameter to be
determined self-consistently. This parameterization describes
both the Néel state for J1 > 3J2, the 120o state and the incom-
mensurate spin spiral state for J1 < 3J2. Zero-temperature
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mean field theory yields that in the vicinity of the QCP the
magnetic order parameter is

M =
⇧

2(1�D/Dc) (8)

with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with

 ⇧(T ⌥ 0) =
2µ0(gµB)2

D + 12J1 + 12J2
. (9)

In a powder sample (studied in experiments), spin susceptibil-
ity averages to  av

0 = 2 ⇧
0 /3.

In the vincinity of QCP—We next turn to the discussion of
the quantum phase transition from the QP side. Rather than
working with spin models, it will be particularly convenient
to instead model this easy-plane systems with rotor variables,
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
i ⌥

⌘
2ei⇧i , the rotor Hamiltonian

reads

Hrotor =
1

2

⇥

ij

Jij [2 cos(�i � �j) + ninj ] +
⇥

i

Dn2
i . (10)

where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,

Z =

⌅
D⇤

⇤

i

⇥(|⇤i|2 � 1)e�S (11)

with

S =

⌅

⌅

⇥

k

(4DI+ 2Jk)
�1
µ⇤ ✏⌅⇤

⇤
µ,k✏⌅⇤⇤,�k +

⇥

ij

Jij⇤
⇤
i⇤j

(12)
where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
enforce the constraints on ⇤i,

Z =

⌅
D⇤D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =

��(T ), we integrate out the ⇤ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,

⇥

i=±

⌅

k

2D + si(k)

⇤i(k)
coth(�⇤i(k)/2) = 2, (14)

in which, s±(k) =
�

{b} J2 cos(k · b) ± |J1(1 +

eikz )
�

{a} e
ik·a| are two eigenvalues of J (k) with {a} the

3 NN lattice vectors of honeycomb lattice, and ⇤±(k) are two
low energy spin excitations,

⇤±(k) =
⇧
(4D + 2s±(k))(�(T ) + s±(k)). (15)
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility vanishes. For
field applied along x axis, the zero-temperature spin suscepti-
bility saturates to a constant

 ⇧
0 =

2µ0(gµB)2

D + 12J
. (9)

In a powder sample (studied in experiments), the zero-
temperature spin susceptibility averages to  av

0 = 2 ⇧
0 /3.

Mean field theory from paramagnetic phase—Rather than
working with spin models, it will be particularly convenient to
instead model this easy-plane system with rotor variables, by
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
i ⌥

⌘
2ei⇧i , the rotor Hamiltonian

reads

Hrotor =
1

2

⌅

ij

Jij [2 cos(�i � �j) + ninj ] +
⌅

i

Dn2
i . (10)

where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,

Z =

⌃
D⇥
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i

⇥(|⇥i|2 � 1)e�S (11)

with
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(12)
where, we have represented ei⇧i by the unimodular field ⇥⇤

i ,
Jk is the 2 ⇤ 2 exchange coupling matrix written in momen-
tum space and µ, ⌃ are the sublattice indices and I is a 2 ⇤ 2
identity matrix. We introduce Lagrange multipliers to enforce
the constraints on ⇥i,

Z =

⌃
D⇥D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =
��(T ), we integrate out the ⇥ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,
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are two eigenvalues of Jk with {a} the three NN lattice vec-
tors of the honeycomb lattice, and ⇤±,k are two modes of spin
excitations,
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FIG. 2. (Color online) Zero-temperature phase diagram determined
from the SPE. Shaded region (in blue) is the expected parame-
ter regime for the 6H-B compound. Possible supersolid phase[22]
deep in the ordered region is beyond of the scope of this work.
J � J1 + J2.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, in addition to obtain the transi-
tion temperature from high-temperature paramagnetic phase
to spin spiral states, we can readily obtain the critical Dc that
separates spin spiral states from QP phase and the phase di-
agram at T = 0 (see Fig. 2). As expected, Dc determined
here is smaller than the one determined previously from Weiss
type of MFT. In particular, Dc is minimal for J1 = J2 which
suggests largest frustration at this point. Right at the QCP
and T = 0, we have �(T ) ⇧ �0 = 3J2 + J2

1/J2 and the
low-energy spin mode ⇤�,k develops gapless excitations. As
shown in Fig. 3(a-d), the momenta of the gapless excitations
form nodal lines that are identical to the contours of degen-
erate classical ground state spiral wavevectors in Eq. (4). In
particular, as J1/J2 increases from 0, the nodal lines around
the the BZ corners gradually expand and meet at M (“3”)
points when J1 = J2.

In the vicinity of QCP with T ⌃ J—At finite tem-
peratures, �(T ) increases with temperature and we define
�(T ) ⇧ �0 + �1(T ). The spin excitation ⇤±(k) also picks
up a self-energy via the temperature dependence of �(T ).
By numerically solving the SPE, we find that, near the QCP
�1(T ) � T 2 at T ⌃ J for the generic cases that are away
from the crossover point with J1 = J2. Here, we provide
an analytical argument for the cases where ⇤±(k) develops
disconnected nodal lines as shown in Fig. 3(a,c). Similar ar-
gument can be readily formulated for the quasi-2D limit with
J1 ⌃ J2[23]. At T ⌃ J , the low-energy spin excitation near
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points when J1 = J2.

In the vicinity of QCP with T ⌃ J—At finite tem-
peratures, �(T ) increases with temperature and we define
�(T ) ⇧ �0 + �1(T ). The spin excitation ⇤±(k) also picks
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�1(T ) � T 2 at T ⌃ J for the generic cases that are away
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FIG. 1: (Color online) Powder XRD patterns (crosses) at 295 K for the Ba3NiSb2O9 polytypes: (a) 6H-A, (b) 6H-B, and
(c) 3C. Solid curves are the best fits obtained from Rietveld refinements using FullProf. Schematic crystal structures for the
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ers of the Ni triangular lattice are displaced with respect
to each other in a way that the Ni ion in one layer is pro-
jected towards the center of the triangle formed by the
Ni ions in the adjacent layers along the c-axis, as shown
in Fig. 1(h). The instability of the 6H-A phase should
arise from the fact that high pressures tend to reduce the
Sb5+-Sb5+ distance and therefore partially relieve strong
electrostatic repulsion by exchanging Ni with one of the
Sb atoms. Battle et al. reported a similar structure for
the 6H-B phase [25], but with no physical characteriza-
tion.

With increasing pressure we observed an additional
phase transformation to a cubic perovskite structure.
This 3C phase was obtained under 9 GPa and at a tem-
perature of 1000 ◦C kept for 30 min. Its XRD pattern
(Fig. 1(c)) is best described as a double-perovskite in
a Ba2MM’O6 model with the cubic space group Fm-3m
having a lattice parameter a = 8.1552(2) Å. The refine-
ment shows a full-ordered arrangement of Ni2/3Sb1/3 and
Sb atoms at the M and M’ sites (Fig. 1(f)), respectively.
Therefore the Ni2/3Sb1/3 sites form a network of edge-
shared tetrahedra, as shown in Fig. 1(i). Instead of
adopting a primitive perovskite structure in which the
Ni2+ and Sb5+ ions are randomly distributed, the pre-
ferred double-perovskite structure should be attributed
to the large difference in charges between the Ni2+ and
the Sb5+ ions.

All three samples are insulators with the room temper-
ature resistance higher than 20 MΩ. The DC magnetic
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susceptibility (χ(T ), Fig. 2) for all three compounds was
measured under a field H = 5000 Oe. For each com-
pound, one does not observe any difference between the
data measured under zero-field-cooled (ZFC) and that
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mean field theory yields that in the vicinity of the QCP the
magnetic order parameter is

M =
⇧

2(1�D/Dc) (8)

with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with

 ⇧(T ⌥ 0) =
2µ0(gµB)2

D + 12J1 + 12J2
. (9)

In a powder sample (studied in experiments), spin susceptibil-
ity averages to  av

0 = 2 ⇧
0 /3.

In the vincinity of QCP—We next turn to the discussion of
the quantum phase transition from the QP side. Rather than
working with spin models, it will be particularly convenient
to instead model this easy-plane systems with rotor variables,
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
i ⌥

⌘
2ei⇧i , the rotor Hamiltonian

reads

Hrotor =
1

2

⇥

ij

Jij [2 cos(�i � �j) + ninj ] +
⇥

i

Dn2
i . (10)

where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,

Z =

⌅
D⇤

⇤

i

⇥(|⇤i|2 � 1)e�S (11)

with

S =

⌅

⌅

⇥

k
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µ,k✏⌅⇤⇤,�k +
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Jij⇤
⇤
i⇤j

(12)
where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
enforce the constraints on ⇤i,

Z =

⌅
D⇤D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =

��(T ), we integrate out the ⇤ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,

⇥

i=±

⌅

k

2D + si(k)

⇤i(k)
coth(�⇤i(k)/2) = 2, (14)

in which, s±(k) =
�

{b} J2 cos(k · b) ± |J1(1 +

eikz )
�

{a} e
ik·a| are two eigenvalues of J (k) with {a} the

3 NN lattice vectors of honeycomb lattice, and ⇤±(k) are two
low energy spin excitations,

⇤±(k) =
⇧
(4D + 2s±(k))(�(T ) + s±(k)). (15)
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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Néel

QP

J1/J2

D

J1 + J2

6H-B

0 1 2 3 40

1

2

3

4

FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
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tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with
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In the vincinity of QCP—We next turn to the discussion of
the quantum phase transition from the QP side. Rather than
working with spin models, it will be particularly convenient
to instead model this easy-plane systems with rotor variables,
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz
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where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
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where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
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We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =

��(T ), we integrate out the ⇤ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,
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When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2
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J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2
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J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).
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where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
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tegral, we integrate out the field ni and obtain the partition
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Z =

⌅
D⇤

⇤

i

⇥(|⇤i|2 � 1)e�S (11)

with

S =

⌅

⌅

⇥

k

(4DI+ 2Jk)
�1
µ⇤ ✏⌅⇤

⇤
µ,k✏⌅⇤⇤,�k +

⇥

ij

Jij⇤
⇤
i⇤j

(12)
where, we have represented ei⇧i by the unimodular field ⇤⇤
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J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
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mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very3
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M =
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with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with
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where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,

Z =

⌅
D⇤

⇤

i

⇥(|⇤i|2 � 1)e�S (11)

with

S =

⌅

⌅

⇥

k

(4DI+ 2Jk)
�1
µ⇤ ✏⌅⇤

⇤
µ,k✏⌅⇤⇤,�k +

⇥

ij

Jij⇤
⇤
i⇤j

(12)
where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
enforce the constraints on ⇤i,

Z =

⌅
D⇤D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =

��(T ), we integrate out the ⇤ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,

⇥

i=±

⌅

k

2D + si(k)

⇤i(k)
coth(�⇤i(k)/2) = 2, (14)

in which, s±(k) =
�

{b} J2 cos(k · b) ± |J1(1 +

eikz )
�

{a} e
ik·a| are two eigenvalues of J (k) with {a} the

3 NN lattice vectors of honeycomb lattice, and ⇤±(k) are two
low energy spin excitations,

⇤±(k) =
⇧
(4D + 2s±(k))(�(T ) + s±(k)). (15)

IC

Néel
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
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When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc
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piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
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rate spin spiral state when J1 < 3J2. We expect that as usual
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suming all the ⌅i are equal at the saddle point and i⌅i =

��(T ), we integrate out the ⇤ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,
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in which, s±(k) =
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{a} e
ik·a| are two eigenvalues of J (k) with {a} the
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low energy spin excitations,
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very

3

mean field theory yields that in the vicinity of the QCP the
magnetic order parameter is

M =
⇧

2(1�D/Dc) (8)

with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with

 ⇧(T ⌥ 0) =
2µ0(gµB)2

D + 12J1 + 12J2
. (9)

In a powder sample (studied in experiments), spin susceptibil-
ity averages to  av

0 = 2 ⇧
0 /3.

