
Competing orders and topological 
excitations in spin-1 pyrochlore 

antiferromagnets

Gang Chen 
Department of Physics  

Fudan University  
(currently on a sabbatical leave to University of Hong Kong)



Fei-Ye Li 
Fudan

Fei-Ye Li, GC, PhysRevB 98, 045109 (2018)

PHYSICAL REVIEW B 98, 045109 (2018)

Competing phases and topological excitations of spin-1 pyrochlore antiferromagnets

Fei-Ye Li1,2 and Gang Chen1,2,3,4,*

1State Key Laboratory of Surface Physics and Department of Physics, Fudan University, Shanghai 200433, China
2Center for Field Theory and Particle Physics, Fudan University, Shanghai 200433, China

3Institute for Nanoelectronic Devices and Quantum Computing, Fudan University, Shanghai, 200433, China
4Collaborative Innovation Center of Advanced Microstructures, Nanjing University, Nanjing 210093, China

(Received 3 December 2017; revised manuscript received 8 May 2018; published 5 July 2018)

Most works on pyrochlore magnets deal with the interacting spin-1/2 local moments. We here study the spin-one
local moments on the pyrochlore lattice and propose a generic interacting spin model on a pyrochlore lattice. Our
spin model includes the antiferromagnetic Heisenberg interaction, the Dzyaloshinskii-Moriya interaction, and the
single-ion spin anisotropy. We develop a flavor wave theory and combine with a mean-field approach to study the
global phase diagram of this model and establish the relation between different phases in the phase diagram. We
find the regime of the quantum paramagnetic phase where a degenerate line of the magnetic excitations emerges
in the momentum space. We further predict the critical properties of the transition out of the quantum paramagnet
to the proximate orders. The presence of quantum order by disorder in the parts of the ordered phases is then
suggested. We point out the existence of degenerate and topological excitations in various phases. We discuss the
relevance with fluoride pyrochlore material NaCaNi2F7 and explain the role of the spin-orbit coupling and the
magnetic structures of the Ru-based pyrochlore A2Ru2O7 and the Mo-based pyrochlore A2Mo2O7.
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I. INTRODUCTION

Recently, there is a growing interest and effort in the
frustrated magnetic systems with spin-one local moments, and
interesting quantum phases and unconventional excitations
have been predicted for frustrated spin-one systems [1–8]. In
particular, a chiral liquid phase with a finite vector chirality or-
der has been obtained for the spin-one triangular lattice magnet
[8], Haldane phaselike symmetry-protected topological phases
have been suggested for three-dimensional spin-one systems
[5,9], spin liquid related physics and phenomenology has
been explored for the layered triangular material Ba3NiSb2O9
[10–16], and exotic excitations with degenerate band minima
were established for the spin-one diamond lattice antiferro-
magnet [6,17]. In this paper, we turn our attention to the
spin-one pyrochlore lattice antiferromagnet.

The pyrochlore antiferromagnet [18] is a stereotype of spin
systems with geometrical frustration and potential quantum
phases. In the last decade or so, most efforts in the field were de-
voted to the rare-earth pyrochlore magnets where the relevant
degrees of freedom are certain spin-orbital-entangled effective
spin-1/2 local moments [18–63]. Due to the geometrical
frustration and the bond-dependent anisotropic spin interaction
[19,20,25,64,65], interesting magnetic phases and phenomena,
quantum spin ice, and U (1) quantum spin liquid for example,
have been proposed and explored [22,25–27]. This field is
fertilized by the existence of the abundant rare-earth pyrochlore
magnets with different magnetic ions. Recently, a new family
of fluoride pyrochlore systems with the transition metal ions
Fe2+, Co2+, Ni2+, and Mn2+ has been synthesized [66–69].

*gangchen.physics@gmail.com

Unlike the rare-earth 4f electrons whose interactions are
usually quite small, these new systems, consisting of transition
metal ions, have much stronger spin interactions. Moreover,
spin-orbit coupling is less important in these systems, although
spin-orbit coupling sometimes becomes active and modifies
the local moment structure if there exists a partially filled t2g

shell for the magnetic ions [70].

FIG. 1. The phase diagram of our generic spin model for the
spin-1 pyrochlore system. Here, the Heisenberg exchange J is set to
be antiferromagnetic with J > 0. “Quant Para” refers to the quantum
paramagnetic phase. The details of the ordered phases are explained
in the main text. Two different but complementary methods, that are
detailed in Sec. III and Sec. IV, were used to obtain the phase diagram.
The (red) dot is the Heisenberg point of the model. A similar phase
diagram with the ferromagnetic Heisenberg exchange is found in
Appendix F.
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Order by quantum disorder
6

D. Dipolar interactions

We may very simply estimate the strength of the
nearest-neighbor dipolar interactions. We use the fol-
lowing notation

Hdip =
X

hi,ji

µ
0

µ2

B

4⇡

✓
(gi · Si) · (gj · Sj)

|rij |3
(21)

�3
(gi · Si · rij)(gj · Sj · rij)

|rij |5

◆
,

where µB is the Bohr magneton and µ
0

= 4⇡ 10�7

the universal magnetic constant. The nearest-neighbor
distance is rhiji =

p
2 a/4, where a = 10.07 Å

is the lattice constant [4, 11]. Mapping Eq. (21)
to the nearest-neighbor Hamiltonian Eq. (6), we get
Jdip
zz = 8.0 10�3 meV, Jdip

± = �4.6 10�3 meV, Jdip
±± =

3.2 10�2 meV, and Jdip
z± = �3.8 10�3 meV, indicating

that dipolar and exchange interactions are of the same
order of magnitude and thus compete.

We note, again, that further neighbor dipolar inter-
actions will not break the U(1) degeneracy Eq. (2), as
shown explicitly in the main text.

E. Relation to prior model

Previous theoretical work [2, 3] proposed the following
model for Er

2

Ti
2

O
7

:

H = J
X

hi,ji

Si ·Sj+D

 
X

i

Si · êi

!
2

, J, D > 0. (22)

In the D = +1 limit this model corresponds to Jzz =
Jz± = 0 and J± = J/6, J±± = J/3 in the language of
Eq. (6).

II. ILLUSTRATION OF THE �
5

STATES

Each state in the ↵ = n⇡/3 series is characterized by
a global basis vector along which each of the four spin
projection magnitude is largest:

ma = ± 2p
6
x̂µ ± 1p

6
x̂µ+1

± 1p
6
x̂µ+2

, (23)

where (x̂
1

, x̂
2

, x̂
3

) = (x̂, ŷ, ẑ) is the usual global basis,
and µ is periodic mod 3. For example, for ↵ = 0, where
ma(0) = âa, this axis is the x̂ axis, while for ↵ = ⇡/3,
this axis is the ẑ axis:
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p

6.

(24)

FIG. 4. One of the spin states of the U(1) degenerate man-
ifold. The green arrow shows the direction of the local â

i

axis. The blue arrow denotes the spin vector for one of the
�
5

states.

↵ = 0 ↵ = ⇡/6

FIG. 5. ↵ = 0 and ↵ = ⇡/6 spin states

Each state in the ↵ = ⇡/6+n⇡/3 series is characterized
by a global basis vector along which each of the four spins
have a zero projection. For example, for ↵ = ⇡/6, this
axis is the ŷ axis:
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III. PROOF OF THE EXISTENCE OF A LOCAL
EXTREMUM

Here we prove that the degenerate states described by
Eq. (2),

m0

j (↵) = ⇢ Re
h
e�i↵

⇣
âj + ib̂j

⌘i
, (26)

are local extrema. To do so, we first note that, in gen-
eral, for a translationally invariant state, the spins can

2

net moment.) This is the �
5

manifold of ground states
identified in Ref. 2 for Er

2

Ti
2

O
7

. Now, let � = ⇢ ei↵ =
�

1

+ i�
2

, �
1

, �
2

2 R. Up to an unimportant constant,
the free energy for the Ansatz Eq. (1) as a function of �
reads

F 0

MF

[�] = a�2 + a⇤(�⇤)2 + b|�|2, a 2 C, b 2 R, (3)

since Eq. (1) is quadratic in the spins. Cubic symmetries
then impose that a = a⇤ = 0, so that F 0

MF

depends on
|�| only, i.e. solely on |m0

i |. Indeed, under the three-fold
rotation along the 111 axis, one finds ↵ ! ↵ + 2⇡/3, or

� ! e2i⇡/3� ) a = 0, (4)

since F 0

MF

should remain invariant under the above trans-
formation. Thus, within MFT, the degeneracy is present
for arbitrary two-spin interactions. Similar arguments
show that the leading order term splitting the degeneracy
in the free energy and consistent with cubic symmetry is

F
6

= �c (�6 + (�⇤)6), (5)

with some real constant c. Since there is no general ar-
gument to make c vanish, we conclude that the U(1) de-
generacy is an artifact of the approximations introduced
so far. In MFT, it is, however, remarkably robust: six
spin interactions would be required to induce a term of
the form of Eq. (5). In Er

2

Ti
2

O
7

(and indeed most other
rare earth pyrochlores), this is entirely negligible [10].
This leaves only fluctuations – i.e. ObD – to determine
the splitting coe�cient c.

Local minimum: By expanding about the degener-
ate states described by Eq. (2), we find that for arbi-
trary (symmetry preserving) exchange parameters, the
states in Eq. (2) are extrema of the free energy (see
Supp. Mat.). Whether or not they are global minima,
i.e. whether or not they constitute ground states of the
problem, depends on the parameters Jµ⌫

ij . We now pro-
ceed to the extraction of the latter from experiment, and
lift any potential suspense: for parameters relevant to
Er

2

Ti
2

O
7

, these are the lowest-energy states.
Er

2

Ti
2

O
7

Hamiltonian: The e↵ective S = 1/2 de-
scription applies to Er

2

Ti
2

O
7

below about 74 K [2, 11].
Nearest-neighbor exchange dominates, for which the
Hamiltonian is constrained by symmetry to the form [9]

H =
X

hiji

h
JzzS

z
i S

z
j � J±(S+i S

�
j + S�i S

+

j )

+ J±±
⇥
�ijS

+

i S
+

j + �⇤
ijS

�
i S

�
j

⇤

+ Jz±
⇥
Szi (⇣ijS

+

j + ⇣⇤ijS
�
j ) + i $ j

⇤ i
, (6)

where the sans serif characters Sµi denote components of
the spins in the local pyrochlore bases, where � is a 4⇥ 4
complex unimodular matrix, and ⇣ = ��⇤ [9]. The linear
combinations relating the Jµ⌫

ij ’s (for nearest-neighbor i

and j) to Jzz, J±, Jz± and J±±, the explicit expression
of � and the local bases used in Eq. (6) are given in the
Supp. Mat..

To determine the four exchange constants and the two
components of the g-tensor specific to Er

2

Ti
2

O
7

, we fit
inelastic neutron scattering data with the structure fac-
tor obtained from linear spin wave theory in high field
applied to the Hamiltonian Eq. (6). This method was
described at length in Ref. 9 (esp. in its Appendix
C). Experiments were carried out on a single crystal of
Er

2

Ti
2

O
7

grown at McMaster University by the floating
zone technique [12]. Inelastic neutron scattering by the
time-of-flight method was performed at the NIST Center
for Neutron Research using the Disk Chopper Spectrom-
eter [13]. The incident wavelength of 5 Å a↵orded an
energy resolution of 0.09 meV. Two orientations of the
crystal were used such that the vertical axes, i.e. the
crystallographic directions parallel to the applied field,
were [11̄0] and [111]. Using two field orientations allowed
an exceptionally comprehensive study of the high-field
spin-wave spectra. Furthermore, the understanding of
the zero-field spectra from the ordered state was also
enhanced by access to the two inequivalent scattering
planes normal to the field directions. In all color con-
tour plots herein, the last two panels represent scatter-
ing within the plane normal to [111]. All others include
scattering vectors normal to [11̄0].

Spin wave spectra arising in the polarized quantum
paramagnetic state at H = 3 T and T = 30 mK were
fit to the general anisotropic exchange model of Eq. (6)
by matching the dispersions in several directions using
a least squares method. The full S(Q, !) was not fit
to the data, but followed directly from the Hamiltonian
extracted from the fit to the dispersions. Within the
linear spin wave approximation and the nearest-neighbor
model, we find gz = 2.45 ± 0.23 and gxy = 5.97 ± 0.08
(Ref. 14 finds gz = 2.6 and gxy = 6.8), and in 10�2 meV

J±± = 4.2 ± 0.5, J± = 6.5 ± 0.75, (7)

Jzz = �2.5 ± 1.8, Jz± = �0.88 ± 1.5 .

Note that these parameters include the nearest-neighbor
component of the dipolar interactions, and that weaker
further neighbor components cannot break the U(1) de-
generacy, as shown above.

The above parameters Eq. (7) place Er
2

Ti
2

O
7

in a re-
gion of the Jzz � J± � Jz± � J±± phase diagram far
from spin ice. Notably, in sharp contrast to Yb

2

Ti
2

O
7

[9], the interactions J± and J±± involving the local XY
components of the spins are dominant. Here conven-
tional magnetic order is expected at low temperature [15],
and Curie-Weiss MFT is a good starting point. Within
the latter, we obtain the U(1) degenerate manifold as
the zero-field ordered states. Other predictions of MFT
compare well with experiment. MFT predicts a con-
tinuous ordering transition at TMF

c = 2.3 K which im-
plies a fluctuation parameter f = TMF

c /Tc ⇡ 2.1, given
the experimental transition temperature Tc = 1.1 K [5].
This is much smaller than typical values of f for sys-
tems with strong quantum fluctuations (c.f. f = 13 for
Yb

2

Ti
2

O
7

[9]), and likely largely due to the usual ther-
mal fluctuation e↵ects neglected in MFT. The zero tem-
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FIG. 1. The measured S(Q,!) at T = 30 mK, H = 3 T sliced along several directions. The first five columns show S(Q,!)
in the HHL plane, with the field applied along [11̄0], while the last two columns show S(Q,!) for the field along [111]. Top
row: measured S(Q,!). Bottom row: calculated S(Q,!), based on an anisotropic exchange model with six free parameters
(see text) that were extracted by fitting to the measured dispersions.

perature field-induced transition (for a h110i field) with
HMF

c = 1.74 T, agrees perfectly with the experimental
value Hc = 1.7 ± 0.05 T [16].

Zero-point fluctuations: Neglecting the tiny six
spin couplings, only zero-point quantum fluctuations can
break the degeneracy of a clean crystal at low tempera-
ture. We show below that they do, though weakly, find
the preferred states, and quantitatively estimate the en-
ergy splitting of the degenerate manifold.

In the spin wave approximation, the energy of the zero-
point fluctuations per unit cell is given by

✏sw
0

= V �1

BZ

4X

i=1

Z

k2BZ

!i
k/2, (8)

where the sum runs over the four spin wave modes (see
Ref. 9), and where V

BZ

is the volume of the Brillouin
zone. The spectrum !i

k for states as described by Eq. (2)
depends on the angle ↵ as illustrated in the Supplemen-
tal Material, so that ✏sw

0

does as well. Performing the
integration in Eq. (8) numerically for di↵erent values of
the phase ↵, we indeed find that zero-point fluctuations
break the U(1) degeneracy, and that the six equivalent
values ↵ = n⇡/3 (n = 0, 1, . . . , 5) are the minima of ✏sw

0

as illustrated in Figure 2. The energy splitting fits well,
up to a constant, to ✏sw

0

= ��/2 cos 6↵ (c = 32Nu.c.� in
Eq. (5) at T = 0, where Nu.c. is the number of unit cells),
with � = 3.5 ⇥ 10�4meV. The six ↵ = n⇡/3 states are
equivalent, i.e. related to one another by cubic symme-
tries, but di↵er in the absolute orientation of the spins.
A zero-field cooled sample would be expected to form a
multi-domain state with an equal volume fraction of each
state. Indeed, we find that an equal superposition of the
spectra of all six domains compares well with the exper-
imental zero field neutron spectrum (see Supp. Mat.).

Implications: The first prediction of the ObD cal-
culation is a definite set of six zero-field ground states,
with ↵ = n⇡/3, selected by the positive coe�cient �.
These are exactly the  

2

states identified in Ref. 2. Gen-
eral symmetry arguments predict either these  

2

states
or the alternative sequence that would be selected were
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FIG. 2. Zero-point fluctuation energy ✏sw
0

in the classically
degenerate manifold parametrized by ↵. The peak-to-peak
energy is � ⇡ 3.5 10�4 meV.

� < 0, with ↵ = ⇡/6+n⇡/3, which are denoted  
1

states
in Ref. 2. The crucial experiment to distinguish the two
was already noted in this reference: a magnetic field ap-
plied along h110i to a zero-field cooled sample should
lead, due to domain alignment, to a sharp increase of the
(220) Bragg peak intensity for the  

2

states, but a sharp
decrease of intensity for the  

1

states (see Supplemental
Material). A sharp increase is consistently observed in
several experiments [2, 5]. Here we make an extensive
comparison (see Figure 3) of theory (Supp. Mat.) to
experimental intensity versus field at five Bragg peaks
including (220), which gives strong evidence for the cor-
rectness of the  

2

ground state and the Hamiltonian pa-
rameters. The  

2

state was also found by a sophisticated
neutron spherical polarimetry study [4].

The second consequence of our ObD scenario is the
existence of a pseudo-Goldstone mode which acquires a
small gap at low temperature. It is important to empha-
size that the exchange Hamiltonian in Eq. (6) has only
discrete (point group) symmetries, so the appearance of
a Goldstone-like mode should be surprising! Though no
surprise seems to be expressed in the literature, the ex-
istence of such a mode is apparent from multiple reports
of a large T 3 low temperature specific heat [2, 5, 17–19]
in Er

2

Ti
2

O
7

. The pseudo-Goldstone mode is also explic-
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Local moment physics of the         ion in

H =
X

hiji

⇥
JSi · Sj +Dij · (Si ⇥ Sj)

⇤
+

X

i

Dz(Si · ẑi)2
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<latexit sha1_base64="D/u8EnU0XkHzC1HJGN+kw5Rm2fM=">AAACInicbVDLSsNAFJ34rPXRqEs3wUZwY0nqororFMRVqWBsoS1hMpm0QycPZm6EWvIlbu3XuBJXgr8iOG2zsK0HLhzOuZdzOV7CmQTL+tI2Nre2d3YLe8X9g8Ojkn588iTjVBDqkJjHouNhSTmLqAMMOO0kguLQ47TtjRozv/1MhWRx9AjjhPZDPIhYwAgGJbl6qYkbuMlMt2remW7NdPWyVbHmMNaJnZMyytFy9Z+eH5M0pBEQjqXs2lYC/QkWwAinWbGXSppgMsID2lU0wiGV/cn88cy4UIpvBLFQE4ExV/9eTHAo5Tj01GaIYShXvZn4n9dNIbjpT1iUpEAjsggKUm5AbMxaMHwmKAE+VgQTwdSvBhligQmorpZSgI1esjXl6tpPeAxZUfVlr7azTpxq5bZiP1TLdSsvroDO0Dm6RDaqoTq6Ry3kIIJS9Ire0FSbau/ah/a5WN3Q8ptTtATt+xfh3qL/</latexit><latexit sha1_base64="D/u8EnU0XkHzC1HJGN+kw5Rm2fM=">AAACInicbVDLSsNAFJ34rPXRqEs3wUZwY0nqororFMRVqWBsoS1hMpm0QycPZm6EWvIlbu3XuBJXgr8iOG2zsK0HLhzOuZdzOV7CmQTL+tI2Nre2d3YLe8X9g8Ojkn588iTjVBDqkJjHouNhSTmLqAMMOO0kguLQ47TtjRozv/1MhWRx9AjjhPZDPIhYwAgGJbl6qYkbuMlMt2remW7NdPWyVbHmMNaJnZMyytFy9Z+eH5M0pBEQjqXs2lYC/QkWwAinWbGXSppgMsID2lU0wiGV/cn88cy4UIpvBLFQE4ExV/9eTHAo5Tj01GaIYShXvZn4n9dNIbjpT1iUpEAjsggKUm5AbMxaMHwmKAE+VgQTwdSvBhligQmorpZSgI1esjXl6tpPeAxZUfVlr7azTpxq5bZiP1TLdSsvroDO0Dm6RDaqoTq6Ry3kIIJS9Ire0FSbau/ah/a5WN3Q8ptTtATt+xfh3qL/</latexit><latexit sha1_base64="D/u8EnU0XkHzC1HJGN+kw5Rm2fM=">AAACInicbVDLSsNAFJ34rPXRqEs3wUZwY0nqororFMRVqWBsoS1hMpm0QycPZm6EWvIlbu3XuBJXgr8iOG2zsK0HLhzOuZdzOV7CmQTL+tI2Nre2d3YLe8X9g8Ojkn588iTjVBDqkJjHouNhSTmLqAMMOO0kguLQ47TtjRozv/1MhWRx9AjjhPZDPIhYwAgGJbl6qYkbuMlMt2remW7NdPWyVbHmMNaJnZMyytFy9Z+eH5M0pBEQjqXs2lYC/QkWwAinWbGXSppgMsID2lU0wiGV/cn88cy4UIpvBLFQE4ExV/9eTHAo5Tj01GaIYShXvZn4n9dNIbjpT1iUpEAjsggKUm5AbMxaMHwmKAE+VgQTwdSvBhligQmorpZSgI1esjXl6tpPeAxZUfVlr7azTpxq5bZiP1TLdSsvroDO0Dm6RDaqoTq6Ry3kIIJS9Ire0FSbau/ah/a5WN3Q8ptTtATt+xfh3qL/</latexit><latexit sha1_base64="D/u8EnU0XkHzC1HJGN+kw5Rm2fM=">AAACInicbVDLSsNAFJ34rPXRqEs3wUZwY0nqororFMRVqWBsoS1hMpm0QycPZm6EWvIlbu3XuBJXgr8iOG2zsK0HLhzOuZdzOV7CmQTL+tI2Nre2d3YLe8X9g8Ojkn588iTjVBDqkJjHouNhSTmLqAMMOO0kguLQ47TtjRozv/1MhWRx9AjjhPZDPIhYwAgGJbl6qYkbuMlMt2remW7NdPWyVbHmMNaJnZMyytFy9Z+eH5M0pBEQjqXs2lYC/QkWwAinWbGXSppgMsID2lU0wiGV/cn88cy4UIpvBLFQE4ExV/9eTHAo5Tj01GaIYShXvZn4n9dNIbjpT1iUpEAjsggKUm5AbMxaMHwmKAE+VgQTwdSvBhligQmorpZSgI1esjXl6tpPeAxZUfVlr7azTpxq5bZiP1TLdSsvroDO0Dm6RDaqoTq6Ry3kIIJS9Ire0FSbau/ah/a5WN3Q8ptTtATt+xfh3qL/</latexit>

Generic Model Hamiltonian

local     axesẑ
<latexit sha1_base64="s8HlJiWJQfZVFNwYITXPOjEFnTM=">AAACGnicbVBNT8JAEN3iF+IX6tFLI5h4kbR4UC+GxItHTKxgoCHb7RY27LbN7tQEmv4Kr/JrPBmvXvwxJi7Qg4AvmeTlvZnMzPNizhRY1rdRWFvf2Nwqbpd2dvf2D8qHR08qSiShDol4JNseVpSzkDrAgNN2LCkWHqctb3g39VsvVCoWhY8wiqkrcD9kASMYtPRc7Q4wpOOs2itXrJo1g7lK7JxUUI5mr/zT9SOSCBoC4Vipjm3F4KZYAiOcZqVuomiMyRD3aUfTEAuq3HR2cGaeacU3g0jqCsGcqX8nUiyUGglPdwoMA7XsTcX/vE4CwbWbsjBOgIZkvihIuAmROf3e9JmkBPhIE0wk07eaZIAlJqAzWtgCbDjOVpSLSz/mEWQlnZe9nM4qceq1m5r9UK80bvPgiugEnaJzZKMr1ED3qIkcRJBAr+gNTYyJ8W58GJ/z1oKRzxyjBRhfv0ldoew=</latexit><latexit sha1_base64="s8HlJiWJQfZVFNwYITXPOjEFnTM=">AAACGnicbVBNT8JAEN3iF+IX6tFLI5h4kbR4UC+GxItHTKxgoCHb7RY27LbN7tQEmv4Kr/JrPBmvXvwxJi7Qg4AvmeTlvZnMzPNizhRY1rdRWFvf2Nwqbpd2dvf2D8qHR08qSiShDol4JNseVpSzkDrAgNN2LCkWHqctb3g39VsvVCoWhY8wiqkrcD9kASMYtPRc7Q4wpOOs2itXrJo1g7lK7JxUUI5mr/zT9SOSCBoC4Vipjm3F4KZYAiOcZqVuomiMyRD3aUfTEAuq3HR2cGaeacU3g0jqCsGcqX8nUiyUGglPdwoMA7XsTcX/vE4CwbWbsjBOgIZkvihIuAmROf3e9JmkBPhIE0wk07eaZIAlJqAzWtgCbDjOVpSLSz/mEWQlnZe9nM4qceq1m5r9UK80bvPgiugEnaJzZKMr1ED3qIkcRJBAr+gNTYyJ8W58GJ/z1oKRzxyjBRhfv0ldoew=</latexit><latexit sha1_base64="s8HlJiWJQfZVFNwYITXPOjEFnTM=">AAACGnicbVBNT8JAEN3iF+IX6tFLI5h4kbR4UC+GxItHTKxgoCHb7RY27LbN7tQEmv4Kr/JrPBmvXvwxJi7Qg4AvmeTlvZnMzPNizhRY1rdRWFvf2Nwqbpd2dvf2D8qHR08qSiShDol4JNseVpSzkDrAgNN2LCkWHqctb3g39VsvVCoWhY8wiqkrcD9kASMYtPRc7Q4wpOOs2itXrJo1g7lK7JxUUI5mr/zT9SOSCBoC4Vipjm3F4KZYAiOcZqVuomiMyRD3aUfTEAuq3HR2cGaeacU3g0jqCsGcqX8nUiyUGglPdwoMA7XsTcX/vE4CwbWbsjBOgIZkvihIuAmROf3e9JmkBPhIE0wk07eaZIAlJqAzWtgCbDjOVpSLSz/mEWQlnZe9nM4qceq1m5r9UK80bvPgiugEnaJzZKMr1ED3qIkcRJBAr+gNTYyJ8W58GJ/z1oKRzxyjBRhfv0ldoew=</latexit><latexit sha1_base64="s8HlJiWJQfZVFNwYITXPOjEFnTM=">AAACGnicbVBNT8JAEN3iF+IX6tFLI5h4kbR4UC+GxItHTKxgoCHb7RY27LbN7tQEmv4Kr/JrPBmvXvwxJi7Qg4AvmeTlvZnMzPNizhRY1rdRWFvf2Nwqbpd2dvf2D8qHR08qSiShDol4JNseVpSzkDrAgNN2LCkWHqctb3g39VsvVCoWhY8wiqkrcD9kASMYtPRc7Q4wpOOs2itXrJo1g7lK7JxUUI5mr/zT9SOSCBoC4Vipjm3F4KZYAiOcZqVuomiMyRD3aUfTEAuq3HR2cGaeacU3g0jqCsGcqX8nUiyUGglPdwoMA7XsTcX/vE4CwbWbsjBOgIZkvihIuAmROf3e9JmkBPhIE0wk07eaZIAlJqAzWtgCbDjOVpSLSz/mEWQlnZe9nM4qceq1m5r9UK80bvPgiugEnaJzZKMr1ED3qIkcRJBAr+gNTYyJ8W58GJ/z1oKRzxyjBRhfv0ldoew=</latexit>
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vectorsDij
<latexit sha1_base64="QyTWBx0M+rMZF7GGmkuHIJ3BsaI="></latexit><latexit sha1_base64="QyTWBx0M+rMZF7GGmkuHIJ3BsaI="></latexit><latexit sha1_base64="QyTWBx0M+rMZF7GGmkuHIJ3BsaI="></latexit><latexit sha1_base64="QyTWBx0M+rMZF7GGmkuHIJ3BsaI="></latexit>