In the vincinity of QCP—We next turn to the discussion of
the quantum phase transition from the QP side. Rather than
working with spin models, it will be particularly convenient
to instead model this easy-plane systems with rotor variables,
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
i ⌥

⌘
2ei⇧i , the rotor Hamiltonian

reads
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where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,
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where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
enforce the constraints on ⇤i,

Z =
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We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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mean field theory yields that in the vicinity of the QCP the
magnetic order parameter is

M =
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2(1�D/Dc) (8)

with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with
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. (9)

In a powder sample (studied in experiments), spin susceptibil-
ity averages to  av

0 = 2 ⇧
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In the vincinity of QCP—We next turn to the discussion of
the quantum phase transition from the QP side. Rather than
working with spin models, it will be particularly convenient
to instead model this easy-plane systems with rotor variables,
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
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where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,
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where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
enforce the constraints on ⇤i,

Z =

⌅
D⇤D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =

��(T ), we integrate out the ⇤ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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mean field theory yields that in the vicinity of the QCP the
magnetic order parameter is

M =
⇧

2(1�D/Dc) (8)

with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with

 ⇧(T ⌥ 0) =
2µ0(gµB)2

D + 12J1 + 12J2
. (9)

In a powder sample (studied in experiments), spin susceptibil-
ity averages to  av

0 = 2 ⇧
0 /3.

In the vincinity of QCP—We next turn to the discussion of
the quantum phase transition from the QP side. Rather than
working with spin models, it will be particularly convenient
to instead model this easy-plane systems with rotor variables,
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
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2ei⇧i , the rotor Hamiltonian

reads
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i . (10)

where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,

Z =
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with
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where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
enforce the constraints on ⇤i,

Z =
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P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =

��(T ), we integrate out the ⇤ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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mean field theory yields that in the vicinity of the QCP the
magnetic order parameter is

M =
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2(1�D/Dc) (8)

with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility is vanishing.
For field applied along x axis, the zero-temperature suscepti-
bility saturates to a constant with

 ⇧(T ⌥ 0) =
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. (9)
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ity averages to  av
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the quantum phase transition from the QP side. Rather than
working with spin models, it will be particularly convenient
to instead model this easy-plane systems with rotor variables,
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where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
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tegral, we integrate out the field ni and obtain the partition
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where, we have represented ei⇧i by the unimodular field ⇤⇤

i ,
J (k) is the 2 ⇤ 2 exchange coupling matrix written in mo-
mentum space and µ, ⌃ are the sublattice indices and I is a
2 ⇤ 2 identity matrix. We introduce Lagrange multipliers to
enforce the constraints on ⇤i,
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FIG. 2. (Color online) Zero temperature phase diagram deter-
mined from the SPE. In the figure, “IC”=incommensurate spin order,
“Néel”= Néel state, “QP”=quantum paramagnet. Shaded region (in
blue) is the expected parameter regime for the 6H-B compound.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, we can readily obtain the criti-
cal Dc and the phase diagram at T = 0 (see Fig. 2). As
expected, Dc determined here is smaller than the one deter-
mined previously from Weiss type of MFT. In particular, Dc

is minimal for J1 = J2 which suggests largest frustration at
this point. At finite temperatures, �(T ) picks up a temper-
ature dependence. We now assume that, right at the QCP,
�(T ) = �0 +�1(T ), where, �0 = 3J2 + J2

1/J2 is the zero
temperature value and �1(T ) is the temperature dependent
piece. At the QCP and T = 0, as shown in Fig. 3(a-c) the low
energy spin mode ⇤�(k) develops gapless excitations which
form nodal lines that are identical to the contours of degener-
ate classical ground state spiral wavevectors in Eq. (4). Away
from zero temperature, the spin excitation ⇤±(k) picks up a
self energy from the temperature dependence of �(T ). One
should note that there are two different energy scales in the
system, characterized by the bandwidths (wxy and wz) in xy
plane and along z direction, respectively. Due to the approx-
imate quasi-2D nature of the material, we expect J1 ⇧ J2.
When T ⌃ wz , the system can be viewed as decoupled tri-
angular multilayers with T and J2 the only energy scales. We
now introduce an energy scale ⇥c with ⇥c � 2

⇧
J2(D � J2)

(see Fig. 3(d)). At the regime wz ⇧ T ⇧ ⇥c, the spin excita-
tions with energy above ⇥c come mostly from the dispersion
around the center of BZ (see Fig. 3(c,d)) and are effected very
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vanishing J1, and Dc = 6J2 + 2J2
1/J2 for the incommensu-

rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility vanishes. For
field applied along x (or y) axis, the zero-temperature spin
susceptibility saturates to a constant
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In a powder sample (studied in experiments), the zero-
temperature spin susceptibility averages to ⌦av

0 = 2⌦⇧
0 /3.

Mean-field theory from paramagnetic phase—It is conve-
nient to model this easy-plane system with rotor variables, by
introducing an integer-valued field ni and 2⌥-periodic phase
variable  i, which satisfy [ i, nj ] = i⇥ij . With the mapping,
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Although ni only takes the values of ±1, 0 in the spin model,
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out the field ni and obtain the partition function,

Z =

⇧
D⇥D⌅ e�S�i

P
i

R
d⌅�i(|�i|2�1). (11)

Here,

S =

⇧
d�

⌅

k

(4DI+2Jk)
�1
µ⇤ ✏⌅⇥

⇥
µ,k✏⌅⇥⇤,�k+

⌅

ij

Jij⇥
⇥
i⇥j ,

(12)
we have represented ei⇧i by the unimodular field ⇥⇥

i , Jk is the
2⇤ 2 exchange coupling matrix written in momentum space,
µ, ⌃ are the sublattice indices, and I is a 2⇤ 2 identity matrix.
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When the left hand side (LHS) of the SPE Eq. (13) is less
than 2 for any choice of �(T ), the rotor is condensed which
signals the presence of magnetic order. Therefore, besides
the transition temperature from the high-temperature param-
agnetic phase to the low-temperature spin spirals, we also ob-
tain the critical Dc that separates spin spirals from QP phase
and the phase diagram at T = 0 (see Fig. 2). As expected,
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When the left hand side (LHS) of the SPE Eq. (13) is less
than 2 for any choice of �(T ), the rotor is condensed which
signals the presence of magnetic order. Therefore, besides
the transition temperature from the high-temperature param-
agnetic phase to the low-temperature spin spirals, we also ob-
tain the critical Dc that separates spin spirals from QP phase
and the phase diagram at T = 0 (see Fig. 2). As expected,
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FIG. 4. (Color online) The temperature dependence of spe-
cific heat in the paramagnetic phase. In (a), from top curve
to bottom curve, J1 = J2, 0.7J2, 1.5J2, 1.8J2, 0.3J2, 0 with
D � Dc and D = 1.24J, 1.311J, 1.36J, 1.472J, 1.576J, 2.01J ,
respectively. In (b), J1 = 0.5J2 and D =
1.083J, 1.233J, 1.32J, 1.413J, 1.48J, 1.547J from top curve
to bottom curve. For J1 = 0.5J2, Dc = 1.413J . And
Tc = 0.102J, 0.064J, 0.04J for D = 1.083J, 1.233J, 1.32J ,
respectively. The dashed lines are the linear fit for a range of data
points. Energy is in units of J .

with our theoretical prediction in Eq. (9). One direct test of
our model is to repeat the susceptibility measurements in sin-
gle crystal samples where we predict ⇧z

0 = 0 and ⇧�
0 = const

at zero temperature. Experiments also find a power-law spe-
cific heat Cv(T ) ⇤ �T � with ⇤ ⇥ 1.0(1) for 0.35K < T <
7K (or 0.02J < T < 0.34J)[17]. As shown in Fig. 4, the
range of the linear-T specific heat observed in experiments
is fairly compatible with our results with J1 � J2. Taking
J1 = J2 and D = Dc, we find the powder-averaged zero
temperature spin susceptibility ⇧av

0 ⇥ 0.0125emu/mol, which
is very close to the experimental value 0.013emu/mol. More-
over, the cofficient � in Cv(T ) is found to be 208mJ/mol-K2

at J1 = J2 while the experimental value is 168mJ/mol-K2.
Our calculation leads to a Wilson ratio of 4.36, not far from
the experimental value 5.6[17]. The agreement can be further
improved by slightly adjusting J1/J2.

Besides near the QCP, the 6H-B is most likely to lie on the
QP side. Based on that, we expect a small spin energy gap
⇥. To detect the low energy excitation gap, NMR spin-lattice
relaxation time measurement or µSR in different temperature
regimes is required. Moreover, the inelastic neutron scattering
should also be able to confirm the dispersions of low energy
spin excitation that are depicted in Fig. 3. It will also be very

interesting to apply pressure to change J1/J2 so that the evo-
lution of spin excitation depicted in Fig. 3 can be observed,
or, to enhance J/D and drive the system across the magnetic
transition. In Ref. 18, the authors predicted a gapped spin-1
triplon Fermi surface which is centered in the middle of BZ.
And the two QSLs proposed by Ref. 19 have gapless excita-
tion at BZ corners. To differentiate these theories from ours,
measurement of the spin excitation with different kz vector is
sufficient as the spin excitation in these theories has no mod-
ulation along z direction.