J. W. Krizan and R. J. Cava
PRB 92, 014406 (2015)

Ni2+: 3d8
<latexit sha1_base64="JUcshoTYnJwxQacfQ8/BrZ5Y8CE=">AAACJHicbVDJSgNBFOxxjXGb6NFLYyIIYphJDkZPQS+eJIIxgWz09HSSJj0L3W+UOMyneDVf40k8ePFPBDvLwSQWPCiq3qMe5YSCK7CsL2NldW19YzO1ld7e2d3bNzMHjyqIJGVVGohA1h2imOA+qwIHweqhZMRzBKs5g5uxX3tiUvHAf4BhyFoe6fm8yykBLXXMzB3PtePCWZK7wrmi2y7lOmbWylsT4GViz0gWzVDpmD9NN6CRx3yggijVsK0QWjGRwKlgSboZKRYSOiA91tDUJx5TrXjyeoJPtOLibiD1+IAn6t+LmHhKDT1Hb3oE+mrRG4v/eY0IuqVWzP0wAubTaVA3EhgCPO4Bu1wyCmKoCaGS618x7RNJKOi25lKAD16SJeW86IYigCSt+7IX21km1UL+Mm/fF7Ll61lxKXSEjtEpstEFKqNbVEFVRNEzekVvaGSMjHfjw/icrq4Ys5tDNAfj+xcGb6Of</latexit><latexit sha1_base64="JUcshoTYnJwxQacfQ8/BrZ5Y8CE=">AAACJHicbVDJSgNBFOxxjXGb6NFLYyIIYphJDkZPQS+eJIIxgWz09HSSJj0L3W+UOMyneDVf40k8ePFPBDvLwSQWPCiq3qMe5YSCK7CsL2NldW19YzO1ld7e2d3bNzMHjyqIJGVVGohA1h2imOA+qwIHweqhZMRzBKs5g5uxX3tiUvHAf4BhyFoe6fm8yykBLXXMzB3PtePCWZK7wrmi2y7lOmbWylsT4GViz0gWzVDpmD9NN6CRx3yggijVsK0QWjGRwKlgSboZKRYSOiA91tDUJx5TrXjyeoJPtOLibiD1+IAn6t+LmHhKDT1Hb3oE+mrRG4v/eY0IuqVWzP0wAubTaVA3EhgCPO4Bu1wyCmKoCaGS618x7RNJKOi25lKAD16SJeW86IYigCSt+7IX21km1UL+Mm/fF7Ll61lxKXSEjtEpstEFKqNbVEFVRNEzekVvaGSMjHfjw/icrq4Ys5tDNAfj+xcGb6Of</latexit><latexit sha1_base64="JUcshoTYnJwxQacfQ8/BrZ5Y8CE=">AAACJHicbVDJSgNBFOxxjXGb6NFLYyIIYphJDkZPQS+eJIIxgWz09HSSJj0L3W+UOMyneDVf40k8ePFPBDvLwSQWPCiq3qMe5YSCK7CsL2NldW19YzO1ld7e2d3bNzMHjyqIJGVVGohA1h2imOA+qwIHweqhZMRzBKs5g5uxX3tiUvHAf4BhyFoe6fm8yykBLXXMzB3PtePCWZK7wrmi2y7lOmbWylsT4GViz0gWzVDpmD9NN6CRx3yggijVsK0QWjGRwKlgSboZKRYSOiA91tDUJx5TrXjyeoJPtOLibiD1+IAn6t+LmHhKDT1Hb3oE+mrRG4v/eY0IuqVWzP0wAubTaVA3EhgCPO4Bu1wyCmKoCaGS618x7RNJKOi25lKAD16SJeW86IYigCSt+7IX21km1UL+Mm/fF7Ll61lxKXSEjtEpstEFKqNbVEFVRNEzekVvaGSMjHfjw/icrq4Ys5tDNAfj+xcGb6Of</latexit><latexit sha1_base64="JUcshoTYnJwxQacfQ8/BrZ5Y8CE=">AAACJHicbVDJSgNBFOxxjXGb6NFLYyIIYphJDkZPQS+eJIIxgWz09HSSJj0L3W+UOMyneDVf40k8ePFPBDvLwSQWPCiq3qMe5YSCK7CsL2NldW19YzO1ld7e2d3bNzMHjyqIJGVVGohA1h2imOA+qwIHweqhZMRzBKs5g5uxX3tiUvHAf4BhyFoe6fm8yykBLXXMzB3PtePCWZK7wrmi2y7lOmbWylsT4GViz0gWzVDpmD9NN6CRx3yggijVsK0QWjGRwKlgSboZKRYSOiA91tDUJx5TrXjyeoJPtOLibiD1+IAn6t+LmHhKDT1Hb3oE+mrRG4v/eY0IuqVWzP0wAubTaVA3EhgCPO4Bu1wyCmKoCaGS618x7RNJKOi25lKAD16SJeW86IYigCSt+7IX21km1UL+Mm/fF7Ll61lxKXSEjtEpstEFKqNbVEFVRNEzekVvaGSMjHfjw/icrq4Ys5tDNAfj+xcGb6Of</latexit>

CEF eg
<latexit sha1_base64="3N1JRW7KwmHXfvae2AUFEgoev/g=">AAACFHicbVA9SwNBEJ3zM8avGEubwyDYGO60ULuAjWVEYwLJEfb29i5L9j7YnRPica2drWn1h1iJrb0/RnDzUZjEBwOP92aYmecmgiu0rG9jaXlldW29sFHc3Nre2S3tle9VnErKGjQWsWy5RDHBI9ZAjoK1EslI6ArWdPtXI7/5wKTicXSHg4Q5IQki7nNKUEu3rBt0SxWrao1hLhJ7Siq18tvTKwDUu6WfjhfTNGQRUkGUattWgk5GJHIqWF7spIolhPZJwNqaRiRkysnGp+bmkVY804+lrgjNsfp3IiOhUoPQ1Z0hwZ6a90bif147Rf/CyXiUpMgiOlnkp8LE2Bz9bXpcMopioAmhkutbTdojklDU6cxsQd5/zBeUkzMvETHmRZ2XPZ/OImmcVi+r9o3OzYIJCnAAh3AMNpxDDa6hDg2gEMAzvMDQGBrvxofxOWldMqYz+zAD4+sX592hkQ==</latexit><latexit sha1_base64="Qr6Q/zf8Nmag/Eg4GoIgV9jum6I=">AAACFHicbVA9SwNBEN2LXzF+xYiVzWIQbAx3iqhdwMYyomcCyRH29vYuS/Y+2J0T4pHWSltj6w+xElt7f4zg5qMwiQ8GHu/NMDPPTQRXYJrfRm5hcWl5Jb9aWFvf2NwqbpfuVJxKymwai1g2XKKY4BGzgYNgjUQyErqC1d3u5dCv3zOpeBzdQi9hTkiCiPucEtDSDWsH7WLZrJgj4HliTUi5Wnp7fD3dfaq1iz8tL6ZpyCKggijVtMwEnIxI4FSwfqGVKpYQ2iUBa2oakZApJxud2scHWvGwH0tdEeCR+nciI6FSvdDVnSGBjpr1huJ/XjMF/9zJeJSkwCI6XuSnAkOMh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3Yf+nHJ04iUihn5B52XNpjNP7OPKRcW61rmZaIw82kP76BBZ6AxV0RWqIRtRFKBn9IIGxsB4Nz6Mz3FrzpjM7KApGF+/HJSiXw==</latexit><latexit sha1_base64="Qr6Q/zf8Nmag/Eg4GoIgV9jum6I=">AAACFHicbVA9SwNBEN2LXzF+xYiVzWIQbAx3iqhdwMYyomcCyRH29vYuS/Y+2J0T4pHWSltj6w+xElt7f4zg5qMwiQ8GHu/NMDPPTQRXYJrfRm5hcWl5Jb9aWFvf2NwqbpfuVJxKymwai1g2XKKY4BGzgYNgjUQyErqC1d3u5dCv3zOpeBzdQi9hTkiCiPucEtDSDWsH7WLZrJgj4HliTUi5Wnp7fD3dfaq1iz8tL6ZpyCKggijVtMwEnIxI4FSwfqGVKpYQ2iUBa2oakZApJxud2scHWvGwH0tdEeCR+nciI6FSvdDVnSGBjpr1huJ/XjMF/9zJeJSkwCI6XuSnAkOMh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3Yf+nHJ04iUihn5B52XNpjNP7OPKRcW61rmZaIw82kP76BBZ6AxV0RWqIRtRFKBn9IIGxsB4Nz6Mz3FrzpjM7KApGF+/HJSiXw==</latexit><latexit sha1_base64="fkxRTpd+mw8vwJQORhIt8bYHsvg=">AAACFHicbVBNS8NAEN3Ur1q/qh69BIvgxZLoQb0VvHisaLTQhrLZbNKlm92wOxFqyE/wan+NJ/Hq3R8juG1zsK0PBh7vzTAzL0g50+A431ZlZXVtfaO6Wdva3tndq+8fPGqZKUI9IrlUnQBrypmgHjDgtJMqipOA06dgeDPxn56p0kyKBxil1E9wLFjECAYj3dN+3K83nKYzhb1M3JI0UIl2v/7TCyXJEiqAcKx113VS8HOsgBFOi1ov0zTFZIhj2jVU4IRqP5+eWtgnRgntSCpTAuyp+ncix4nWoyQwnQmGgV70JuJ/XjeD6MrPmUgzoILMFkUZt0Hak7/tkClKgI8MwUQxc6tNBlhhAiaduS3Ahi/FknJ2EaZcQlEzebmL6SwT77x53XTvnEbLKYOroiN0jE6Riy5RC92iNvIQQTF6RW9obI2td+vD+py1Vqxy5hDNwfr6BbsAn3g=</latexit>

t2g
<latexit sha1_base64="C0J/LnhemGvuDTSFgrHo0gcE5ZE=">AAACF3icbVA9SwNBEJ3zM8avGEubwyDYGO5ioXYBG8sIXhJIQtjb20vW7H2wOyfE41prW1PpP7ESW0t/jODmozCJDwYe780wM8+NBVdoWd/Gyura+sZmbiu/vbO7t184KNZVlEjKHBqJSDZdopjgIXOQo2DNWDISuII13MH12G88MKl4FN7hMGadgPRC7nNKUEt17KaVXtYtlKyyNYG5TOwZKVWLb0+vAFDrFn7aXkSTgIVIBVGqZVsxdlIikVPBsnw7USwmdEB6rKVpSAKmOunk2sw80Ypn+pHUFaI5Uf9OpCRQahi4ujMg2FeL3lj8z2sl6F92Uh7GCbKQThf5iTAxMsevmx6XjKIYakKo5PpWk/aJJBR1QHNbkA8esyXl7NyLRYRZXudlL6azTJxK+aps3+rcLJgiB0dwDKdgwwVU4QZq4ACFe3iGFxgZI+Pd+DA+p60rxmzmEOZgfP0Cadei6A==</latexit><latexit sha1_base64="LO7tuh2OC2y6uM33iWGHTxrvz5Y=">AAACF3icbVA9SwNBEN2LXzF+xYiVzWEQbAx3EVG7gI1lBC8JJCHs7e0la/b2jt05IR7XWllYajr/iZXYWvpjBDcfhUl8MPB4b4aZeW7EmQLL+jYyS8srq2vZ9dzG5tb2Tn63UFNhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/auRX7+nUrFQ3MIgou0AdwXzGcGgpRp0knI37eSLVskaw1wk9pQUK4W3x5ez/adqJ//T8kISB1QA4Vippm1F0E6wBEY4TXOtWNEIkz7u0qamAgdUtZPxtal5pBXP9EOpS4A5Vv9OJDhQahC4ujPA0FPz3kj8z2vG4F+0EyaiGKggk0V+zE0IzdHrpsckJcAHmmAimb7VJD0sMQEd0MwWYP2HdEE5OfUiHkKa03nZ8+ksEqdcuizZNzo3C02QRQfoEB0jG52jCrpGVeQggu7QM3pFQ2NovBsfxuekNWNMZ/bQDIyvX55/o7Y=</latexit><latexit sha1_base64="LO7tuh2OC2y6uM33iWGHTxrvz5Y=">AAACF3icbVA9SwNBEN2LXzF+xYiVzWEQbAx3EVG7gI1lBC8JJCHs7e0la/b2jt05IR7XWllYajr/iZXYWvpjBDcfhUl8MPB4b4aZeW7EmQLL+jYyS8srq2vZ9dzG5tb2Tn63UFNhLAl1SMhD2XCxopwJ6gADThuRpDhwOa27/auRX7+nUrFQ3MIgou0AdwXzGcGgpRp0knI37eSLVskaw1wk9pQUK4W3x5ez/adqJ//T8kISB1QA4Vippm1F0E6wBEY4TXOtWNEIkz7u0qamAgdUtZPxtal5pBXP9EOpS4A5Vv9OJDhQahC4ujPA0FPz3kj8z2vG4F+0EyaiGKggk0V+zE0IzdHrpsckJcAHmmAimb7VJD0sMQEd0MwWYP2HdEE5OfUiHkKa03nZ8+ksEqdcuizZNzo3C02QRQfoEB0jG52jCrpGVeQggu7QM3pFQ2NovBsfxuekNWNMZ/bQDIyvX55/o7Y=</latexit><latexit sha1_base64="zlP267sHo8CF2etFD8VRYbEuoBQ=">AAACF3icbVBNS8NAEN3Ur1q/qh69BIvgxZLUg3orePFYwbRCG8pms2nXbnbD7kSoIf/Bq/01nsSrR3+M4LbNwbY+GHi8N8PMvCDhTIPjfFultfWNza3ydmVnd2//oHp41NYyVYR6RHKpHgOsKWeCesCA08dEURwHnHaC0e3U7zxTpZkUDzBOqB/jgWARIxiM1IZ+1hjk/WrNqTsz2KvELUgNFWj1qz+9UJI0pgIIx1p3XScBP8MKGOE0r/RSTRNMRnhAu4YKHFPtZ7Nrc/vMKKEdSWVKgD1T/05kONZ6HAemM8Yw1MveVPzP66YQXfsZE0kKVJD5oijlNkh7+rodMkUJ8LEhmChmbrXJECtMwAS0sAXY6CVfUS4uw4RLyCsmL3c5nVXiNeo3dffeqTWdIrgyOkGn6By56Ao10R1qIQ8R9IRe0RuaWBPr3fqwPuetJauYOUYLsL5+ATz6oM8=</latexit>