To summarize, in this work we propose a minimal J1-J2-
D model for 6H-B-Ba3NiSb2O9 and argue that the “QSL”
phenomena in the system is due to the proximity to a quan-
tum critical point. Despite the simplicity of the model,
our theoretical prediction is broadly compatible with current
experiments[17]. It would be helpful to have a first-principle
electronic structure calculation to numerically confirm the va-
lidity of our simple model and to extract its parameters. We
also suggest a number of future directions for experiments.
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lution of spin excitation depicted in Fig. 3 can be observed,
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ulation along z direction.
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D model for 6H-B-Ba3NiSb2O9 and argue that the “QSL”
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tum critical point. Despite the simplicity of the model,
our theoretical prediction is broadly compatible with current
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FIG. 4. (Color online) The temperature dependence of spe-
cific heat in the paramagnetic phase. In (a), from top curve
to bottom curve, J1 = J2, 0.7J2, 1.5J2, 1.8J2, 0.3J2, 0 with
D � Dc and D = 1.24J, 1.311J, 1.36J, 1.472J, 1.576J, 2.01J ,
respectively. In (b), J1 = 0.5J2 and D =
1.083J, 1.233J, 1.32J, 1.413J, 1.48J, 1.547J from top curve
to bottom curve. For J1 = 0.5J2, Dc = 1.413J . And
Tc = 0.102J, 0.064J, 0.04J for D = 1.083J, 1.233J, 1.32J ,
respectively. The dashed lines are the linear fit for a range of data
points. Energy is in units of J .

with our theoretical prediction in Eq. (9). One direct test of
our model is to repeat the susceptibility measurements in sin-
gle crystal samples where we predict ⇧z

0 = 0 and ⇧�
0 = const

at zero temperature. Experiments also find a power-law spe-
cific heat Cv(T ) ⇤ �T � with ⇤ ⇥ 1.0(1) for 0.35K < T <
7K (or 0.02J < T < 0.34J)[17]. As shown in Fig. 4, the
range of the linear-T specific heat observed in experiments
is fairly compatible with our results with J1 � J2. Taking
J1 = J2 and D = Dc, we find the powder-averaged zero
temperature spin susceptibility ⇧av

0 ⇥ 0.0125emu/mol, which
is very close to the experimental value 0.013emu/mol. More-
over, the cofficient � in Cv(T ) is found to be 208mJ/mol-K2

at J1 = J2 while the experimental value is 168mJ/mol-K2.
Our calculation leads to a Wilson ratio of 4.36, not far from
the experimental value 5.6[17]. The agreement can be further
improved by slightly adjusting J1/J2.

Besides near the QCP, the 6H-B is most likely to lie on the
QP side. Based on that, we expect a small spin energy gap
⇥. To detect the low energy excitation gap, NMR spin-lattice
relaxation time measurement or µSR in different temperature
regimes is required. Moreover, the inelastic neutron scattering
should also be able to confirm the dispersions of low energy
spin excitation that are depicted in Fig. 3. It will also be very

interesting to apply pressure to change J1/J2 so that the evo-
lution of spin excitation depicted in Fig. 3 can be observed,
or, to enhance J/D and drive the system across the magnetic
transition. In Ref. 18, the authors predicted a gapped spin-1
triplon Fermi surface which is centered in the middle of BZ.
And the two QSLs proposed by Ref. 19 have gapless excita-
tion at BZ corners. To differentiate these theories from ours,
measurement of the spin excitation with different kz vector is
sufficient as the spin excitation in these theories has no mod-
ulation along z direction.

To summarize, in this work we propose a minimal J1-J2-
D model for 6H-B-Ba3NiSb2O9 and argue that the “QSL”
phenomena in the system is due to the proximity to a quan-
tum critical point. Despite the simplicity of the model,
our theoretical prediction is broadly compatible with current
experiments[17]. It would be helpful to have a first-principle
electronic structure calculation to numerically confirm the va-
lidity of our simple model and to extract its parameters. We
also suggest a number of future directions for experiments.
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FIG. 3. (Color online) The evolution of the low-energy spin excita-
tions in kx-ky plane with kz = 0 at the QCP. (a) J1 = 1.2J2, Dc =
1.269J , (b) J1 = J2, Dc = 1.226J , (c) J1 = 0.7J2, Dc = 1.311J ,
(d) J1 = 0, Dc = 2.01J . Lattice constants in xy plane are set to be
1. (e) and the hexagon in (a and c) is the Brillouin zone (BZ) of the
honeycomb lattice. When J1 > J2, the nodal line is centered in the
middle of BZ. When J1 < J2, the nodal lines are centered around
and eventually shrink to the corners of BZ in the limit J1 � 0. The
“3” points in (b) correspond to “M” points in (e).

the nodal lines can be approximated as

��,k ⇤
⇤
A�1(T ) + v2⇤,k0

k2⇤ + v2z,k0
k2z (16)

where A = 4Dc � 2�0, k0 is the momentum at the nodal
lines, k⇤ is normal to the tangent of the nodal line at k0, and
we have neglected the weak temperature dependence of the
speeds v2⇤, v

2
z . Eq. (16) is expected to be a good approxima-

tion for ��(k) less than a cutoff energy ⇥ with T ⌅ ⇥ ⌅ J .
The SPE can be appoximated as
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where the integrand is integrated over the “torus” around the
nodal lines and the “const” is the contribution from the spin
excitations with �± > ⇥. The integrand in Eq. (17) can be ex-
pressed as a function f(T⇥ ,

A�1(T )
T 2 ) that only depends on two

dimensionless parameters T
⇥ and A�1(T )

T 2 . As the integrand
should have a rather weak temperature dependence, so we ex-
pect �1(T ) ⇧ T 2 in the limit T ⌅ ⇥. This result immedi-
ately leads to the internal energy, which can be approximated
as

E ⇥
� ⇥

k0,k?,kz

⇥
A�1(T ) + v2⇤k

2
⇤ + v2zk

2
z

e�
⌃

A�1(T )+v2
?k2

?+v2
zk

2
z � 1

⇧ T 3 (18)

for T ⌅ ⇥. This gives a specific heat Cv ⇧ T 2 at this tem-
perature regime. This quadratic-T dependence of Cv at low

temperatures is observed in our numerical results which are
shown in Fig. 4(a).

In Fig. 4(a), we also find that, as J1/J2 moves to the
crossover point at J1 = J2 from either side, the temperature
range of the quadratic-T specific heat diminishes. This is be-
cause the upbound of the cutoff energy ⇥ is set by the spin ex-
citation energy at the point M, ��,M. As shown in Fig. 3(a, c),
the saddle point M lies between two neighboring nodal lines.
As J1/J2 gets closer to 1, ��,M decreases, which pushes down
⇥ and hence reduces the temperature range of the quadratic-T
specific heat. In other words, the connected nodal lines (at M)
enhance the low-energy density of states, which modifies the
T 2-specific heat to a smaller exponent.

Linear-T specific heat at intermediate temperatures—In
both Fig. 4(a) and (b), we find a broad intermediate tempera-
ture range with Cv ⇤ c1T +c0. The presence of such a linear-
T specific heat is due to two effects. The first effect is from
the enhancement of density of states from the states near the
saddle point M. As discussed previously, this effect is more
effective at low temperatures for J1 ⇥ J2. Now we discuss
the second effect. When D = �(T )

2 , the low-energy spin ex-
citation near the nodal lines changes from a relativistic dispe-
rion of Eq. (16) at very low temperatures to a non-relativistic
dispersion and can be approximated as
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If D = �0
2 , the non-relativistic dispersion near nodal lines

in three dimension will lead to Cv ⇤ c1T + c0 at low tem-
peratures. As Dc is slightly greater than �0

2 , however, the
system at D = �0

2 is magnetically ordered at low tempera-
tures. Therefore, as shown in Fig. 4(b), the linear-T specific
heat behavior appears above the ordering temperature Tc. As
D increases gradually from �0

2 , the temperature point with
D = �(T )

2 moves to higher temperatures, which enhances the
density of states and may lead to a linear-T specific heat if
temperature is not too high to excite higher energy spin ex-
citations. In reality, linear-T specific heat is obtained before
T rises to the point with D = �(T )

2 . This is because the T -
dependence of Cv at these temperatures mostly comes from
the “intermediate” spin excitation with ��,k ⇥ T and the very
low energy spin excitations simply contribute to a constant
term in the specific heat. These “intermediate”-energy spin
excitations can be well approximated by Eq. (19) which gives
a linear-T specific heat. The linear-T dependence of specific
heat at intermediate temperature regime is shown in Fig. 4(b)
for a set of D values. Similar argument for the linear-T spe-
cific heat can be readily formulated for the quasi-2D limit with
J1 ⌅ J2.

Discussion—Here we make predictions based on our pro-
posal that the system is proximate to a QCP. In the experi-
ments of Ref. 17, spin susceptibility gradually saturates to a
constant below 25K. The constant susceptibility is consistent
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1. (e) and the hexagon in (a and c) is the Brillouin zone (BZ) of the
honeycomb lattice. When J1 > J2, the nodal line is centered in the
middle of BZ. When J1 < J2, the nodal lines are centered around
and eventually shrink to the corners of BZ in the limit J1 � 0. The
“3” points in (b) correspond to “M” points in (e).

the nodal lines can be approximated as
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⇤
A�1(T ) + v2⇤,k0

k2⇤ + v2z,k0
k2z (16)

where A = 4Dc � 2�0, k0 is the momentum at the nodal
lines, k⇤ is normal to the tangent of the nodal line at k0, and
we have neglected the weak temperature dependence of the
speeds v2⇤, v

2
z . Eq. (16) is expected to be a good approxima-

tion for ��(k) less than a cutoff energy ⇥ with T ⌅ ⇥ ⌅ J .
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where the integrand is integrated over the “torus” around the
nodal lines and the “const” is the contribution from the spin
excitations with �± > ⇥. The integrand in Eq. (17) can be ex-
pressed as a function f(T⇥ ,

A�1(T )
T 2 ) that only depends on two

dimensionless parameters T
⇥ and A�1(T )

T 2 . As the integrand
should have a rather weak temperature dependence, so we ex-
pect �1(T ) ⇧ T 2 in the limit T ⌅ ⇥. This result immedi-
ately leads to the internal energy, which can be approximated
as
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for T ⌅ ⇥. This gives a specific heat Cv ⇧ T 2 at this tem-
perature regime. This quadratic-T dependence of Cv at low

temperatures is observed in our numerical results which are
shown in Fig. 4(a).

In Fig. 4(a), we also find that, as J1/J2 moves to the
crossover point at J1 = J2 from either side, the temperature
range of the quadratic-T specific heat diminishes. This is be-
cause the upbound of the cutoff energy ⇥ is set by the spin ex-
citation energy at the point M, ��,M. As shown in Fig. 3(a, c),
the saddle point M lies between two neighboring nodal lines.
As J1/J2 gets closer to 1, ��,M decreases, which pushes down
⇥ and hence reduces the temperature range of the quadratic-T
specific heat. In other words, the connected nodal lines (at M)
enhance the low-energy density of states, which modifies the
T 2-specific heat to a smaller exponent.

Linear-T specific heat at intermediate temperatures—In
both Fig. 4(a) and (b), we find a broad intermediate tempera-
ture range with Cv ⇤ c1T +c0. The presence of such a linear-
T specific heat is due to two effects. The first effect is from
the enhancement of density of states from the states near the
saddle point M. As discussed previously, this effect is more
effective at low temperatures for J1 ⇥ J2. Now we discuss
the second effect. When D = �(T )

2 , the low-energy spin ex-
citation near the nodal lines changes from a relativistic dispe-
rion of Eq. (16) at very low temperatures to a non-relativistic
dispersion and can be approximated as
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If D = �0
2 , the non-relativistic dispersion near nodal lines

in three dimension will lead to Cv ⇤ c1T + c0 at low tem-
peratures. As Dc is slightly greater than �0

2 , however, the
system at D = �0

2 is magnetically ordered at low tempera-
tures. Therefore, as shown in Fig. 4(b), the linear-T specific
heat behavior appears above the ordering temperature Tc. As
D increases gradually from �0

2 , the temperature point with
D = �(T )

2 moves to higher temperatures, which enhances the
density of states and may lead to a linear-T specific heat if
temperature is not too high to excite higher energy spin ex-
citations. In reality, linear-T specific heat is obtained before
T rises to the point with D = �(T )

2 . This is because the T -
dependence of Cv at these temperatures mostly comes from
the “intermediate” spin excitation with ��,k ⇥ T and the very
low energy spin excitations simply contribute to a constant
term in the specific heat. These “intermediate”-energy spin
excitations can be well approximated by Eq. (19) which gives
a linear-T specific heat. The linear-T dependence of specific
heat at intermediate temperature regime is shown in Fig. 4(b)
for a set of D values. Similar argument for the linear-T spe-
cific heat can be readily formulated for the quasi-2D limit with
J1 ⌅ J2.

Discussion—Here we make predictions based on our pro-
posal that the system is proximate to a QCP. In the experi-
ments of Ref. 17, spin susceptibility gradually saturates to a
constant below 25K. The constant susceptibility is consistent
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point Dc, this point shifts to a higher temperature which is ac-
tually beyond the regime of linear-T -Cv . In the linear-T -Cv

regime, the spin excitation changes from a relativistic-like dis-
persion as in Eq. (16) at low energies ⇤� . ⇥ to a dispersion
that is close to a non-relativistic dispersion as in Eq. (19) at
high energies. This dispersion crossover enhances the DOS at
intermediate energies, which actually gives an approximately
constant DOS (see Fig. 5) together with the enhancement of
DOS near the saddle points M. In the linear-T -Cv regime,
the correction to the spin excitation at intermediate energies
through the T dependence in �1 is rather weak and is found to
only slightly alter the constant DOS at intermediate energies
across the linear-T -Cv regime. This constant DOS at interme-
diate energies lead to the linear-T -Cv regime that is obtained
in Fig. 4(a) and (b).

Similar argument for the linear-T specific heat can be read-
ily formulated for the quasi-2D limit with J1 ⇤ J2[23].
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FIG. 5. (Color online) Density of states at zero temperature for dif-
ferent J1/J2 at QCP. From the leftmost curve to the rightmost curve,
J1/J2 = 1.0, 0.7, 1.4, 1.5, 0.5, 0.4, 0.3 with D = Dc.

Discussion—Here we make predictions based on our pro-
posal that the system is proximate to a QCP. In the experi-
ments of Ref. 17, spin susceptibility gradually saturates to a
constant below 25K. The constant susceptibility is consistent
with our theoretical prediction in Eq. (9). One direct test of
our model is to repeat the susceptibility measurements in sin-
gle crystal samples where we predict ⌃z

0 = 0 and ⌃⇥
0 = const

at zero temperature. Experiments also find a power-law spe-
cific heat Cv(T ) ⌅ �T � with ⌅ ⇥ 1.0(1) for 0.35K < T <
7K (or 0.02J < T < 0.34J)[17]. As shown in Fig. 4, the
range of the linear-T specific heat observed in experiments
is fairly compatible with our results with J1 � J2. Taking
J1 = J2 and D = Dc, we find the powder-averaged zero
temperature spin susceptibility ⌃av

0 ⇥ 0.0125emu/mol, which
is very close to the experimental value 0.013emu/mol. More-
over, the cofficient � in Cv(T ) is found to be 208mJ/mol-K2

at J1 = J2 while the experimental value is 168mJ/mol-K2.
Our calculation gives a Wilson ratio of 4.36, not far from the
experimental value 5.6[17]. The agreement can be further im-
proved by slightly adjusting J1/J2.

Besides near the QCP, the 6H-B is most likely to lie on the
QP side. Based on that, we expect a small spin energy gap
⇥. To detect the low energy excitation gap, NMR spin-lattice
relaxation time measurement or µSR in different temperature
regimes is required. Moreover, the inelastic neutron scattering

should also be able to confirm the dispersions of low energy
spin excitation that are depicted in Fig. 3. It will also be very
interesting to apply pressure to change J1/J2 so that the evo-
lution of spin excitation depicted in Fig. 3 can be observed,
or, to enhance J/D and drive the system across the magnetic
transition. In Ref. 18, the authors predicted a gapped spin-1
triplon Fermi surface which is centered in the middle of BZ.
And the two QSLs proposed by Ref. 19 have gapless excita-
tion at BZ corners. To differentiate these theories from ours,
measurement of the spin excitation with different kz vector is
sufficient as the spin excitation in these theories has no mod-
ulation along z direction.

To summarize, in this work we propose a minimal J1-J2-
D model for 6H-B-Ba3NiSb2O9 and argue that the “QSL”
phenomena in the system is due to the proximity to a quan-
tum critical point. Despite the simplicity of the model,
our theoretical prediction is broadly compatible with current
experiments[17]. A number of future directions for experi-
ments is suggested.
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Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility vanishes. For
field applied along x (or y) axis, the zero-temperature spin
susceptibility saturates to a constant

 ⇧
0 =

2µ0(gµB)2

D + 12J
. (9)

In a powder sample (studied in experiments), the zero-
temperature spin susceptibility averages to  av

0 = 2 ⇧
0 /3.

Mean field theory from paramagnetic phase—Rather than
working with spin models, it will be particularly convenient to
instead model this easy-plane system with rotor variables, by
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . With the mapping,
Sz
i ⌃ ni and S+

i ⌃
✏
2ei⇧i , the rotor Hamiltonian reads

Hrotor =
1

2

⌅

ij

Jij [2 cos(�i � �j) + ninj ] +
⌅

i

Dn2
i . (10)

where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in Hmin we can safely let ni take arbitrary inte-
gers. With standard coherent state path integral, we integrate
out the field ni and obtain the partition function,

Z =

⌃
D⇥

⇧

i

⇥(|⇥i|2 � 1)e�S (11)

with

S =

⌃

⌅

⌅

k

(4DI+ 2Jk)
�1
µ⇤ �⌅⇥

⇤
µ,k�⌅⇥⇤,�k +

⌅

ij

Jij⇥
⇤
i⇥j

(12)
where, we have represented ei⇧i by the unimodular field ⇥⇤

i ,
Jk is the 2 ⇤ 2 exchange coupling matrix written in momen-
tum space and µ, ⌃ are the sublattice indices and I is a 2 ⇤ 2
identity matrix. We introduce Lagrange multipliers to enforce
the constraints on ⇥i,

Z =

⌃
D⇥D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =
��(T ), we integrate out the ⇥ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,

⌅

i=±

⌃

k

2D + si,k
⇤i,k

coth(
�⇤i,k
2

) = 2, (14)

where s±,k ⇧
⇤

{b} J2 cos(k ·b)±2|J1 cos(kz
2 )

⇤
{a} e

ik·a|
are 2 eigenvalues of Jk with {a} the 3 NN lattice vectors of
the honeycomb lattice, and ⇤±,k are 2 spin excitation modes,

⇤±,k =
⌥

(4D + 2s±,k)(�(T ) + s±,k)

=

�
2
�
(s±,k +D +

�(T )

2
)2 � (D � �(T )

2
)2
⇥
(15)
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FIG. 2. (Color online) Zero-temperature phase diagram determined
from the SPE. Shaded region (in blue) is the expected parame-
ter regime for the 6H-B compound. Possible supersolid phase[22]
deep in the ordered region is beyond of the scope of this work.
J � J1 + J2.
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FIG. 3. (Color online) The evolution of the low-energy spin excita-
tions in kx-ky plane with kz = 0 at the QCP. (a) J1 = 1.2J2, Dc =
1.269J , (b) J1 = J2, Dc = 1.226J , (c) J1 = 0.7J2, Dc = 1.311J ,
(d) J1 = 0, Dc = 2.01J . Lattice constants in xy plane are set to be
1. (e) and the hexagon in (a and c) is the Brillouin zone (BZ) of the
honeycomb lattice. When J1 > J2, the nodal line is centered in the
middle of BZ. When J1 < J2, the nodal lines are centered around
and eventually shrink to the corners of BZ in the limit J1 ⇥ 0. The
“3” points in (b) correspond to “M” points in (e) with kz = 0.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, in addition to obtain the transi-
tion temperature from high-temperature paramagnetic phase
to spin spiral states, we also obtain the critical Dc that sep-
arates spin spirals from QP phase and the phase diagram at
T = 0 (see Fig. 2). As expected, Dc determined here is
smaller than the one determined previously from Weiss type
of MFT. In particular, Dc is minimal at J1 = J2 which sug-
gests largest frustration at this point. Right at the QCP and
T = 0, �(0) ⇧ �0 = 3J2 + J2

1/J2 and the low-energy
spin mode ⇤�,k develops gapless excitations. As shown in



5

T/J

Cv

� T 2
T/J

Cv

(a)

(b)