S = 1
<latexit sha1_base64="v2YEk+VlWzGf0KEB3G0vXevwP6c=">AAACFHicbVA9SwNBEJ3zM8avqKXNYRBsDHdaqIUYsLGMxDOB5Ah7e3vJkr0PdueE5MhPsDV/xNZKbO0t/SGCm4/CJD4YeLw3w8w8LxFcoWV9GUvLK6tr67mN/ObW9s5uYW//UcWppMyhsYhl3SOKCR4xBzkKVk8kI6EnWM3r3o782hOTisfRA/YS5oakHfGAU4Jaqlav7VahaJWsMcxFYk9J8ea1/10GgEqr8NP0Y5qGLEIqiFIN20rQzYhETgUb5JupYgmhXdJmDU0jEjLlZuNTB+axVnwziKWuCM2x+nciI6FSvdDTnSHBjpr3RuJ/XiPF4NLNeJSkyCI6WRSkwsTYHP1t+lwyiqKnCaGS61tN2iGSUNTpzGxB3u0PFpTTcz8RMQ7yOi97Pp1F4pyVrkr2vVUsWzBBDg7hCE7Ahgsowx1UwAEKbXiGFxgaQ+PNeDc+Jq1LxnTmAGZgfP4C5+ShnA==</latexit><latexit sha1_base64="kTVwW7Tc5m7qoNRu5pbwqOnKnew=">AAACFHicbVC7SgNBFJ2Nrxhf8dHZDAbBxrCrhVqIAQstI3FNIFnC7OwkGTL7YOaukCz7CbbmL6xsrcTW3tIPEZw8CpN44MLhnHu59x43ElyBaX4ZmYXFpeWV7GpubX1jcyu/vfOgwlhSZtNQhLLmEsUED5gNHASrRZIR3xWs6navh371kUnFw+AeehFzfNIOeItTAlqqVC6tZr5gFs0R8DyxJqRw9dr/vnnZS8rN/E/DC2nsswCoIErVLTMCJyESOBUszTVixSJCu6TN6poGxGfKSUanpvhQKx5uhVJXAHik/p1IiK9Uz3d1p0+go2a9ofifV4+hde4kPIhiYAEdL2rFAkOIh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3X46pxyfepEIIc3pvKzZdOaJfVK8KFp3ZqFkojGyaB8doCNkoTNUQreojGxEURs9oWc0MAbGm/FufIxbM8ZkZhdNwfj8Bc5DouA=</latexit><latexit sha1_base64="kTVwW7Tc5m7qoNRu5pbwqOnKnew=">AAACFHicbVC7SgNBFJ2Nrxhf8dHZDAbBxrCrhVqIAQstI3FNIFnC7OwkGTL7YOaukCz7CbbmL6xsrcTW3tIPEZw8CpN44MLhnHu59x43ElyBaX4ZmYXFpeWV7GpubX1jcyu/vfOgwlhSZtNQhLLmEsUED5gNHASrRZIR3xWs6navh371kUnFw+AeehFzfNIOeItTAlqqVC6tZr5gFs0R8DyxJqRw9dr/vnnZS8rN/E/DC2nsswCoIErVLTMCJyESOBUszTVixSJCu6TN6poGxGfKSUanpvhQKx5uhVJXAHik/p1IiK9Uz3d1p0+go2a9ofifV4+hde4kPIhiYAEdL2rFAkOIh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3X46pxyfepEIIc3pvKzZdOaJfVK8KFp3ZqFkojGyaB8doCNkoTNUQreojGxEURs9oWc0MAbGm/FufIxbM8ZkZhdNwfj8Bc5DouA=</latexit><latexit sha1_base64="TGY6pqAni0Qu0yfUsvW8tJeQXoM=">AAACDnicbVDLSsNAFJ3UV42v6tbNYBHcWBJdqDvBjcsKxhbaUCaTSTt0MhNmboQa8gNu+zWuxK1/4McITh+gbT1w4XDOvdx7T5QJbsDzvpzK2vrG5lZ1293Zdff2D2qHT0blmrKAKqF0OyKGCS5ZABwEa2eakTQSrBUN7yZ+65lpw5V8hFHGwpT0JU84JWClZq9W9xreFHiV+HNSR3P0at/dWNE8ZRKoIMZ0fC+DsCAaOBWsdLu5YRmhQ9JnHUslSZkJi+mZJT61SowTpW1JwFP170RBUmNGaWQ7UwIDs+xNxP+8Tg7JdVhwmeXAJJ0tSnKBQeHJzzjmmlEQI0sI1dzeiumAaELBJrOwBfjwpVxRzi/jTCgoXRuXvxzOKgkuGjcN/+E3NlRFx+gEnSEfXaFbdI+aKEAUxegVjZ2x8+a8Ox+zxooznzhCC3A+fwA3ZJzN</latexit><latexit sha1_base64="aqz3r/ceWf95jlAI0UblDOuiGqg=">AAACFHicbVBNS8NAEJ34WetX1aOXYBG8WBI9qAdB8OKxUmMLbSibzaZdusmG3YlQS36CV/trPIlX7/4Ywe0HaFsfDDzem2FmXpAKrtFxvqyl5ZXVtfXCRnFza3tnt7S3/6hlpijzqBRSNQKimeAJ85CjYI1UMRIHgtWD3u3Irz8xpblMHrCfMj8mnYRHnBI0Uq127bZLZafijGEvEndKyjBFtV36boWSZjFLkAqiddN1UvQHRCGnguXFVqZZSmiPdFjT0ITETPuD8am5fWyU0I6kMpWgPVb/TgxIrHU/DkxnTLCr572R+J/XzDC69Ac8STNkCZ0sijJho7RHf9shV4yi6BtCqOLmVpt2iSIUTTozW5D3nvMF5fQ8TIXEvGjycufTWSTeWeWq4t7/5gYFOIQjOAEXLuAG7qAKHlDowAu8wtAaWm/Wu/UxaV2ypjMHMAPr8wfmr56e</latexit><latexit sha1_base64="aqz3r/ceWf95jlAI0UblDOuiGqg=">AAACFHicbVBNS8NAEJ34WetX1aOXYBG8WBI9qAdB8OKxUmMLbSibzaZdusmG3YlQS36CV/trPIlX7/4Ywe0HaFsfDDzem2FmXpAKrtFxvqyl5ZXVtfXCRnFza3tnt7S3/6hlpijzqBRSNQKimeAJ85CjYI1UMRIHgtWD3u3Irz8xpblMHrCfMj8mnYRHnBI0Uq127bZLZafijGEvEndKyjBFtV36boWSZjFLkAqiddN1UvQHRCGnguXFVqZZSmiPdFjT0ITETPuD8am5fWyU0I6kMpWgPVb/TgxIrHU/DkxnTLCr572R+J/XzDC69Ac8STNkCZ0sijJho7RHf9shV4yi6BtCqOLmVpt2iSIUTTozW5D3nvMF5fQ8TIXEvGjycufTWSTeWeWq4t7/5gYFOIQjOAEXLuAG7qAKHlDowAu8wtAaWm/Wu/UxaV2ypjMHMAPr8wfmr56e</latexit><latexit sha1_base64="PNgL1E/FH/DnU5UhXrZbiL55r1Q=">AAACFHicbVBNS8NAEN34WetX1aOXxSJ4sSR6UA9CwYvHSo0ttKFsNpt26WYTdidCDfkJXu2v8SRevftjBLdtDrb1wcDjvRlm5vmJ4Bps+9taWV1b39gsbZW3d3b39isHh086ThVlLo1FrNo+0UxwyVzgIFg7UYxEvmAtf3g38VvPTGkey0cYJcyLSF/ykFMCRmo2b51epWrX7CnwMnEKUkUFGr3KTzeIaRoxCVQQrTuOnYCXEQWcCpaXu6lmCaFD0mcdQyWJmPay6ak5PjVKgMNYmZKAp+rfiYxEWo8i33RGBAZ60ZuI/3mdFMJrL+MySYFJOlsUpgJDjCd/44ArRkGMDCFUcXMrpgOiCAWTztwW4MOXfEk5vwwSEUNeNnk5i+ksE/eidlNzHuxq3S6CK6FjdILOkIOuUB3dowZyEUV99Ire0NgaW+/Wh/U5a12xipkjNAfr6xcIrp8O</latexit><latexit sha1_base64="PNgL1E/FH/DnU5UhXrZbiL55r1Q=">AAACFHicbVBNS8NAEN34WetX1aOXxSJ4sSR6UA9CwYvHSo0ttKFsNpt26WYTdidCDfkJXu2v8SRevftjBLdtDrb1wcDjvRlm5vmJ4Bps+9taWV1b39gsbZW3d3b39isHh086ThVlLo1FrNo+0UxwyVzgIFg7UYxEvmAtf3g38VvPTGkey0cYJcyLSF/ykFMCRmo2b51epWrX7CnwMnEKUkUFGr3KTzeIaRoxCVQQrTuOnYCXEQWcCpaXu6lmCaFD0mcdQyWJmPay6ak5PjVKgMNYmZKAp+rfiYxEWo8i33RGBAZ60ZuI/3mdFMJrL+MySYFJOlsUpgJDjCd/44ArRkGMDCFUcXMrpgOiCAWTztwW4MOXfEk5vwwSEUNeNnk5i+ksE/eidlNzHuxq3S6CK6FjdILOkIOuUB3dowZyEUV99Ire0NgaW+/Wh/U5a12xipkjNAfr6xcIrp8O</latexit><latexit sha1_base64="kTVwW7Tc5m7qoNRu5pbwqOnKnew=">AAACFHicbVC7SgNBFJ2Nrxhf8dHZDAbBxrCrhVqIAQstI3FNIFnC7OwkGTL7YOaukCz7CbbmL6xsrcTW3tIPEZw8CpN44MLhnHu59x43ElyBaX4ZmYXFpeWV7GpubX1jcyu/vfOgwlhSZtNQhLLmEsUED5gNHASrRZIR3xWs6navh371kUnFw+AeehFzfNIOeItTAlqqVC6tZr5gFs0R8DyxJqRw9dr/vnnZS8rN/E/DC2nsswCoIErVLTMCJyESOBUszTVixSJCu6TN6poGxGfKSUanpvhQKx5uhVJXAHik/p1IiK9Uz3d1p0+go2a9ofifV4+hde4kPIhiYAEdL2rFAkOIh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3X46pxyfepEIIc3pvKzZdOaJfVK8KFp3ZqFkojGyaB8doCNkoTNUQreojGxEURs9oWc0MAbGm/FufIxbM8ZkZhdNwfj8Bc5DouA=</latexit><latexit sha1_base64="kTVwW7Tc5m7qoNRu5pbwqOnKnew=">AAACFHicbVC7SgNBFJ2Nrxhf8dHZDAbBxrCrhVqIAQstI3FNIFnC7OwkGTL7YOaukCz7CbbmL6xsrcTW3tIPEZw8CpN44MLhnHu59x43ElyBaX4ZmYXFpeWV7GpubX1jcyu/vfOgwlhSZtNQhLLmEsUED5gNHASrRZIR3xWs6navh371kUnFw+AeehFzfNIOeItTAlqqVC6tZr5gFs0R8DyxJqRw9dr/vnnZS8rN/E/DC2nsswCoIErVLTMCJyESOBUszTVixSJCu6TN6poGxGfKSUanpvhQKx5uhVJXAHik/p1IiK9Uz3d1p0+go2a9ofifV4+hde4kPIhiYAEdL2rFAkOIh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3X46pxyfepEIIc3pvKzZdOaJfVK8KFp3ZqFkojGyaB8doCNkoTNUQreojGxEURs9oWc0MAbGm/FufIxbM8ZkZhdNwfj8Bc5DouA=</latexit><latexit sha1_base64="kTVwW7Tc5m7qoNRu5pbwqOnKnew=">AAACFHicbVC7SgNBFJ2Nrxhf8dHZDAbBxrCrhVqIAQstI3FNIFnC7OwkGTL7YOaukCz7CbbmL6xsrcTW3tIPEZw8CpN44MLhnHu59x43ElyBaX4ZmYXFpeWV7GpubX1jcyu/vfOgwlhSZtNQhLLmEsUED5gNHASrRZIR3xWs6navh371kUnFw+AeehFzfNIOeItTAlqqVC6tZr5gFs0R8DyxJqRw9dr/vnnZS8rN/E/DC2nsswCoIErVLTMCJyESOBUszTVixSJCu6TN6poGxGfKSUanpvhQKx5uhVJXAHik/p1IiK9Uz3d1p0+go2a9ofifV4+hde4kPIhiYAEdL2rFAkOIh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3X46pxyfepEIIc3pvKzZdOaJfVK8KFp3ZqFkojGyaB8doCNkoTNUQreojGxEURs9oWc0MAbGm/FufIxbM8ZkZhdNwfj8Bc5DouA=</latexit><latexit sha1_base64="kTVwW7Tc5m7qoNRu5pbwqOnKnew=">AAACFHicbVC7SgNBFJ2Nrxhf8dHZDAbBxrCrhVqIAQstI3FNIFnC7OwkGTL7YOaukCz7CbbmL6xsrcTW3tIPEZw8CpN44MLhnHu59x43ElyBaX4ZmYXFpeWV7GpubX1jcyu/vfOgwlhSZtNQhLLmEsUED5gNHASrRZIR3xWs6navh371kUnFw+AeehFzfNIOeItTAlqqVC6tZr5gFs0R8DyxJqRw9dr/vnnZS8rN/E/DC2nsswCoIErVLTMCJyESOBUszTVixSJCu6TN6poGxGfKSUanpvhQKx5uhVJXAHik/p1IiK9Uz3d1p0+go2a9ofifV4+hde4kPIhiYAEdL2rFAkOIh39jj0tGQfQ0IVRyfSumHSIJBZ3O1Bbg3X46pxyfepEIIc3pvKzZdOaJfVK8KFp3ZqFkojGyaB8doCNkoTNUQreojGxEURs9oWc0MAbGm/FufIxbM8ZkZhdNwfj8Bc5DouA=</latexit><latexit sha1_base64="PNgL1E/FH/DnU5UhXrZbiL55r1Q=">AAACFHicbVBNS8NAEN34WetX1aOXxSJ4sSR6UA9CwYvHSo0ttKFsNpt26WYTdidCDfkJXu2v8SRevftjBLdtDrb1wcDjvRlm5vmJ4Bps+9taWV1b39gsbZW3d3b39isHh086ThVlLo1FrNo+0UxwyVzgIFg7UYxEvmAtf3g38VvPTGkey0cYJcyLSF/ykFMCRmo2b51epWrX7CnwMnEKUkUFGr3KTzeIaRoxCVQQrTuOnYCXEQWcCpaXu6lmCaFD0mcdQyWJmPay6ak5PjVKgMNYmZKAp+rfiYxEWo8i33RGBAZ60ZuI/3mdFMJrL+MySYFJOlsUpgJDjCd/44ArRkGMDCFUcXMrpgOiCAWTztwW4MOXfEk5vwwSEUNeNnk5i+ksE/eidlNzHuxq3S6CK6FjdILOkIOuUB3dowZyEUV99Ire0NgaW+/Wh/U5a12xipkjNAfr6xcIrp8O</latexit> local moment