0.0 0.1 0.2 0.3 0.4 0.50.0

0.1

0.2

0.3

0.4

0.5

0.0 0.1 0.2 0.3 0.4 0.5 0.60.0

0.1

0.2

0.3

0.4

0.5

FIG. 4. (Color online) The temperature dependence of spe-
cific heat in the paramagnetic phase. In (a), from top curve
to bottom curve, J1 = J2, 0.7J2, 1.5J2, 1.8J2, 0.3J2, 0 with
D � Dc and D = 1.24J, 1.311J, 1.36J, 1.472J, 1.576J, 2.01J ,
respectively. In (b), J1 = 0.5J2 and D =
1.083J, 1.233J, 1.32J, 1.413J, 1.48J, 1.547J from top curve
to bottom curve. For J1 = 0.5J2, Dc = 1.413J . And
Tc = 0.102J, 0.064J, 0.04J for D = 1.083J, 1.233J, 1.32J ,
respectively. The dashed lines are the linear fit for a range of data
points. Energy is in units of J .

with our theoretical prediction in Eq. (9). One direct test of
our model is to repeat the susceptibility measurements in sin-
gle crystal samples where we predict ⇧z

0 = 0 and ⇧�
0 = const

at zero temperature. Experiments also find a power-law spe-
cific heat Cv(T ) ⇤ �T � with ⇤ ⇥ 1.0(1) for 0.35K < T <
7K (or 0.02J < T < 0.34J)[17]. As shown in Fig. 4, the
range of the linear-T specific heat observed in experiments
is fairly compatible with our results with J1 � J2. Taking
J1 = J2 and D = Dc, we find the powder-averaged zero
temperature spin susceptibility ⇧av

0 ⇥ 0.0125emu/mol, which
is very close to the experimental value 0.013emu/mol. More-
over, the cofficient � in Cv(T ) is found to be 208mJ/mol-K2

at J1 = J2 while the experimental value is 168mJ/mol-K2.
Our calculation leads to a Wilson ratio of 4.36, not far from
the experimental value 5.6[17]. The agreement can be further
improved by slightly adjusting J1/J2.

Besides near the QCP, the 6H-B is most likely to lie on the
QP side. Based on that, we expect a small spin energy gap
⇥. To detect the low energy excitation gap, NMR spin-lattice
relaxation time measurement or µSR in different temperature
regimes is required. Moreover, the inelastic neutron scattering
should also be able to confirm the dispersions of low energy
spin excitation that are depicted in Fig. 3. It will also be very

interesting to apply pressure to change J1/J2 so that the evo-
lution of spin excitation depicted in Fig. 3 can be observed,
or, to enhance J/D and drive the system across the magnetic
transition. In Ref. 18, the authors predicted a gapped spin-1
triplon Fermi surface which is centered in the middle of BZ.
And the two QSLs proposed by Ref. 19 have gapless excita-
tion at BZ corners. To differentiate these theories from ours,
measurement of the spin excitation with different kz vector is
sufficient as the spin excitation in these theories has no mod-
ulation along z direction.

To summarize, in this work we propose a minimal J1-J2-
D model for 6H-B-Ba3NiSb2O9 and argue that the “QSL”
phenomena in the system is due to the proximity to a quan-
tum critical point. Despite the simplicity of the model,
our theoretical prediction is broadly compatible with current
experiments[17]. It would be helpful to have a first-principle
electronic structure calculation to numerically confirm the va-
lidity of our simple model and to extract its parameters. We
also suggest a number of future directions for experiments.
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Fig. 3(a-d), the momenta of the gapless excitations form nodal
lines that are identical to the contours of degenerate classi-
cal ground state spiral wavevectors in Eq. (4). Moreover, as
J1/J2 increases from 0, the nodal lines around the BZ corners
gradually expand and meet at M (“3”) points when J1 = J2.

In the vicinity of QCP with T ⇧ J—At finite T , �(T ) in-
creases with temperature and we define �(T ) ⇥ �0+�1(T ).
The spin excitation �±(k) also picks up a self-energy via the
temperature dependence of �(T ). By numerically solving the
SPE, we find that, near the QCP �1(T ) ⌃ T 2 at T ⇧ J
for the generic cases that are away from the crossover point
with J1 = J2. Here, we provide an analytical argument for
the cases where �±(k) develops disconnected nodal lines as
shown in Fig. 3(a,c). Similar argument can be readily formu-
lated for the quasi-2D limit with J1 ⇧ J2. At T ⇧ J , the
low-energy spin excitation near the nodal lines can be approx-
imated with a non-relativistic dispersion,

��,k ⌅
⇤
A�1(T ) + v2⇤,k0

k2⇤ + v2z,k0
k2z (16)

where A = 4Dc � 2�0, k0 is the momentum at the nodal
lines, k⇤ is normal to the tangent of the nodal line at k0, and
we have neglected the weak temperature dependence of the
speeds v2⇤, v

2
z . Eq. (16) is expected to be a good approxima-

tion for ��(k) less than a cutoff energy ⇥ with T ⇧ ⇥ ⇧ J .
The SPE can be appoximated as

� ⇥

k0,k?,kz

A coth(�2
⇥

A�1(T ) + v2⇤k
2
⇤ + v2zk

2
z)

2
⇥

A�1(T ) + v2⇤k
2
⇤ + v2zk

2
z

+const = 2,

(17)
where the integrand is over the “torus” around the nodal lines
and the “const” is the contribution from the spin excitations
with �± > ⇥. The integrand in Eq. (17) can be expressed
as a function f(T⇥ ,

A�1(T )
T 2 ) that only depends on two dimen-

sionless parameters T
⇥ and A�1(T )

T 2 . As the integrand should
have a rather weak temperature dependence, so we expect
�1(T ) ⌃ T 2 in the limit T ⇧ ⇥. This result immediately
leads to the internal energy, which can be approximated as

E ⇤
� ⇥

k0,k?,kz

⇥
A�1(T ) + v2⇤k

2
⇤ + v2zk

2
z

e�
⌥

A�1(T )+v2
?k2

?+v2
zk

2
z � 1

⌃ T 3 (18)

for T ⇧ ⇥. In reality, we find the above equation approx-
imately holds for T . ⇥/5. This gives Cv ⌃ T 2 at this
temperature regime. This T 2-Cv regime at low temperatures
is confirmed by our numerical results which are shown in
Fig. 4(a). If T is increased slightly beyond the range of T 2-Cv

regime and the system is still in the regime that the contribu-
tion to the internal energy E from the high-energy excitations
is negligible, E can be expanded into series in T , which leads
to a crossover from T 2-Cv to a smaller T exponent in Cv .

In Fig. 4(a), we also find that, as J1/J2 moves to the
crossover point at J1 = J2 from either side, the temperature
range of the T 2-Cv diminishes. This is because the upbound
of the cutoff energy ⇥ is roughly set by the spin excitation en-
ergy at the M, ��,M. As shown in Fig. 3(a, c), the M point lies

between two neighboring nodal lines. As J1/J2 gets closer to
1, ��,M decreases, which pushes down ⇥ and hence reduces
the temperature range of the T 2-Cv . Although at zero-T limit
we still have Cv ⌃ T 2, the connected nodal lines (at M) en-
hance the DOS at a lower energy(see Fig. 5), which modifies
the T 2-Cv to a smaller exponent as T is increased further.
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FIG. 4. (Color online) The T dependence of Cv in the para-
magnetic phase. In (a), from top curve to bottom curve,
J1 = J2, 0.7J2, 1.5J2, 1.8J2, 0.3J2, 0 with D � Dc and
D = 1.24J, 1.311J, 1.36J, 1.472J, 1.576J, 2.01J , respectively.
In (b), J1 = 0.5J2 and D = 1.083J, 1.167J, 1.233J, 1.32J ,
1.41J ,1.48J, 1.547J from top curve to bottom curve. For J1 =
0.5J2, Dc = 1.413J . And Tc = 0.102J , 0.07J, 0.064J, 0.04J for
D = 1.083J, 1.167J , 1.233J, 1.32J , respectively. The dashed lines
are the linear fits for a range of data points. Energy is in units of J .

Linear-T specific heat at intermediate T—In Fig. 4(a) and
(b), we find an intermediate temperature regime with Cv ⌅
c1T + c0. To account for this regime, we first note that there
exists a special point (or regime) that the low-energy spin ex-
citation can be approximated as a non-relativistic dispersion

��,k =
⌥
2(s�,k +D +

�(T )

2
)

⌅
⌥
2(D +

�1(T )��0

2
) +

k2⇤
2m⇤,k0

+
k2z

2mz,k0

.(19)

for D ⌅ �(T )
2 . If D = �0

2 , the non-relativistic dispersion
around nodal lines in 3D gives a constant DOS and leads to
Cv ⌅ c1T + c0 at low temperatures. As Dc is slightly greater
than �0

2 , however, the system at D = �0
2 is magnetically or-

dered at very low temperatures. Once the system enters into
the paramagnetic phase, a linear-T Cv is obtained, which is
shown in the top curve in Fig. 4(b). As D rises to the critical
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with the critical anisotropy parameter Dc = 12(J1 � J2) for
the Néel state when J1 > 3J2, Dc = 6J2 for the 120o state at
vanishing J1, and Dc = 6J2 + 2J2

1/J2 for the incommensu-
rate spin spiral state when J1 < 3J2. We expect that as usual
the mean-field analysis overestimates Dc (see Fig. 2).

Within this MFT, we also study the magnetization process
for the QP phase in external magnetic fields. For field applied
along z axis, the zero-temperature susceptibility vanishes. For
field applied along x axis, the zero-temperature spin suscepti-
bility saturates to a constant

 ⇧
0 =

2µ0(gµB)2

D + 12J
. (9)

In a powder sample (studied in experiments), the zero-
temperature spin susceptibility averages to  av

0 = 2 ⇧
0 /3.