No orbital degeneracy

Model Hamiltonian

|Dij |/J ⇠ O(�/�)
<latexit sha1_base64="2sAoFQpxNQ50EvuyoJY7cSSnRrE="></latexit><latexit sha1_base64="EeSfiI2B6Wz5fq94lqW33SHX09M="></latexit><latexit sha1_base64="EeSfiI2B6Wz5fq94lqW33SHX09M="></latexit><latexit sha1_base64="KkSzSgXY+1t6Eyd8bHkMku5a+O8="></latexit>

|Dz|/� ⇠ O(�2/�2)
<latexit sha1_base64="7BmVCBWXS1Iq1BmAgXkXRuKCIyw="></latexit><latexit sha1_base64="Fx9MoALBrapkixctKJovfY92cBM="></latexit><latexit sha1_base64="Fx9MoALBrapkixctKJovfY92cBM="></latexit><latexit sha1_base64="YDMUabZBgqIGlV4k4w09BuDP+UE="></latexit>

�: CEF splitting
<latexit sha1_base64="9FKHCo0sisXa8Q0MIsfs3Mqf/YM="></latexit><latexit sha1_base64="p9AtU9GrmtvmH0bsjY+6+D7p3gI="></latexit><latexit sha1_base64="p9AtU9GrmtvmH0bsjY+6+D7p3gI="></latexit><latexit sha1_base64="Vtm/B0ayhaIFjIXxGF10myBWPqI=">AAACL3icbVDLSgMxFM34rPVVdamLYBHcWGZ04WNVrIrLClaFtpRMeltDM5khuSPWYTZ+jVv7NboRt36EYPpYWOuBwOGcezk3x4+kMOi6787U9Mzs3HxmIbu4tLyymltbvzFhrDlUeChDfeczA1IoqKBACXeRBhb4Em79Tqnv3z6ANiJU19iNoB6wthItwRlaqZHbqp2BRFZDeMTkhJbOL6ixuYhCtdNGLu8W3AHoJPFGJE9GKDdy37VmyOMAFHLJjKl6boT1hGkUXEKarcUGIsY7rA1VSxULwNSTwS9SumOVJm2F2j6FdKD+3khYYEw38O1kwPDe/PX64n9eNcbWUT0RKooRFB8GtWJJMaT9SmhTaOAou5YwroW9lfJ7phlHW9xYCorOUzqh7B00IxlimrV9eX/bmSSV/cJxwbty88XTUXEZskm2yS7xyCEpkktSJhXCyTN5Ia+k5/ScN+fD+RyOTjmjnQ0yBufrBx/8qg8=</latexit>

�: SOC
<latexit sha1_base64="hCad6E6givIPKp2/03uSO3eeeJU=">AAACJnicbVDLSgNBEOz1bXxFPXoZDIIXw64efIAY9OJNRdcI2RBmZyfJkNkHM71iXBb8E6/6JR49iXjzRwQniQdjLGgoqqrppvxECo22/WGNjU9MTk3PzBbm5hcWl4rLK9c6ThXjLotlrG58qrkUEXdRoOQ3ieI09CWv+p2Tnl+95UqLOLrCbsLrIW1FoikYRSM1iqueNOGAesjvMDsgl2cneaNYsst2H2SUOD+kdPRSOHwAgPNG8csLYpaGPEImqdY1x06wnlGFgkmeF7xU84SyDm3xmqERDbmuZ/3nc7JhlIA0Y2UmQtJXf29kNNS6G/omGVJs679eT/zPq6XY3KtnIkpS5BEbHGqmkmBMek2QQCjOUHYNoUwJ8ythbaooQ9PX0BUUnft8RNnaCRIZY14wfTl/2xkl7nZ5v+xc2KXKMQwwA2uwDpvgwC5U4BTOwQUGXXiEJ3i2nq1X6816H0THrJ+dVRiC9fkNe7aoEg==</latexit><latexit sha1_base64="Jqf9m0KVmN8j9LembCJbRz8r8qA=">AAACJnicbVC7SgNBFJ2Nr7i+oiltBoNgY9jVwgeIwTR2RjQmkIQwOztJhsw+mLkrxmW/xcLGfImllQQ7f0Rw8ihM4oELh3PO5V6OEwquwLK+jNTC4tLySnrVXFvf2NzKbO88qCCSlJVpIAJZdYhigvusDBwEq4aSEc8RrOJ0i0O/8sik4oF/D72QNTzS9nmLUwJaamaydaHDLqkDe4L4HN/dFJNmJmflrRHwPLEnJHf5bl6ErwOz1Mz81N2ARh7zgQqiVM22QmjERAKngiVmPVIsJLRL2qymqU88phrx6PkE72vFxa1A6vEBj9S/GzHxlOp5jk56BDpq1huK/3m1CFqnjZj7YQTMp+NDrUhgCPCwCexyySiIniaESq5/xbRDJKGg+5q6Arz7nMwph8duKAJITN2XPdvOPCkf5c/y9q2VK1yhMdJoF+2hA2SjE1RA16iEyoiiHnpBb6hv9I0P49MYjKMpY7KTRVMwvn8Bqk2phg==</latexit><latexit sha1_base64="Jqf9m0KVmN8j9LembCJbRz8r8qA=">AAACJnicbVC7SgNBFJ2Nr7i+oiltBoNgY9jVwgeIwTR2RjQmkIQwOztJhsw+mLkrxmW/xcLGfImllQQ7f0Rw8ihM4oELh3PO5V6OEwquwLK+jNTC4tLySnrVXFvf2NzKbO88qCCSlJVpIAJZdYhigvusDBwEq4aSEc8RrOJ0i0O/8sik4oF/D72QNTzS9nmLUwJaamaydaHDLqkDe4L4HN/dFJNmJmflrRHwPLEnJHf5bl6ErwOz1Mz81N2ARh7zgQqiVM22QmjERAKngiVmPVIsJLRL2qymqU88phrx6PkE72vFxa1A6vEBj9S/GzHxlOp5jk56BDpq1huK/3m1CFqnjZj7YQTMp+NDrUhgCPCwCexyySiIniaESq5/xbRDJKGg+5q6Arz7nMwph8duKAJITN2XPdvOPCkf5c/y9q2VK1yhMdJoF+2hA2SjE1RA16iEyoiiHnpBb6hv9I0P49MYjKMpY7KTRVMwvn8Bqk2phg==</latexit><latexit sha1_base64="eOREfS8l5Bcr86FoyNUHaROhhWc=">AAACJnicbVDLSsNAFJ34rPUV7dLNYBHcWBJd+FgVu3FnRWMLbSmTybQdOnkwcyPGkG9xa7/GlYg7f0Rw2mZhWw9cOJxzLvdy3EhwBZb1ZSwtr6yurRc2iptb2zu75t7+owpjSZlDQxHKpksUEzxgDnAQrBlJRnxXsIY7rI39xhOTiofBAyQR6/ikH/AepwS01DVLbaHDHmkDe4b0Ct/f1rKuWbYq1gR4kdg5KaMc9a750/ZCGvssACqIUi3biqCTEgmcCpYV27FiEaFD0mctTQPiM9VJJ89n+EgrHu6FUk8AeKL+3UiJr1TiuzrpExioeW8s/ue1YuhddFIeRDGwgE4P9WKBIcTjJrDHJaMgEk0IlVz/iumASEJB9zVzBfjwJVtQTs68SISQFXVf9nw7i8Q5rVxW7DurXL3OiyugA3SIjpGNzlEV3aA6chBFCXpFb2hkjIx348P4nEaXjHynhGZgfP8CwM2mRQ==</latexit>

Gang Chen’s theory group 

Gang Chen’s theory group



Phase diagram (overview)

All-in all-out Splayed FM
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Quant. Para. = quantum paramagnetic phase
Others are magnetic ordered phases



All-in all-out Splayed FM
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Quantum paramagnetic phase



Quantum paramagnetic phase

Flavor wave theory
start from the ground state in easy 
plane limit, one can introduce two 
flavors of bosons to represent the spin 
Hamiltonian

flavor wave excitations

 
 

y

z

x

� X

W

L

(easy plane limit):Dz ! +1
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Quantum paramagnetic phase

Flavor wave theory

start from the ground state in easy plane limit, 
one can introduce two flavors of bosons to 
represent the spin Hamiltonian

flavor wave excitations
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The ordered phases can be understood from degeneracy lifting:

“XY-type” order: 
local XY plane

“Z-type” order: 
local Z axis

Magnetic ordered phases

X
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Si = 0J term requires in one tetrahedron (huge degeneracy)

all-in all-out
two-in two-out
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Weyl semimetal and extension

WAN, TURNER, VISHWANATH, AND SAVRASOV PHYSICAL REVIEW B 83, 205101 (2011)

it was shown that the insulating ground states evolve from a
high-temperature metallic phase via a magnetic transition.9,10

The magnetism was shown to arise from the Ir sites, since it
also occurs in A = Y, Lu, where the A sites are nonmagnetic.
While its precise nature remains unknown, ferromagnetic
ordering is considered unlikely, since magnetic hysteresis is
not observed.

We show that electronic structure calculations can naturally
account for this evolution and point to a novel ground state.
First, we find that magnetic moments order on the Ir sites
in a noncollinear pattern with moment on a tetrahedron
pointing all in or all out from the center. This structure retains
inversion symmetry, a fact that greatly aids the electronic
structure analysis. While the magnetic pattern remains fixed,
the electronic properties evolve with correlation strength. For
weak correlations, or in the absence of magnetic order, a
metal is obtained, in contrast to the interesting topological
insulator scenario of Ref. 8. With strong correlations we find
a Mott insulator with all-in/all-out magnetic order. However,
for the case of intermediate correlations, relevant to Y2Ir2O7,
the electronic ground state is found to be a Weyl semimetal,
with linearly dispersing Dirac nodes at the chemical potential
and other properties described above.

We also mention the possibility of an exotic insulating
phase emerging when the Weyl points annihilate in pairs
as the correlations are reduced; we call it the θ = π axion
insulator. Although our LSDA + U + SO calculations find
that a metallic phase intervenes before this possibility is
realized, we note that local-density approximation (LDA)
systematically underestimates gaps, so this scenario could well
occur in reality. Finally, we mention that modest magnetic
fields could induce a reorientation of the magnetic moments,
leading to a metallic phase. Previous studies include Ref. 18, an
ab initio study which considered ferromagnetism. In Ref. 19,
the tight-binding model of Ref. 8 was extended to include
tetragonal crystal fields, but in the absence of magnetism. The
topological Dirac metal and axion insulator discussed here do
not appear in those works, largely due to the difference of
magnetic order from our study.

We begin by giving a brief overview of the theoretical
ideas that will be invoked in this work, before turning to our
LSDA + U calculations of magnetic and electronic structure
of the pyrochlore iridates. We then discuss the special surface
states that arise in the Weyl semimetal phase and close with
a comparison to existing experiments and conclusions. Our
results are summarized in the phase diagram Fig. 1.

I. WEYL SEMIMETALS AND INVERSION-SYMMETRIC
INSULATORS

Weyl points are points where the valence band and
conduction band touch. The excitations near each Weyl point
k0 are described by an effective Hamiltonian:

HD = E01 + v0 · q1 +
3∑

i=1

vi · qσi . (1)

Energy is measured from the chemical potential, q = k − k0
and (1, σi) are the identity matrix and three Pauli matrices,
respectively. This Hamiltonian is obtained by expanding the

FIG. 1. (Color online) Sketch of the predicted phase diagram
for pyrochlore iridiates. The horizontal axis corresponds to the
increasing interaction among Ir 5d electrons while the vertical axis
corresponds to external magnetic field, which can trigger a transition
out of the noncollinear “all-in/all-out” ground state, which has several
electronic phases.

full Hamiltonian to linear order. No assumptions are needed
beyond the requirement that the two eigenvalues become
degenerate at k0. The velocity vectors vi are generically
nonvanishing and linearly independent. The energy dispersion

is conelike, $E = v0 · q ±
√∑3

i=1(vi · q)2. One can assign a
chirality (or chiral charge) c = ±1 to the fermions defined as
c = sgn(v1 · v2 × v3). Note that, since the 2 × 2 Pauli matrices
appear, our Weyl particles are two-component fermions. In
contrast to regular four component Dirac fermions, it is not
possible to introduce a mass gap. The only way for these modes
to disappear is if they meet with another two-component Weyl
fermion in the Brillouin zone, but with opposite chiral charge.
Thus, they are topological objects. By inversion symmetry, the
band touchings come in pairs, at k0 and −k0, and these have
opposite chiralities (since the velocity vectors are reversed).

This semimetallic behavior would not occur (generically)
in a system without magnetic order. In materials such as
bismuth, with both time reversal and inversion symmetry,
Dirac fermions always contain both left- and right-handed
components and are thus typically gapped.20

When the compound has stoichiometric composition, and
all the Weyl points are related by symmetry, the Fermi energy
can generically line up with the energy of the touching points.
Under these circumstances, the density of states is equal to
zero and the behavior of the Weyl fermions controls the
low-temperature physics of the solid. For example, the ac
conductivity should have a particular frequency dependence,
and novel types of surface states should occur, as discussed
below. Because of the symmetry relating the Weyl points,
their energies E0 must coincide. Then, the Fermi energy is
fixed at the touching points because of the Kohn-Luttinger
theorem: At stoichiometry, there are an integer number of
electrons per unit cell. Hence, the Kohn-Luttinger theorem
implies that the volume of particlelike minus holelike Fermi
surfaces must be a multiple of the volume of the Brillouin

205101-2

Extension: Type-II Weyl semimetal, Dirac semimetal,  
nodal line semimetal, hourglass fermion, new fermions
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FIG. 1. (Color online) (a) The breathing pyrochlore lattice. The
magnitude of the breathing has been exaggerated for visual effect.
(b) The breathing pyrochlore lattice interpolates between isolated
tetrahedra and the isotropic pyrochlore lattice. LiInCr4O8 is found at
Bf ∼ 0.1 while the related compound LiGaCr4O8 has Bf ∼ 0.6.

excitation at an energy consistent with those found in prior
measurements, with a linewidth that exceeds the excitation
energy. This implies that the spin gap is in fact filled with
magnetic states, and is thus only a pseudogap. The energy of
the inelastic excitation decreases upon cooling, but it does not
soften completely as T → Tp, immediately below which the
system exhibits dispersive excitations which may arise from
a nematic state. The overall behavior is ascribed to the action
of the two dominant perturbing terms present in the system,
the spin-lattice coupling and the breathing distortion, on the
highly degenerate manifold of states of the frustrated breathing
pyrochlore lattice.

I. SAMPLE SYNTHESIS AND EXPERIMENTAL

Powder samples of LiInCr4O8 were prepared by the solid-
state route reported in Ref. [8]. The samples were enriched
with 7Li to reduce neutron absorption. For the diffraction
experiments, performed on the D2B diffractometer at the
Institut Laue-Langevin (ILL), approximately 7 g of powder
were packed in a V can of diameter 9 mm. A neutron
wavelength λ = 1.59 Å was selected using the (335) reflection
of a Ge monochromator. To observe the structural changes on
passing through the phase transitions as clearly as possible, the
resolution was optimized by placing 10′ of collimation before
the monochromator, and by summing only the central pixels of
the 25-cm-high position-sensitive detectors preceding Rietveld
analysis. Measurements were carried out in the range 2–20 K,
spanning both transitions. All diffraction data were analyzed
using the programs of the FULLPROF suite [13].2 The high-
resolution diffraction measurements were supplemented by
lower-resolution polarized diffraction experiments performed
on the D7 spectrometer, also at the ILL. The same sample
was loaded in an Al can, and measured using λ = 4.8 Å
neutrons from the (002) reflection of a pyrolytic graphite
(PG) monochromator. The XYZ polarization analysis [14,15]
method was employed to separate the magnetic scattering from
the other components of the scattering cross section.

For the inelastic time-of-flight experiment, which was
carried out on the IN4 spectrometer (ILL), approximately 13
g of LiInCr4O8 powder were packed to a thickness of ∼2.5

2All the programs of the FULLPROF suite can be obtained at
http://www.ill.eu/sites/fullprof

mm in an Al sachet, which was mounted in a flat Cd frame
with a 23 × 40 mm opening. Wavelengths of λ = 2.2 Å (Ei =
16.9 meV) and λ = 1.59 Å (Ei = 32.4 meV) from, respec-
tively, the (002) and (004) reflections of a PG monochromator
were used to probe the excitation spectrum in the temperature
range 2–200 K. Background subtraction of the raw spectra was
performed assuming a transmission of approximately 70%.

II. STRUCTURE AND PHASE TRANSITIONS

We begin by discussing the structure LiInCr4O8 in its
high-temperature cubic phase. At T = 20 K, slightly above
both Tp and Tm, the diffraction pattern is indexed in the space
group F43̄m, consistent with previous work [8] [Fig. 2(a)].
The Rietveld refined lattice parameter is 8.403 47(3) Å and
the Cr x-position parameter is 0.3732(3). While a is smaller
than at room temperature [art = 8.4205(5) Å], x is larger
[xrt = 0.3719(3)], which translates into a slight reduction
in r ′/r = 1.047 versus (r ′/r)rt = 1.0515, and a consequent
increase in Bf . Another feature of the 20-K diffraction pattern
is the systematic broadening of the (00l) and (hk0) peaks with
respect to the (hhh) peaks, especially at large scattering angle
[Figs. 2(c) and 2(d)]. This anisotropic broadening is unlikely
to originate from particle size, given the cubic symmetry of
the material and angle dependence of the broadening, and is
hence probably related to the buildup of strain on approaching
the structural phase transition.

In order to model the strain, we employ the approach first
introduced in Ref. [16], and further developed in Ref. [17].
This assumes that the strains are described by Gaussian
fluctuations in the metric parameters of the lattice, permitting
their correlation to be described by a variance-covariance
matrix. The broadening of the Bragg peaks is then expressed as
a sum of quartic polynomials with coefficients SHKL, of which
only S400 and S220 are symmetry allowed for the m3̄m Laue
class. The anisotropic strain coefficients at 20 K are found to
be S400 = 0.056(2) and S220 = −0.054(2). Cooling to 18 K,
the SHKL increase to S400 = 0.088(3) and S220 = −0.082(3),
respectively. At 16 K∼ Tp, however, the diffraction pattern
is no longer indexed by the cubic F 4̄3m space group, as
evidenced by a large splitting of the (00l) and (hk0) peaks
[Fig. 2(c)].

From the lack of either splitting or broadening of the
(hhh) peaks in the T < Tp phase [Fig. 2(d)], the crystal
system of the low-temperature structure can be inferred to be
either orthorhombic or tetragonal. Furthermore, the complete
absence of shifts in these peaks remarkably implies that the
unit-cell volume is conserved in the transition, although the
statistics of the data do no allow us to exclude satellites
resulting from multiplication of the unit cell. At lower T , the
(00l) and (hk0) peak splittings increase continuously through
Tm, saturating towards the lowest measured temperature T = 2
K [Figs. 2(b) and 2(e)]. This implies that the phases at
Tm < T < Tp and T < Tm possess the same symmetry.

The splitting of the cubic (008) peak at 2 K [Fig. 2(b)]
reveals several interesting features of the low-T structure:
(i) the intensity is concentrated in two peaks, implying a
tetragonal crystal system, but (ii) some intensity persists
between the Bragg peaks and (iii) the widths remain con-
siderably larger than resolution. Observations (i) and (ii) can
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Holstein-Primarko↵ bosons, one can readily write down
the spin wave Hamiltonian as

Hsw =
P

k

P
µ,⌫ [Aµ⌫(k)a

†
k,µak,⌫ +Bµ⌫(k)a�k,µak,⌫

+B⇤
µ⌫(�k)a†k,µa

†
�k,⌫ ] + Ecl, (3)

where Ecl is the classical ground state energy, and Aµ⌫ ,
Bµ⌫ satisfy Aµ⌫(k) = A⇤

µ⌫(k), Bµ⌫(k) = Bµ⌫(�k) and
depend on the angular variable ✓. Although the clas-
sical energy Ecl is independent of ✓ due to the U(1)
degeneracy, the quantum zero point energy �E of the
spin wave modes depends on ✓ and is given by �E =P

k

P
µ

1
2 [!µ(k) � Aµµ(k)], where !µ(k) is the excita-

tion energy of the µ-th spin wave mode at momentum k

and is determined for every classical spin ground state.
The minimum of �E occurs at ✓ = ⇡/6 + n⇡/3 (n⇡/3)
with n 2 Z in region I and III (region II). The U(1)
degeneracy of the classical ground states is thus broken
by quantum fluctuations. This is the well-known phe-
nomenon known as “quantum order by disorder” [11–13].
The resulting state is a non-collinear state and the spin
is pointing along the local h112i (h11̄0i) lattice direction
at each sublattice in region I and III (region II).

To obtain the phase diagram in Fig.X, we have im-
plemented the semiclassical approach and included the
quantum fluctuation within the linear spin wave anal-
ysis. This treatment may underestimate the quantum
fluctuation in the parameter regimes when J � J 0, D or
J 0 � J,D. In these regimes, one may first consider the
tetrahedron with the strongest coupling and treat other
couplings as perturbations. The ground state in these
regimes might be non-magnetic and will be addressed in
the future work. For the purpose of the current work, we
will focus on the ordered ground states in Fig.X.

Magnon Weyl nodes and surface states.

Although region I and III of the phase diagram have the
same magnetic ordering structure, the magnetic excita-
tions of the two regions are distinct in a topological man-
ner. Without losing any generality, we choose ✓ = ⇡/2
and thus fix the magnetic order to orient along the ŷ
directions of the local coordinate systems. Using the lin-
ear spin-wave theory, we obtain the magnetic excitation
spectrum with respect to this magnetic state in region I
and III. In Fig.X, we depict a representative excitation
spectrum along the high symmetry lines in the Brillouin
zone for region I.

Here we comment on the magnon spectrum in Fig.X.
First of all, the gapless mode of the spectrum is simply an
artifact of the linear spin-wave approximation. Because
there is no symmetry that protects the gapless mode, a
small gap would eventually be created when the inter-
action between the Holstein-Primarko↵ bosons is taken
into account. Secondly, the spectrum in Fig.X has a lin-
ear band touching at the momentum point from � to X.
In fact, as we show in Fig.X, there are in total four such

FIG. 3. (Color Online.) (a) The spin wave spectrum along
high symmetry momentum lines. (b) Four Weyl nodes are
located at (±k0, 0, 0), (0,±k0, 0) with k0 = 1.072⇡. Red and
blue indicate the opposite chirality. We have set D = 0.2J ,
J

0 = 0.6J and ✓ = ⇡/2 in the plots.

linear band touchings. These linear band touchings occur
at a finite energy and are the Weyl nodes of the magnon
spectrum. Just like the Weyl nodes in the electronic band
structure of Weyl semimetals [2], the magnon Weyl nodes
are sources and sinks of Berry curvatures and are char-
acterized by the chirality number that takes ±1. Unlike
the Weyl semimetal in the electron systems where one
can tune the Fermi energy to the Weyl nodes by varying
the electron density, the magnon Weyl nodes of our sys-
tem must appear at finite energies because of the bosonic
nature of magnons. Likewise, due to the bulk-edge cor-
respondence, the chiral surface magnon arc states also
appear at the finite energy and connect the bulk magnon
Weyl nodes with opposite chiralites (see Fig.X).
Once the magnon Weyl nodes emerge in the magnon

spectrum, they are robust and thus exist over a finite
regime in the parameter space. We find that the magnon
Weyl nodes exist in region I. As one varies the couplings
towards the phase boundary with region III, the magnon
Weyl nodes move together, get annihilated in pairs and
disappear in the spectrum. In region III, there is no Weyl
band crossing, and this is what really distinguishes region
III from region I.
When we apply an external magnetic field to the sys-

tem, the spin only couples to the field via a Zeeman cou-
pling. This is quite di↵erent from the couplings to the
magnetic field of the Weyl semimetal in the electron sys-
tems where there exists an orbital coupling in addition
to the Zeeman coupling. Because of this di↵erence, the
magnetic field merely shifts the positions of the magnon
Weyl nodes for our system while in the electron systems
the magnetic field converts the Weyl band touchings into
dispersive Landau bands. Therefore, the magnetic field
can be used to manipulate the Weyl nodes. To demon-
strate this explicitly, we apply a magnetic field along the
global z direction. The magnetic field modifies the clas-
sical ground state and indirectly changes the spin-wave
Hamiltonian. As we show in Fig.X, ....

Discussion.

points in the local xy plane, and the angular variable y captures
the U(1) degeneracy. This is the same form of degeneracy found
for the S¼ 1/2 pyrochlore Er2Ti2O7 in ref. 19, where it was noted
that the degeneracy is accidental, that is, not protected by any
symmetry, and hence will be lifted by quantum fluctuations. The
same holds for the breathing pyrochlore, as we show now using
linear spin-wave theory. We introduce the Holstein–Primakoff
bosons to express the spin operators as Si " m̂i¼S# awi ai,
Si " ẑi¼ 2Sð Þ1=2ðaiþ awi Þ=2, and Si " m̂i'ẑið Þ¼ 2Sð Þ1=2ðai#awi Þ= 2ið Þ.
Keeping terms in the spin Hamiltonian H up to the quadratic
order in the Holstein–Primakoff bosons, one can readily write
down the spin-wave Hamiltonian as

Hsw ¼
P

k

P
m;n

Amn kð Þayk;mak;nþBmn kð Þa# k;mak;n

h

þ B(mn # kð Þayk;may# k;n

i
þEcl;

ð3Þ

where Ecl is the classical ground state energy, and Amn, Bmn satisfy
Amn kð Þ¼A(nm kð Þ, Bmn kð Þ¼Bnm # kð Þ and depend on the angular
variable y. Although the classical energy Ecl is independent of y
due to the U(1) degeneracy, the quantum zero point energy DE of
the spin-wave modes depends on y, and is given by
DE¼

P
k

P
m

1
2 om kð Þ#Amm kð Þ
! "

, where om(k) is the excitation
energy of the m-th spin-wave mode at momentum k and is
determined for every classical spin ground state. The minimum of
DE occurs at y¼p/6þ np/3 (np/3) with n 2 Z in regions I and II
(region III). The discrete minima and the corresponding
magnetic orders are equivalent under space group symmetry
operations. The U(1) degeneracy of the classical ground states is
thus broken by quantum fluctuations. This is the well-known
phenomenon known as quantum order by disorder19–22. The
resulting optimal state is a non-collinear one in which each spin
points along its local [112] ([1!10]) lattice direction in regions I
and II (region III), see Fig. 2.

To obtain the phase diagram in Fig. 1, we have implemented
the semiclassical approach and included the quantum fluctuation
within linear spin-wave theory. This treatment may under-
estimate the quantum fluctuation in the parameter regimes when
JcJ0, D or J0cJ, D. In the latter regimes, one may first consider
the tetrahedron with the strongest coupling and treat other
couplings as perturbations. The ground state in these regimes is
likely to be non-magnetic and will be addressed in the future
work. For the purpose of the current work, we will focus on the
ordered ground states in Figs 1 and 2.

Magnon Weyl nodes and surface states. Regions I and II have
the same magnetically ordered structure with the same order
parameter and belong to the same phase. Although the ground
states are characterized by the same order parameter, the
magnetic excitations of the two regions are topologically distinct.
The magnetic excitation in region I has Weyl band touchings,
while the region II does not. To further clarify this, we choose
y¼p/2 and thus fix the magnetic order to orient along the ŷ
directions of the local coordinate systems. Using linear spin-wave
theory, we obtain the magnetic excitation spectrum with respect
to this magnetic state for regions I and II. In Fig. 3a, we depict a
representative excitation spectrum along the high-symmetry lines
in the Brillouin zone for region I.