Mean field theory from paramagnetic phase—Rather than
working with spin models, it will be particularly convenient to
instead model this easy-plane system with rotor variables, by
introducing an integer-valued field ni and 2⌥-periodic phase
variable �i, which satisfy [�i, nj ] = i⇥ij . Upon making the
mapping, Sz

i ⌥ ni and S+
i ⌥

⌘
2ei⇧i , the rotor Hamiltonian

reads

Hrotor =
1

2

⌅

ij

Jij [2 cos(�i � �j) + ninj ] +
⌅

i

Dn2
i . (10)

where Jij takes J1 (J2) for NN interlayer (intralayer) bonds.
Although ni only takes the values of ±1, 0, due to large
anisotropy D in the QP phase we can safely let ni take ar-
bitrary integer values. With standard coherent state path in-
tegral, we integrate out the field ni and obtain the partition
function,

Z =

⌃
D⇥

⇧

i

⇥(|⇥i|2 � 1)e�S (11)

with

S =

⌃

⌅

⌅

k

(4DI+ 2Jk)
�1
µ⇤ ✏⌅⇥

⇤
µ,k✏⌅⇥⇤,�k +

⌅

ij

Jij⇥
⇤
i⇥j

(12)
where, we have represented ei⇧i by the unimodular field ⇥⇤

i ,
Jk is the 2 ⇤ 2 exchange coupling matrix written in momen-
tum space and µ, ⌃ are the sublattice indices and I is a 2 ⇤ 2
identity matrix. We introduce Lagrange multipliers to enforce
the constraints on ⇥i,

Z =

⌃
D⇥D⌅ e�S�i

P
i �i(|�i|2�1). (13)

We can now introduce a saddle-point approximation. By as-
suming all the ⌅i are equal at the saddle point and i⌅i =
��(T ), we integrate out the ⇥ field and obtain the saddle-
point equation (SPE) for �(T ) in QP phase,

⌅

i=±

⌃

k

2D + si,k
⇤i,k

coth(
�⇤i,k
2

) = 2, (14)

where s±,k ⇧
⇤

{b} J2 cos(k ·b)±2|J1 cos(kz
2 )

⇤
{a} e

ik·a|
are two eigenvalues of Jk with {a} the three NN lattice vec-
tors of the honeycomb lattice, and ⇤±,k are two modes of spin
excitations,

⇤±,k =
⌥

(4D + 2s±,k)(�(T ) + s±,k)

=

�
2
�
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When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, in addition to obtain the transi-
tion temperature from high-temperature paramagnetic phase
to spin spiral states, we can readily obtain the critical Dc that
separates spin spiral states from QP phase and the phase di-
agram at T = 0 (see Fig. 2). As expected, Dc determined
here is smaller than the one determined previously from Weiss
type of MFT. In particular, Dc is minimal for J1 = J2 which
suggests largest frustration at this point. Right at the QCP
and T = 0, we have �(T ) ⇧ �0 = 3J2 + J2

1/J2 and the
low-energy spin mode ⇤�,k develops gapless excitations. As
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particular, as J1/J2 increases from 0, the nodal lines around
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FIG. 3. (Color online) The evolution of the low-energy spin excita-
tions in kx-ky plane with kz = 0 at the QCP. (a) J1 = 1.2J2, Dc =
1.269J , (b) J1 = J2, Dc = 1.226J , (c) J1 = 0.7J2, Dc = 1.311J ,
(d) J1 = 0, Dc = 2.01J . Lattice constants in xy plane are set to be
1. (e) and the hexagon in (a and c) is the Brillouin zone (BZ) of the
honeycomb lattice. When J1 > J2, the nodal line is centered in the
middle of BZ. When J1 < J2, the nodal lines are centered around
and eventually shrink to the corners of BZ in the limit J1 ⇥ 0. The
“3” points in (b) correspond to “M” points in (e) with kz = 0.

When the left hand side (LHS) of the SPE Eq. (14) is less
than 2, the rotor is condensed which signals the presence of
magnetic order. Therefore, in addition to obtain the transi-
tion temperature from high-temperature paramagnetic phase
to spin spiral states, we also obtain the critical Dc that sep-
arates spin spirals from QP phase and the phase diagram at
T = 0 (see Fig. 2). As expected, Dc determined here is
smaller than the one determined previously from Weiss type
of MFT. In particular, Dc is minimal at J1 = J2 which sug-
gests largest frustration at this point. Right at the QCP and
T = 0, �(0) ⇧ �0 = 3J2 + J2

1/J2 and the low-energy
spin mode ⇤�,k develops gapless excitations. As shown in

and
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point Dc, this point shifts to a higher temperature which is ac-
tually beyond the regime of linear-T -Cv . In the linear-T -Cv

regime, the spin excitation changes from a relativistic-like dis-
persion as in Eq. (16) at low energies ⇤� . ⇥ to a dispersion
that is close to a non-relativistic dispersion as in Eq. (19) at
high energies. This dispersion crossover enhances the DOS at
intermediate energies, which actually gives an approximately
constant DOS (see Fig. 5) together with the enhancement of
DOS near the saddle points M. In the linear-T -Cv regime,
the correction to the spin excitation at intermediate energies
through the T dependence in �1 is rather weak and is found to
only slightly alter the constant DOS at intermediate energies
across the linear-T -Cv regime. This constant DOS at interme-
diate energies lead to the linear-T -Cv regime that is obtained
in Fig. 4(a) and (b).

Similar argument for the linear-T specific heat can be read-
ily formulated for the quasi-2D limit with J1 ⇤ J2[23].
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FIG. 5. (Color online) Density of states at zero temperature for dif-
ferent J1/J2 at QCP. From the leftmost curve to the rightmost curve,
J1/J2 = 1.0, 0.7, 1.4, 1.5, 0.5, 0.4, 0.3 with D = Dc.

Discussion—Here we make predictions based on our pro-
posal that the system is proximate to a QCP. In the experi-
ments of Ref. 17, spin susceptibility gradually saturates to a
constant below 25K. The constant susceptibility is consistent
with our theoretical prediction in Eq. (9). One direct test of
our model is to repeat the susceptibility measurements in sin-
gle crystal samples where we predict ⌃z

0 = 0 and ⌃⇥
0 = const

at zero temperature. Experiments also find a power-law spe-
cific heat Cv(T ) ⌅ �T � with ⌅ ⇥ 1.0(1) for 0.35K < T <
7K (or 0.02J < T < 0.34J)[17]. As shown in Fig. 4, the
range of the linear-T specific heat observed in experiments
is fairly compatible with our results with J1 � J2. Taking
J1 = J2 and D = Dc, we find the powder-averaged zero
temperature spin susceptibility ⌃av

0 ⇥ 0.0125emu/mol, which
is very close to the experimental value 0.013emu/mol. More-
over, the cofficient � in Cv(T ) is found to be 208mJ/mol-K2

at J1 = J2 while the experimental value is 168mJ/mol-K2.
Our calculation gives a Wilson ratio of 4.36, not far from the
experimental value 5.6[17]. The agreement can be further im-
proved by slightly adjusting J1/J2.

Besides near the QCP, the 6H-B is most likely to lie on the
QP side. Based on that, we expect a small spin energy gap
⇥. To detect the low energy excitation gap, NMR spin-lattice
relaxation time measurement or µSR in different temperature
regimes is required. Moreover, the inelastic neutron scattering

should also be able to confirm the dispersions of low energy
spin excitation that are depicted in Fig. 3. It will also be very
interesting to apply pressure to change J1/J2 so that the evo-
lution of spin excitation depicted in Fig. 3 can be observed,
or, to enhance J/D and drive the system across the magnetic
transition. In Ref. 18, the authors predicted a gapped spin-1
triplon Fermi surface which is centered in the middle of BZ.
And the two QSLs proposed by Ref. 19 have gapless excita-
tion at BZ corners. To differentiate these theories from ours,
measurement of the spin excitation with different kz vector is
sufficient as the spin excitation in these theories has no mod-
ulation along z direction.

To summarize, in this work we propose a minimal J1-J2-
D model for 6H-B-Ba3NiSb2O9 and argue that the “QSL”
phenomena in the system is due to the proximity to a quan-
tum critical point. Despite the simplicity of the model,
our theoretical prediction is broadly compatible with current
experiments[17]. A number of future directions for experi-
ments is suggested.
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SUMMARY

We proposed and analyze a minimal J1-J2-D modal 
for a Ni-based triangular system 

Our prediction based on proximity to QCP is broadly 
consistent with experiments 

Neutron scattering and NMR may be used to confirm 
other predictions of  the theory.

Ba3NiSb2O9 is not exotic, but still very interesting!
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One of the current thrusts of modern condensed matter
science has been the realization of an important model
compound known as the quantum spin liquid (QSL)
[1,2]. The existence of these materials, in which magnetic
spins remain quantum disordered in the limit of zero
Kelvin, underpins much of modern condensed matter
theory. Previous studies have shown that QSL ground
states tend to emerge in the geometrically frustrated mate-
rials, in which the interactions among the limited magnetic
degrees of freedom lead to a strong enhancement
of quantum fluctuations. For example, the organic
salts #-ðBEDT-TTFÞ2Cu2ðCNÞ3 [3,4] and
EtnMe4#nSb½PdðDMITÞ2'2 [5–7] with a S ¼ 1=2 triangu-
lar lattice, and ZnCu3ðOHÞ6Cl2 with a S ¼ 1=2 kagome
lattice [8,9] are all QSL candidates. While the study of the
QSL state in the organic compounds remains a hot topic,
there are very few inorganic materials identified as model
systems for QSL ground states. Many efforts to synthesize
spin liquids on triangular lattices in inorganic materials
have failed. In this Letter, we unveil a new candidate for a
spin liquid compound—Ba3CuSb2O9—in which Cu2þ

species form a geometrically frustrated triangular lattice.
The magnetic susceptibility and neutron scattering experi-
ments on this material show no magnetic ordering down to
0.2 K despite moderately strong antiferromagnetic inter-
actions with J ( 32 K. The magnetic specific heat reveals
a T-linear dependence with a " ¼ 43:4 mJK#2 mol#1

below 1.4 K, suggesting that a Fermi surface forms at finite
temperatures in this inorganic insulator. These behaviors fit
the predicted signatures of a spin liquid ground state with
low amounts of chemical disorder.

Polycrystalline Ba3CuSb2O9 samples were prepared by
a solid state reaction. Appropriate mixtures of BaCO3,
CuO and Sb2O5 were ground together, pressed into pellets,
and then calcined in air at 1070 )C for several days. The
crystal structure of this 6-H perovskite-related material

with a ¼ b ¼ 5:8090 !A and c ¼ 14:3210 !A can be repre-
sented as a framework consisting of corner-sharing SbO6

octahedra and face-sharing CuSbO9 bioctahedra, as shown
in Figs. 1(a) and 1(b). In the bioctahedra, the Cu and Sb
cations are well ordered [10]. The Cu ions occupy the 2b
Wyckoff site of space group P63mc, and this site forms the
triangular lattice in the ab plane [Fig. 1(c)]. Therefore, the
structure can be seen as a two-dimensional triangular
magnet; i.e., the Cu magnetic triangular lattices are mag-
netically separated by the two nonmagnetic Sb layers
[Fig. 1(b)]. The powder x-ray diffraction (XRD) data of
the as-prepared sample shows a single phase and no chemi-
cal disorder between Cu and Sb down to the few percent-
age level. The distance between two Cu ions in one triangle
from the XRD refinement is uniformly 5.809(1) Å.
The temperature dependence of the dc magnetic suscep-

tibility measured with $0H ¼ 0:5 T for Ba3CuSb2O9

shows no signature for a magnetic transition above 1.8 K,
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FIG. 1 (color). (a) Schematic crystal structure for
Ba3CuSb2O9; (b) The layer structure along the c axis; (c) The
triangular lattice of Cu2þ in the ab plane.
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One of the current thrusts of modern condensed matter
science has been the realization of an important model
compound known as the quantum spin liquid (QSL)
[1,2]. The existence of these materials, in which magnetic
spins remain quantum disordered in the limit of zero
Kelvin, underpins much of modern condensed matter
theory. Previous studies have shown that QSL ground
states tend to emerge in the geometrically frustrated mate-
rials, in which the interactions among the limited magnetic
degrees of freedom lead to a strong enhancement
of quantum fluctuations. For example, the organic
salts #-ðBEDT-TTFÞ2Cu2ðCNÞ3 [3,4] and
EtnMe4#nSb½PdðDMITÞ2'2 [5–7] with a S ¼ 1=2 triangu-
lar lattice, and ZnCu3ðOHÞ6Cl2 with a S ¼ 1=2 kagome
lattice [8,9] are all QSL candidates. While the study of the
QSL state in the organic compounds remains a hot topic,
there are very few inorganic materials identified as model
systems for QSL ground states. Many efforts to synthesize
spin liquids on triangular lattices in inorganic materials
have failed. In this Letter, we unveil a new candidate for a
spin liquid compound—Ba3CuSb2O9—in which Cu2þ

species form a geometrically frustrated triangular lattice.
The magnetic susceptibility and neutron scattering experi-
ments on this material show no magnetic ordering down to
0.2 K despite moderately strong antiferromagnetic inter-
actions with J ( 32 K. The magnetic specific heat reveals
a T-linear dependence with a " ¼ 43:4 mJK#2 mol#1

below 1.4 K, suggesting that a Fermi surface forms at finite
temperatures in this inorganic insulator. These behaviors fit
the predicted signatures of a spin liquid ground state with
low amounts of chemical disorder.

Polycrystalline Ba3CuSb2O9 samples were prepared by
a solid state reaction. Appropriate mixtures of BaCO3,
CuO and Sb2O5 were ground together, pressed into pellets,
and then calcined in air at 1070 )C for several days. The
crystal structure of this 6-H perovskite-related material

with a ¼ b ¼ 5:8090 !A and c ¼ 14:3210 !A can be repre-
sented as a framework consisting of corner-sharing SbO6

octahedra and face-sharing CuSbO9 bioctahedra, as shown
in Figs. 1(a) and 1(b). In the bioctahedra, the Cu and Sb
cations are well ordered [10]. The Cu ions occupy the 2b
Wyckoff site of space group P63mc, and this site forms the
triangular lattice in the ab plane [Fig. 1(c)]. Therefore, the
structure can be seen as a two-dimensional triangular
magnet; i.e., the Cu magnetic triangular lattices are mag-
netically separated by the two nonmagnetic Sb layers
[Fig. 1(b)]. The powder x-ray diffraction (XRD) data of
the as-prepared sample shows a single phase and no chemi-
cal disorder between Cu and Sb down to the few percent-
age level. The distance between two Cu ions in one triangle
from the XRD refinement is uniformly 5.809(1) Å.
The temperature dependence of the dc magnetic suscep-

tibility measured with $0H ¼ 0:5 T for Ba3CuSb2O9

shows no signature for a magnetic transition above 1.8 K,
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lattice [13]. Therefore, CP for Ba3CuSb2O9 includes four
contributions: the lattice, the Sb Schottky anomaly, the
Cu2þ orphan spins Schottky anomaly (CSch-orp:), and the
magnetic specific heat for the Cu2þ triangular lattice (CM).
The lattice and Sb contributions are deleted by subtracting
CP of the Ba3ZnSb2O9 sample. The remaining specific
heat is CP-Cu ¼ CM þ CSch-orp:. To separate CSch-orp:, we
have applied a similar analysis as described for the
Schottky anomaly arising from the Cu2þ orphan spins in
ZnCu3ðOHÞ6Cl2 [13] and defects in Zn-doped Y2BaNiO5

[14]. The difference was taken between the interpolated
CP-Cu curves measured at different fields. Figure 3(b)
shows the difference between the 0 and 9 T curves
!CP-Cu=T ¼ ½CP-Cuð0 TÞ–CP-Cuð9 TÞ&=T. This field-
dependent part can be modeled by a dilute uniform distri-
bution of zero-field split doublets, i.e., S ¼ 1=2 spins.
!CP-Cu=T was fitted with f½Cð!EH1Þ ' Cð!EH2Þ&=T,
where f is the fraction of doublets per unit cell (or the
percentage of the Cu2þ orphan spins) and Cð!EH1Þ and
Cð!EH2Þ are the Schottky anomalies from a S ¼ 1=2 spin
with level splittings !EH1 and !EH2, by applying mag-
netic fields H1 and H2, respectively. The best fit, as the
solid line shown in Fig. 3(b), results in f ¼ 4:8ð2Þ%. This
amount of the Cu2þ orphan spins is consistent with the
amount obtained from the refinement of the neutron dif-
fraction data. The obtained !EH is plotted in the inset of
Fig. 3(b). The linear fitting of !EH with !0H ( 1 T
results in a Zeeman splitting with g ) 2:1. The zero-field
splitting of the doublets is 0.98 K (0.089 meV).

These orphan spins have a characteristic inelastic neu-
tron scattering signature—namely, a Zeeman-like splitting
under applied fields. Figure 3(c) and 3(d) shows the inelas-
tic neutron scattering spectra forBa3CuSb2O9 at 0.2 K with
!0H ¼ 0 and 2 T. A small quasistatic component is readily
visible in the data, with a shoulder extending to higher
energies developing with increasing field. The spectra,
after correcting with a resolution convolution, can be fit as:

IðEÞ ¼ A"ðEÞ þ BðnðEÞ þ 1Þ E!EH"

ðE2 '!E2
HÞ2 þ E2"2 (1)

where the first Dirac term represents the incoherent nuclear
scattering and the second damped simple harmonic oscil-
lator term represents the quasistatic component (A and B
are proportionality coefficients). nðEÞ is the Bose factor
and " is the damping. The fitting parameters are !EH ¼
0:144 meV, " ¼ 0:316 for 0 T data, and !EH ¼
0:27 meV, " ¼ 0:36 for 2 T data. In Figs. 3(c) and 3(d),
the fits of the quasistatic component are shown as solid
lines. The values of the !EH obtained here are consistent
with the energy splitting obtained from the specific heat
analysis, as shown in the inset of Fig. 3(b), which indicates
that the excitations observed are due to orphan spins.

The magnetic specific heat (CM) of the Cu
2þ triangular

lattice is finally obtained by subtracting CSch-orp: ¼
fCð!EHÞ. The result for the data is shown in Fig. 4.

Several features are noteworthy: (i) CM shows no field
dependence with !0H * 9 T. (ii) The magnetic contribu-
tion of the specific heat becomes prominent at around 30 K,
which is where the magnetic susceptibility also deviates
from the Curie-Weiss behavior. (iii) CM=T shows a broad
peak around 5 K and becomes flat below 1.4 K [Fig. 4(a)].
(iv) The integrated magnetic entropy variation below 30 K
is 1:7 JK'1 mol'1, which is around 30% of R lnð2Þ for
S ¼ 1=2 system, where R is the gas constant. This feature
indicates a high degeneracy of low-energy states at low
temperatures. (v) As shown in Fig. 4(b) with the log-log
scale, between 1.4 and 4 K, CM can be fit as CM ¼ bT#

with b ¼ 37:0 mJK'3 mol'1 and # ¼ 1:83ð2Þ. This #
value is near 2.0, showing a quadratic temperature depen-
dence. At lower temperatures, between 0.35 and 1.4 K, CM

can be fit as CM ¼ $T# with $ ¼ 43:4 mJK'2 mol'1 and
# ¼ 0:99ð2Þ, giving a linear temperature dependence.
The susceptibility and specific heat both show no mag-

netic ordering down to 0.2 K for Ba3CuSb2O9 despite
moderately strong nearest neighbor antiferromagnetic
interactions with J + 32 K, which clearly places this
compound in the highly frustrated regime. The field-
independent CM is common in spin liquid candidates,
which should be resilient to moderate applied fields. This
behavior has also been observed for other spin liquid
candidates, such as NiGa2S4 with Ni2þ (S ¼ 1) triangular
lattice [15] and Na4Ir3O8 with Ir4þ (S ¼ 1=2) hyperka-
gome lattice [16]. On the other hand, the linear dependence
of CM is unusual for 2D frustrated lattices, which should
have a quadratic dependence for linearly dispersive
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Spiral spin liquid?

as indicated in Fig. 2(a). The temperature dependence of
the ac magnetic susceptibility [Fig. 2(b)] further shows no
sign of a magnetic transition down to 0.2 K. The neutron
powder diffraction pattern obtained at 0.2 K with ! ¼
1:8 !A on the Disk Chopper Spectrometer at the National
Institute of Standards and Technology [Fig. 2(c)] shows no
intensity change nor additional peaks from the 4 K data
(not shown here), indicating that there is no magnetic
transition nor structural distortion down to 0.2 K. This is
consistent with the ac susceptibility measurements. The
possibility of mixing between the Cu and Sb sites has been
tested by refinement of the neutron diffraction data. The
best refinement [Fig. 2(c), using FULLPROF with Rp " 5:0,
Rwp " 7:5, and "2 " 1:2] shows a full occupancy of Sb(1)
on the corner-sharing SbO6 octahedron sites and Cu on one
of the ordered bioctahedra sites. There is a slight amount of
site mixing [refined from the neutron data to be 5.1(4)%] of
the other ordered bioctahedra sites—Sb(2) sites are re-
placed by Cu ions. The dc magnetic susceptibility contri-
bution from this 5.1% Cu2þ orphan spins has been
calculated by a simple Curie law. The susceptibility, after
subtracting this contribution, is shown as open circles in
Fig. 2(a). Its inverse [inset of Fig. 2(a)] deviates from a
linear temperature dependence around 30 K. The Curie-
Weiss fit of this linear behavior at high temperature gives
a #CW ¼ $55 K and an effective moment $eff ¼
1:79$B=Cu, which is consistent with the expected value

for Cu2þ (S ¼ 1=2) ions. This $eff gives a Lande g factor
g ¼ 2:07 [again typical for Cu2þ (S ¼ 1=2) ions]. Using
this g value, the exchange interaction J is estimated to be
J=kB ¼ 32 K by fitting the data between 150 and 300 K to
the calculation for the spin 1=2 triangular lattice using a
high-temperature-series expansion (HTSE) [11]. As a con-
sistency check, another method was used to calculate J
based on mean-field theory, considering only z nearest-
neighbor ions coupled with exchange interactions. #CW is
given as ½$zJSðSþ 1Þ(=3kB (the Hamiltonian of the
Heisenberg model here is J