Two qualitative features are clear in the magnon spectrum of
Fig. 3a. First, we observe a gapless mode at the G point. This
pseudo-Goldstone mode is an artifact of the linear spin-wave
approximation, and a small gap is expected to be generated by
anharmonic effects19. Secondly, the spectrum in Fig. 3a has a
linear band touching at a point along the line between G and X. In
fact, as we show in Fig. 3b, there are in total four such linear band
touchings. The bands separate linearly in all directions away from
these touchings, which are thus Weyl nodes in the magnon
spectrum. Just like Weyl nodes of non-degenerate electron
bands8, the magnon Weyl points are sources and sinks of Berry
curvature and are characterized by a discrete chirality taking
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Figure 2 | Quantum zero point energy and the magnetic order. We have chosen the representative parameters in regions I and III with D¼0.2J,
J0¼0.6J in (a) and D¼0.05J, J0¼0.6J in (c), respectively. (b) The magnetic order in regions I and II with y¼ p/2 and the spins pointing along the local ŷ.
(d) The magnetic order in region III with y¼0 and the spins pointing along the local x̂.
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Unique properties of topological Weyl magnon

However, there are some conditions under which Weyl points
are prohibited. In particular, many magnetically ordered systems
possess not time-reversal but a complex conjugation symmetry C.
This is the case for any Heisenberg Hamiltonian with a collinear
ordered ground state, but it can occur more generally. If, in
addition, the system possesses inversion symmetry P, then Weyl
points are prohibited. This can be understood from the Berry
curvature24,25, Om kð Þ¼iEmnl @nk @lkjh i, defined in terms of the
exact magnon eigenstates |ki of a given magnon band. The Berry
curvature is an effective magnetic field in momentum space, and a
Weyl point is defined as a delta-function source (divergence) of
this curvature. If P is valid, one has Om(k)¼Om($ k), while C
implies Om(k)¼ $Om($ k). Hence the combination requires
Om(k)¼ 0, prohibiting any Berry curvature at all, and also
obviously Weyl points.

This shows that in the simplest magnetically ordered systems,
Weyl points are not allowed. There may be other conditions
prohibiting Weyl points, or constraining them. A trivial condition
is that one needs at least two magnon bands to form Weyl points,
which prohibits them in some simple ferromagnets. In the case
studied in this paper a two-fold rotation axis locks the Weyl
points along the G–X axes. A full treatment of the necessary and
sufficient conditions for Weyl points may be part of a topological
spin-wave theory26,27, to be developed in the future.

Now we turn to experimental implications. The most natural
probe of the bulk magnon Weyl nodes as well as the surface
magnon arc states is inelastic neutron scattering. Because of the
surface dependence of the magnon arc states, one could study the
system with different slab geometries and surface orientations.
For example, for the [11!1] surfaces, one would observe two
disconnected arcs on both up and down surfaces (Fig. 4). In
contrast, one would observe two loops across the surface Brillouin
zone for the [110] surfaces because two pairs of Weyl nodes with
different chiralities are projected onto the same points (Methods).

The Weyl magnon can be potentially detected optically. Close
to the Weyl nodes, a vertical transition can occur with arbitrarily
small energy. Because the lower state is empty at zero temperature
in equilibrium, it may be beneficial to use a pump-probe
approach to measure the optical absorption. Then one may be
able to observe optical absorption at low frequency28, when the

lower magnon bands have enough population. In addition to the
spectroscopic property, the presence of the Weyl magnon
spectrum may lead to a thermal Hall effect, just like the Weyl
fermion that gives rise to the anomalous Hall current in electronic
systems29,30. Furthermore, one could use magnetic field to
control thermal Hall signal31–33 despite the absence of the
Lorentz coupling of the spin to the external magnetic field. Again
due to population effects, the thermal Hall signal from Weyl
magnons will be suppressed at low temperature, but could be
enhanced by optical pumping.

Although the existing experiments suggest that both
LiGaCr4O8 and LiInCr4O8 develop the antiferromagnetic
long-range orders at low temperature13,14, the precise structures
of the magnetic order in these two systems are not yet clear at this
stage. Therefore, it is certainly of interest to confirm the magnetic
order and detect possible Weyl magnon excitations in these
systems and other three dimensional Mott insulators with
long-range magnetic orders.

To summarize, we have studied a realistic spin model on
the Cr-based breathing pyrochlore lattice. We show that
the combination of the single-ion spin anisotropy and the
superexchange interaction leads to novel magnetically ordered
ground states. Remarkably, the magnetic excitations in a large
parameter regime develops magnon Weyl nodes in the magnon
spectrum. We expect that Weyl magnons may exist broadly in
many ordered magnets. We propose a number of experiments
that can test the presence of the Weyl magnons.

a

d e f

b c

Figure 5 | The evolution of Weyl nodes under the magnetic field. Applying a magnetic field along the global z direction, B¼Bẑ, Weyl nodes are shifted
but still in kz¼0 plane. They are annihilated at G when magnetic field is strong enough. Red and blue indicate the opposite chirality. (a,f): B¼0, 0.1J,
0.5J, 0.9J, 1.0J, 1.1J. We have set D¼0.2J, J0¼0.6J and y¼p/2.

Table 1 | The local axis for the four sublattices of the
breathing pyrochlore lattice.

l x̂l ŷl ẑl

1 1ffiffi
2
p !110½ & 1ffiffi

6
p !1!12½ & 1ffiffi

3
p 111½ &

2 1ffiffi
2
p !1!10½ & 1ffiffi

6
p !11!2
" #

1ffiffi
3
p 1!1!1½ &

3 1ffiffi
2
p 110½ & 1ffiffi

6
p 1!1!2
" #

1ffiffi
3
p !11!1½ &

4 1ffiffi
2
p 1!10½ & 1ffiffi

6
p 112½ & 1ffiffi

3
p !1!11½ &

The letter m refers to the sublattice, and x̂m ; ŷm ; ẑm
$ %

defines the local coordinate system at the
m-th sublattice.
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Holstein-Primarko↵ bosons, one can readily write down
the spin wave Hamiltonian as

Hsw =
P

k

P
µ,⌫ [Aµ⌫(k)a

†
k,µak,⌫ +Bµ⌫(k)a�k,µak,⌫

+B⇤
µ⌫(�k)a†k,µa

†
�k,⌫ ] + Ecl, (3)

where Ecl is the classical ground state energy, and Aµ⌫ ,
Bµ⌫ satisfy Aµ⌫(k) = A⇤

µ⌫(k), Bµ⌫(k) = Bµ⌫(�k) and
depend on the angular variable ✓. Although the clas-
sical energy Ecl is independent of ✓ due to the U(1)
degeneracy, the quantum zero point energy �E of the
spin wave modes depends on ✓ and is given by �E =P

k

P
µ

1
2 [!µ(k) � Aµµ(k)], where !µ(k) is the excita-

tion energy of the µ-th spin wave mode at momentum k

and is determined for every classical spin ground state.
The minimum of �E occurs at ✓ = ⇡/6 + n⇡/3 (n⇡/3)
with n 2 Z in region I and III (region II). The U(1)
degeneracy of the classical ground states is thus broken
by quantum fluctuations. This is the well-known phe-
nomenon known as “quantum order by disorder” [11–13].
The resulting state is a non-collinear state and the spin
is pointing along the local h112i (h11̄0i) lattice direction
at each sublattice in region I and III (region II).

To obtain the phase diagram in Fig.X, we have im-
plemented the semiclassical approach and included the
quantum fluctuation within the linear spin wave anal-
ysis. This treatment may underestimate the quantum
fluctuation in the parameter regimes when J � J 0, D or
J 0 � J,D. In these regimes, one may first consider the
tetrahedron with the strongest coupling and treat other
couplings as perturbations. The ground state in these
regimes might be non-magnetic and will be addressed in
the future work. For the purpose of the current work, we
will focus on the ordered ground states in Fig.X.

Magnon Weyl nodes and surface states.

Although region I and III of the phase diagram have the
same magnetic ordering structure, the magnetic excita-
tions of the two regions are distinct in a topological man-
ner. Without losing any generality, we choose ✓ = ⇡/2
and thus fix the magnetic order to orient along the ŷ
directions of the local coordinate systems. Using the lin-
ear spin-wave theory, we obtain the magnetic excitation
spectrum with respect to this magnetic state in region I
and III. In Fig.X, we depict a representative excitation
spectrum along the high symmetry lines in the Brillouin
zone for region I.

Here we comment on the magnon spectrum in Fig.X.
First of all, the gapless mode of the spectrum is simply an
artifact of the linear spin-wave approximation. Because
there is no symmetry that protects the gapless mode, a
small gap would eventually be created when the inter-
action between the Holstein-Primarko↵ bosons is taken
into account. Secondly, the spectrum in Fig.X has a lin-
ear band touching at the momentum point from � to X.
In fact, as we show in Fig.X, there are in total four such

FIG. 3. (Color Online.) (a) The spin wave spectrum along
high symmetry momentum lines. (b) Four Weyl nodes are
located at (±k0, 0, 0), (0,±k0, 0) with k0 = 1.072⇡. Red and
blue indicate the opposite chirality. We have set D = 0.2J ,
J

0 = 0.6J and ✓ = ⇡/2 in the plots.

linear band touchings. These linear band touchings occur
at a finite energy and are the Weyl nodes of the magnon
spectrum. Just like the Weyl nodes in the electronic band
structure of Weyl semimetals [2], the magnon Weyl nodes
are sources and sinks of Berry curvatures and are char-
acterized by the chirality number that takes ±1. Unlike
the Weyl semimetal in the electron systems where one
can tune the Fermi energy to the Weyl nodes by varying
the electron density, the magnon Weyl nodes of our sys-
tem must appear at finite energies because of the bosonic
nature of magnons. Likewise, due to the bulk-edge cor-
respondence, the chiral surface magnon arc states also
appear at the finite energy and connect the bulk magnon
Weyl nodes with opposite chiralites (see Fig.X).
Once the magnon Weyl nodes emerge in the magnon

spectrum, they are robust and thus exist over a finite
regime in the parameter space. We find that the magnon
Weyl nodes exist in region I. As one varies the couplings
towards the phase boundary with region III, the magnon
Weyl nodes move together, get annihilated in pairs and
disappear in the spectrum. In region III, there is no Weyl
band crossing, and this is what really distinguishes region
III from region I.
When we apply an external magnetic field to the sys-

tem, the spin only couples to the field via a Zeeman cou-
pling. This is quite di↵erent from the couplings to the
magnetic field of the Weyl semimetal in the electron sys-
tems where there exists an orbital coupling in addition
to the Zeeman coupling. Because of this di↵erence, the
magnetic field merely shifts the positions of the magnon
Weyl nodes for our system while in the electron systems
the magnetic field converts the Weyl band touchings into
dispersive Landau bands. Therefore, the magnetic field
can be used to manipulate the Weyl nodes. To demon-
strate this explicitly, we apply a magnetic field along the
global z direction. The magnetic field modifies the clas-
sical ground state and indirectly changes the spin-wave
Hamiltonian. As we show in Fig.X, ....

Discussion.

4

FIG. 4. (Color Online.) Surface states of a slab (cut in [110]
direction) by setting D = 0.2J , J 0 = 0.6J and ✓ = ⇡/2. (a)
Surface band in surface Brillouin zone(k1-k2 plane). States
with E = EWeyl form (red) arcs connecting the projection of
Weyl nodes (Pink and Light Blue, only four nodes indepen-
dent). States near the two longer(shorter) arcs are localized
in one(another) boundary. The chiral semi-classical velocity
of states can be implied by the gradient of the band, there
is no net current in each boundary due to cancellation. (b)
Dispersion along (k,⇡) (Blue, Dashed line in (a)): projected
bulk spectrum(Blue), chiral edge states(Red), Eweyl(Dashed,
Green).

The magnon Weyl nodes are magnetic excitations, there-
fore, inelastic neutron scattering is an ideal tool to de-
tect the bulk magnon Weyl nodes as well as the surface
magnon arc states in the excitation spectrum. Because
of the surface dependence of the magnon arc states, one
could probe the system with di↵erent slab geometries and
surface orientations. Like the Weyl fermion, the Weyl
magnon can be potentially detected optically [? ]. As it
appears at finite energies, one necessarily needs to use the
pump-probe approach to measure the optical absorption.
In addition to the spectoscopic property, the presence of
the Weyl magnon spectrum may lead to thermal Hall
e↵ect, just like the Weyl fermion that gives rise to the
anomalous Hall current in the electron systems [14, 15].
Moreover, one could use magnetic field to control thermal
Hall signal despite the absence of the Lorentz coupling
of the spin to the external magnetic field.

Although the exisiting experiments suggest that both
LiGaCr4O8 and LiInCr4O8 develop AFM long-range or-
ders at low temperature [7, 8], the precise structures of
the magnetic order in these two systems are not yet clear.
Therefore, it is certainly of interest to confirm the mag-
netic order and detect possible Weyl magnon excitations
in these systems.

To summarize, we have studied a realistic spin model
on the Cr-based breathing pyrochlore lattice. We show
that the combination of the single-ion spin anisotropy
and the superexchange interaction leads to conventional
magnetic ordered ground states. We further find that the
magnetic excitations in a large parameter regime devel-
ops magnon Weyl nodes in the magnon spectrum.

Methods (to be filled).

Present the local coordinate systems

Present spin wave Hamiltonian for all-in all-out state
and plot the gapped spectrum

Present spin wave Hamiltonian for the other state and
plot the magnon spectrum that has no weyl nodes
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FIG. 3. The (gapped) magnetic excitations in the quantum para-
magnetic phase from the linear flavor wave theory. Notice the
existence of the triply degenerate nodes (red circle) in the spectrum,
see the main text for detailed discussion. In the inset of (a), the
twofold degenerate bands are split artificially for demonstration. The
parameters are (a) D = −0.14J,Dz = 5J ; (b) D = 0.14J,Dz = 5J .
The high symmetry momenta in the Brillouin zone are defined as
! = (0,0,0), X = (0,2π,0), W = (π,2π,0), L = (π,π,π ).

excitations. We find that, in the D < 0 region of the quantum
paramagnetic phase, the minima of the magnetic excitations
develop a line of degeneracies from ! to L in the momentum
space and a threefold degeneracy in the spin space at the
! point. In the D > 0 region of the quantum paramagnetic
phase, the band minima of the two lowest bands touch at the
! point with an accidental twofold degeneracy in the spin
space. Both the momentum space degeneracy and the spin
space degeneracy are not protected by any symmetry of the
spin Hamiltonian. We expect the emergent degeneracy to be
lifted when we go beyond the linear flavor wave theory and
include the interaction between the flavor bosons.