P
hi;jiSi ) Sj). For the S ¼ 1=2

triangular lattice with z ¼ 6, J=kB ¼ $2=3#CW ¼ 37 K,
which is consistent with the HTSE calculation.
Figure 3(a) shows the specific heat (CP) measured with a

Physical Property Measurement System at different fields
for Ba3CuSb2O9 and the nonmagnetic isostructural lattice
standard Ba3ZnSb2O9. The field-dependent specific heat
at low temperatures for the nonmagnetic Ba3ZnSb2O9

sample is due to a nuclear Schottky anomaly from the Sb
atoms [12], which is estimated to be of the order 10$5 *
10$3 J K$1 mol$1. CP of Ba3CuSb2O9 also shows a field-
dependent behavior at low temperatures; the shoulder of
CP gradually moves to higher temperatures with increasing
field. This anomaly is around 10$2 * 100 JK$1 mol$1,
which apparently is not due to the nuclear contribution
from Sb. On the other hand, the 5.1% of Cu2þ ions on the
Sb(2) sites could give rise to such a Schottky anomaly,
which also has been found for the Cu2þ orphan spins in the
spin liquid candidate ZnCu3ðOHÞ6Cl2 with Cu2þ kagome
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Rietveld refinement using FULLPROF. The vertical marks indicate
the position of Bragg peaks, and the bottom curve shows the
difference between the observed and calculated intensities.
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as indicated in Fig. 2(a). The temperature dependence of
the ac magnetic susceptibility [Fig. 2(b)] further shows no
sign of a magnetic transition down to 0.2 K. The neutron
powder diffraction pattern obtained at 0.2 K with ! ¼
1:8 !A on the Disk Chopper Spectrometer at the National
Institute of Standards and Technology [Fig. 2(c)] shows no
intensity change nor additional peaks from the 4 K data
(not shown here), indicating that there is no magnetic
transition nor structural distortion down to 0.2 K. This is
consistent with the ac susceptibility measurements. The
possibility of mixing between the Cu and Sb sites has been
tested by refinement of the neutron diffraction data. The
best refinement [Fig. 2(c), using FULLPROF with Rp " 5:0,
Rwp " 7:5, and "2 " 1:2] shows a full occupancy of Sb(1)
on the corner-sharing SbO6 octahedron sites and Cu on one
of the ordered bioctahedra sites. There is a slight amount of
site mixing [refined from the neutron data to be 5.1(4)%] of
the other ordered bioctahedra sites—Sb(2) sites are re-
placed by Cu ions. The dc magnetic susceptibility contri-
bution from this 5.1% Cu2þ orphan spins has been
calculated by a simple Curie law. The susceptibility, after
subtracting this contribution, is shown as open circles in
Fig. 2(a). Its inverse [inset of Fig. 2(a)] deviates from a
linear temperature dependence around 30 K. The Curie-
Weiss fit of this linear behavior at high temperature gives
a #CW ¼ $55 K and an effective moment $eff ¼
1:79$B=Cu, which is consistent with the expected value

for Cu2þ (S ¼ 1=2) ions. This $eff gives a Lande g factor
g ¼ 2:07 [again typical for Cu2þ (S ¼ 1=2) ions]. Using
this g value, the exchange interaction J is estimated to be
J=kB ¼ 32 K by fitting the data between 150 and 300 K to
the calculation for the spin 1=2 triangular lattice using a
high-temperature-series expansion (HTSE) [11]. As a con-
sistency check, another method was used to calculate J
based on mean-field theory, considering only z nearest-
neighbor ions coupled with exchange interactions. #CW is
given as ½$zJSðSþ 1Þ(=3kB (the Hamiltonian of the
Heisenberg model here is J

P
hi;jiSi ) Sj). For the S ¼ 1=2

triangular lattice with z ¼ 6, J=kB ¼ $2=3#CW ¼ 37 K,
which is consistent with the HTSE calculation.
Figure 3(a) shows the specific heat (CP) measured with a

Physical Property Measurement System at different fields
for Ba3CuSb2O9 and the nonmagnetic isostructural lattice
standard Ba3ZnSb2O9. The field-dependent specific heat
at low temperatures for the nonmagnetic Ba3ZnSb2O9

sample is due to a nuclear Schottky anomaly from the Sb
atoms [12], which is estimated to be of the order 10$5 *
10$3 J K$1 mol$1. CP of Ba3CuSb2O9 also shows a field-
dependent behavior at low temperatures; the shoulder of
CP gradually moves to higher temperatures with increasing
field. This anomaly is around 10$2 * 100 JK$1 mol$1,
which apparently is not due to the nuclear contribution
from Sb. On the other hand, the 5.1% of Cu2þ ions on the
Sb(2) sites could give rise to such a Schottky anomaly,
which also has been found for the Cu2þ orphan spins in the
spin liquid candidate ZnCu3ðOHÞ6Cl2 with Cu2þ kagome
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Rietveld refinement using FULLPROF. The vertical marks indicate
the position of Bragg peaks, and the bottom curve shows the
difference between the observed and calculated intensities.
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FIG. 3. (a) The temperature dependencies of specific heat at
different fields for Ba3CuSb2O9 and Ba3ZnSb2O9. (b) Open
squares are "CP-Cu=T ¼ ½CP-Cuð0 TÞ–CP-Cuð9 TÞ(=T. The solid
line is a fit as described in the text. Inset: "EH as a function of
$0H between 0 and 9 T. The solid line represents a fit to Zeeman
splitting. Inelastic neutron scattering spectra (! ¼ 4:8 !A) for
Ba3CuSb2O9 at 0.2 K with applied magnetic field 0 T (c) and
2 T (d). Open squares are experimental data, the dash-dotted
lines are the fits described in the text, the solid lines show the
magnetic contribution.
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as indicated in Fig. 2(a). The temperature dependence of
the ac magnetic susceptibility [Fig. 2(b)] further shows no
sign of a magnetic transition down to 0.2 K. The neutron
powder diffraction pattern obtained at 0.2 K with ! ¼
1:8 !A on the Disk Chopper Spectrometer at the National
Institute of Standards and Technology [Fig. 2(c)] shows no
intensity change nor additional peaks from the 4 K data
(not shown here), indicating that there is no magnetic
transition nor structural distortion down to 0.2 K. This is
consistent with the ac susceptibility measurements. The
possibility of mixing between the Cu and Sb sites has been
tested by refinement of the neutron diffraction data. The
best refinement [Fig. 2(c), using FULLPROF with Rp " 5:0,
Rwp " 7:5, and "2 " 1:2] shows a full occupancy of Sb(1)
on the corner-sharing SbO6 octahedron sites and Cu on one
of the ordered bioctahedra sites. There is a slight amount of
site mixing [refined from the neutron data to be 5.1(4)%] of
the other ordered bioctahedra sites—Sb(2) sites are re-
placed by Cu ions. The dc magnetic susceptibility contri-
bution from this 5.1% Cu2þ orphan spins has been
calculated by a simple Curie law. The susceptibility, after
subtracting this contribution, is shown as open circles in
Fig. 2(a). Its inverse [inset of Fig. 2(a)] deviates from a
linear temperature dependence around 30 K. The Curie-
Weiss fit of this linear behavior at high temperature gives
a #CW ¼ $55 K and an effective moment $eff ¼
1:79$B=Cu, which is consistent with the expected value

for Cu2þ (S ¼ 1=2) ions. This $eff gives a Lande g factor
g ¼ 2:07 [again typical for Cu2þ (S ¼ 1=2) ions]. Using
this g value, the exchange interaction J is estimated to be
J=kB ¼ 32 K by fitting the data between 150 and 300 K to
the calculation for the spin 1=2 triangular lattice using a
high-temperature-series expansion (HTSE) [11]. As a con-
sistency check, another method was used to calculate J
based on mean-field theory, considering only z nearest-
neighbor ions coupled with exchange interactions. #CW is
given as ½$zJSðSþ 1Þ(=3kB (the Hamiltonian of the
Heisenberg model here is J

P
hi;jiSi ) Sj). For the S ¼ 1=2

triangular lattice with z ¼ 6, J=kB ¼ $2=3#CW ¼ 37 K,
which is consistent with the HTSE calculation.
Figure 3(a) shows the specific heat (CP) measured with a

Physical Property Measurement System at different fields
for Ba3CuSb2O9 and the nonmagnetic isostructural lattice
standard Ba3ZnSb2O9. The field-dependent specific heat
at low temperatures for the nonmagnetic Ba3ZnSb2O9

sample is due to a nuclear Schottky anomaly from the Sb
atoms [12], which is estimated to be of the order 10$5 *
10$3 J K$1 mol$1. CP of Ba3CuSb2O9 also shows a field-
dependent behavior at low temperatures; the shoulder of
CP gradually moves to higher temperatures with increasing
field. This anomaly is around 10$2 * 100 JK$1 mol$1,
which apparently is not due to the nuclear contribution
from Sb. On the other hand, the 5.1% of Cu2þ ions on the
Sb(2) sites could give rise to such a Schottky anomaly,
which also has been found for the Cu2þ orphan spins in the
spin liquid candidate ZnCu3ðOHÞ6Cl2 with Cu2þ kagome
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FIG. 2. (a) The temperature dependencies of the dc magnetic
susceptibility ("). The open squares, dashed line, and open
circles represent " as measured, "-orphan spins, and " after
deleting orphan spins, respectively. The solid curve on " data
above 150 K represents a fit to the HTSE. Inset: 1=" after
deleting the orphan spin contribution (open triangles). The solid
line on the 1=" data represents a Curie-Weiss fit. (b) The
temperature dependence of the real part of the ac magnetic
susceptibility ("0). (c) Neutron diffraction pattern (crosses) for
Ba3CuSb2O9 at 0.2 K. The solid curve is the best fit from the
Rietveld refinement using FULLPROF. The vertical marks indicate
the position of Bragg peaks, and the bottom curve shows the
difference between the observed and calculated intensities.
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FIG. 3. (a) The temperature dependencies of specific heat at
different fields for Ba3CuSb2O9 and Ba3ZnSb2O9. (b) Open
squares are "CP-Cu=T ¼ ½CP-Cuð0 TÞ–CP-Cuð9 TÞ(=T. The solid
line is a fit as described in the text. Inset: "EH as a function of
$0H between 0 and 9 T. The solid line represents a fit to Zeeman
splitting. Inelastic neutron scattering spectra (! ¼ 4:8 !A) for
Ba3CuSb2O9 at 0.2 K with applied magnetic field 0 T (c) and
2 T (d). Open squares are experimental data, the dash-dotted
lines are the fits described in the text, the solid lines show the
magnetic contribution.
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