C. Critical properties from flavor wave theory

As we further increase the exchange interaction from the
quantum paramagnet, the gap of the magnetic excitations
gradually diminishes. Eventually, as the gap is closed, phase
transition happens and the system develops magnetic orders.
To understand the critical properties, we examine the transition
from the flavor wave theory. In the D < 0 region, the degen-
erate modes along the momentum line from ! to L become
critical at the same time as the gap is closed, see Fig. 4(a).
Because of the line degeneracy, there is an enhanced density of
states at low energies at the criticality, and we would expect the

FIG. 4. The magnetic excitations on the phase boundary of the
quantum paramagnet, obtained from the linear flavor wave theory.
The excitation gap is closed. The parameters are (a) D = −0.17J ,
Dz = 5J ; (b) D = 0.17J , Dz = 5J .

specific heat Cv ∼ T 2 behavior at low temperatures from the
mean-field theory. The zero-temperature limit of the specific
heat should be modified because the fluctuations break the
momentum space degeneracy and lead to discrete degeneracy.
In the D > 0 region, as the system approaches the criticality,
only the ! point becomes critical, see Fig. 4(b), and we expect
a simple Cv ∼ T 3 at the mean-field level and a logarithmic
correction when the fluctuations beyond the mean field are
included. The critical modes also contain information on the
proximate magnetic orders out of the quantum paramagnetic
phase, which is discussed and compared with the mean-field
theory from the ordered phase side in the next section (see Sec.
IV G).

D. Flavor wave excitations

In the flavor wave excitation spectrum, there exist triply
degenerate nodes along !-X and symmetry equivalent momen-
tum directions, indicated by red circles in Fig. 3. In the insets
of Fig. 3, we sketch that there are twofold degenerate bands
near the triply degenerate nodes. This twofold band degeneracy
is protected by a glide symmetry, which can be realized
by a reflection in the (100) plane followed by a fractional
translation (1/2,1/4,3/4) in our origin choice [see Fig. 2(a)].
This symmetry operation keeps the !-X line invariant and
permutes the sublattices as 0 ↔ 1 and 2 ↔ 3. Since a generic
field removes the glide symmetry and lifts the twofold band
degeneracy, one can apply an external magnetic field to open
a gap in the position of a triply degenerate node.

045109-4

FEI-YE LI AND GANG CHEN PHYSICAL REVIEW B 98, 045109 (2018)

FIG. 3. The (gapped) magnetic excitations in the quantum para-
magnetic phase from the linear flavor wave theory. Notice the
existence of the triply degenerate nodes (red circle) in the spectrum,
see the main text for detailed discussion. In the inset of (a), the
twofold degenerate bands are split artificially for demonstration. The
parameters are (a) D = −0.14J,Dz = 5J ; (b) D = 0.14J,Dz = 5J .
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FIG. 7. Spin wave excitations of the ordered phases. The pa-
rameters are chosen as (a) D = −J,Dz = 0 (all-in all-out); (b)
D = J,Dz = −0.3J (splayed FM, the ferromagnetic component
is set along the global ẑ direction); (c) D = −0.3J,Dz = 0.6J

(coplanar XY AFM1, the configuration is set on the global xy

plane); (d) D = 0.1J,Dz = J,θ = π/3 (noncoplanar XY AFM); (e)
D = 0.5J,Dz = 0.1J,θ = 5π/6 (coplanar XY AFM2). We plot the
Brillouin zone of the pyrochlore lattice and indicate the high symmetry
lines in (f). Green circles in (b), (d), and (e) indicate band touchings
belong to certain nodal lines, shown in Fig. 8.

point, under the requirement that the magnitudes of the ordered
moments at each sublattice are uniform. This magnetic order is
exactly the coplanar XY AFM1 state that is discussed in Sec.
IV C. The same line degeneracy in momentum space is also
found in the mean-field treatment from the ordered phase side
if one softens the local constraint for the magnetic orders, and
again only the coplanar XY AFM1 state survives under the
local constraint, which is consistent with the result obtained
from the flavor wave approach.

On the upper right part of the phase diagram, the band
minimum of the flavor wave excitation in the quantum para-
magnet appears at the # point and has two degenerate modes.
The degenerate modes, when they are condensed, lead to the
magnetic order with a continuous U (1) degeneracy, which is
precisely theU (1) degeneracy that is discussed in Sec. IV D and
Sec. IV E. The detailed construction of the proximate orders
from the flavor wave approach can be found in Appendix D.

H. Topological magnons and spin wave excitations
of the ordered phases

In Fig. 7, we plot the spin wave excitation of each or-
dered phase along high symmetry lines in the Brillouin zone.
As expected, the spectra in Figs. 7(a), 7(b) and 7(c) are
fully gapped while in Figs. 7(d) and 7(e), there are gapless
pseudo-Goldstone modes at #, reflecting the continuous U (1)
degeneracy in the mean-field ground state manifold. Since the

FIG. 8. The nodal lines and Weyl nodes of the spin wave exci-
tation. (a) For the same parameters as in Fig. 7(b), there is a nodal
contour on the (001) plane (gray) of the reciprocal space. The band
touching shown in Fig. 7(b) is indicated by a green dot here. Moreover,
there exists a pair of Weyl nodes along the z axis, indicated by red
dots. (b) For the same parameters as in Fig. 7(d), there is a nodal
contour on the (001) plane (gray) of the reciprocal space too. Again
the band touching shown in Fig. 7(d) is indicated by a green dot. (c)
For the same parameters as in Fig. 7(e), the nodal lines form a cagelike
structure. One nodal contour is located on the (001) plane (gray) and
intersects with the other four nodal lines, of which two are located on
the (110) plane and the other two are located on the (11̄0) plane. The
two band touchings shown in Fig. 7(e) are indicated by green dots.

degeneracy is accidental, a small gap is expected when we go
beyond the linear spin wave approximation.

We further explore the topological spin wave modes in the
spectrum. Besides the Weyl nodes (see Fig. 8), we find extra
doubly degenerate band touchings, labeled by green circles
in Fig. 7. These touchings belong to certain nodal lines (see
Fig. 8). Since these magnon excitations are bosonic, they occur
at the finite energies. These topological magnons [88–95] are
magnetic analogues of the electronic topological semimetals
[96,97].

V. DISCUSSION

A. Summary of theoretical results

In this paper, we have proposed a generic spin model to
describe the interacting spin-one moments on the pyrochlore
lattice. We have established a global phase diagram with very
rich phases for this model using several different and comple-
mentary methods. The magnetic ordered states are understood
from both the mean-field theory and the instability of the
quantum paramagnetic phase. The relations between different
phases are further clarified. Both the magnetic structures of the
ordered phases and the corresponding elementary excitations
are carefully studied. We point out the existence of degenerate
and topological excitations. While these results are valid within
the approximation that we made, we would like to point out
the caveat of our theoretical results. We expect that our results
break down when the system approaches the Heisenberg limit.
Thus, the phases in the vicinity of the Heisenberg model of
Fig. 1 are expected to be altered, and more quantum treatment is
needed. The ground state for the pyrochlore lattice Heisenberg
model is one of the hardest problems in quantum magnetism.
The early theoretical attempts provide insights for the classical
limit [98,99]. Due to the extensive classical ground state
degeneracy, the quantum fluctuation is deemed to be very
strong when the quantum nature of the spins is considered.
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the (110) plane and the other two are located on the (11̄0) plane. The
two band touchings shown in Fig. 7(e) are indicated by green dots.

degeneracy is accidental, a small gap is expected when we go
beyond the linear spin wave approximation.

We further explore the topological spin wave modes in the
spectrum. Besides the Weyl nodes (see Fig. 8), we find extra
doubly degenerate band touchings, labeled by green circles
in Fig. 7. These touchings belong to certain nodal lines (see
Fig. 8). Since these magnon excitations are bosonic, they occur
at the finite energies. These topological magnons [88–95] are
magnetic analogues of the electronic topological semimetals
[96,97].

V. DISCUSSION

A. Summary of theoretical results

In this paper, we have proposed a generic spin model to
describe the interacting spin-one moments on the pyrochlore
lattice. We have established a global phase diagram with very
rich phases for this model using several different and comple-
mentary methods. The magnetic ordered states are understood
from both the mean-field theory and the instability of the
quantum paramagnetic phase. The relations between different
phases are further clarified. Both the magnetic structures of the
ordered phases and the corresponding elementary excitations
are carefully studied. We point out the existence of degenerate
and topological excitations. While these results are valid within
the approximation that we made, we would like to point out
the caveat of our theoretical results. We expect that our results
break down when the system approaches the Heisenberg limit.
Thus, the phases in the vicinity of the Heisenberg model of
Fig. 1 are expected to be altered, and more quantum treatment is
needed. The ground state for the pyrochlore lattice Heisenberg
model is one of the hardest problems in quantum magnetism.
The early theoretical attempts provide insights for the classical
limit [98,99]. Due to the extensive classical ground state
degeneracy, the quantum fluctuation is deemed to be very
strong when the quantum nature of the spins is considered.
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TABLE I. A list of candidate spin-one pyrochlore materials. The null entries mean that the data is not available.

Materials Magnetic ions !CW Magnetic transitions Magnetic structure Refs

NaCaNi2F7 Ni2+(3d8) −129 K glassy transition at 3.6 K spin glass [66]
Y2Ru2O7 Ru4+(4d4) −1250 K AFM transition at 76 K noncollinear AFM Q = 0 [100]
Tl2Ru2O7 Ru4+(4d4) −956 K structure transition at 120 K gapped paramagnet [101]
Eu2Ru2O7 Ru4+(4d4) - Ru order at 118 K Ru order [102]
Pr2Ru2O7 Ru4+(4d4), Pr3+(4f 2) −224 K Ru AFM order at 162 K Ru AFM order [103,104]
Nd2Ru2O7 Ru4+(4d4), Nd3+(4f 3) −168 K Ru AFM order at 143 K Ru AFM order [105]
Gd2Ru2O7 Ru4+(4d4), Gd3+(4f 7) −10 K Ru AFM order at 114 K Ru AFM order Q = 0 [106]
Tb2Ru2O7 Ru4+(4d4), Tb3+(4f 8) −16 K Ru AFM order at 110 K Ru AFM order Q = 0 [107]
Dy2Ru2O7 Ru4+(4d4), Dy3+(4f 9) −10 K Ru AFM order at 100 K Ru AFM order [108]
Ho2Ru2O7 Ru4+(4d4), Ho3+(4f 10) −4 K Ru AFM order at 95 K Ru FM order Q = 0 [109,110]
Er2Ru2O7 Ru4+(4d4), Er3+(4f 11) −16 K Ru AFM order at 92 K Ru AFM order Q = 0 [111,112]
Yb2Ru2O7 Ru4+(4d4), Yb3+(4f 13) - Ru AFM order at 83 K Ru AFM order [110]
Y2Mo2O7 Mo4+(4d2) −200 K Mo spin glass at 22 K Mo spin glass [113–116]
Lu2Mo2O7 Mo4+(4d2) −160 K Mo spin glass at 16 K Mo spin glass [117]
Tb2Mo2O7 Mo4+(4d2), Tb3+(4f 8) 20 K spin glass at 25 K spin glass [118–120]

experience a glassylike transition at 23 K [102]. The precise
nature of the Ru order is not known.

The Ru materials with the unquenched rare-earth moments
contain richer physics than the ones with nonmagnetic rare-
earth moments. There are three energy scales to consider.
From high to low in the energy scales, we would list them
as Ru-Ru exchange interaction, f -d exchange between the
Ru moments and rare-earth moments, and the exchange and
dipolar interactions between the rare-earth moments. This
hierarchical energy structure arises from the different spatial
extension of the 4d electrons and the 4f electrons. Since the
Ru-Ru exchange interaction would be the dominant one, we
would expect the Ru moments to develop structures at higher
temperatures and influence the rare-earth moments via the f -d
exchange. The existing experiments support this view [18].

The experimental study on these rare-earth based Ru py-
rochlores has not been quite systematic yet. Only limited exper-
imental information is available. We here focus the discussion
on the systems with more known results. Ho2Ru2O7 was
studied using neutron scattering measurements in a nice paper
[109] by C.R. Wiebe et al. The authors revealed the Ru moment
order at ∼95 K and the Ho moment order at ∼1.4 K. The high
temperature Ru magnetic order is consistent with the splayed
FM with a splayed angle α ≈ 41◦. Under the internal exchange
field from the Ru order, the Ho moment further develops a
magnetic order at a lower temperature. Despite the agreement
between the experimental order and theoretical result, further
measurement of the magnetic excitation within the splayed FM
can be useful to identify nontrival magnon modes. Reference
[112] carried out a powder neutron scattering measurement
on Er2Ru2O7 and proposed a Q = 0 ordered state with a
collinear antiferromagnetic magnetic order along the ⟨001⟩
lattice direction for the Ru moments. Like the Ho2Ru2O7,
the Er moments develop a magnetic order at a much lower
temperature while the Ru moment ordering occurs at a higher
temperature and should be understood first. To stabilize the
collinear order for the Ru moments, one may need a biquadratic
spin interaction [122,123]. This collinear state is actually not
among the ordered states that we find. We suspect that one
ordered state in Fig. 5, especially the coplanar XY AFM2

state or the noncoplanar XY AFM state, may also explain the
existing data, e.g., observed magnetic reflection intensities, for
Er2Ru2O7. More experiments are needed to sort out the actual
magnetic order in this material.

Because the Ru spin-1 moments in these materials often or-
der at a higher temperature, it would be interesting to examine
the precise magnetic structure and the magnetic excitations
in the future experiments and compare with the theoretical
prediction. Future theoretical directions in these systems at
least include the understanding of the f -d exchange between
the rare-earth moments and the Ru moments and the magnetic
properties of the rare-earth subsystem [124]. Thef -d exchange
significantly depends on the nature of the rare-earth moment,
i.e., whether it is Kramers doublet, non-Kramers doublet, or
dipole-octupole doublet. As a result, the Ru molecular or
internal exchange field on the rare-earth subsystem not only
depends on the magnetic structure of the Ru subsystem but
also depends on the form of the f -d exchange. This may give
rise to rich magnetic structures and properties on the rare-earth
subsystems in the ordered phase of the Ru subsystems.

It is interesting to compare the spin-1 Ru pyrochlores
with the rare-earth osmates (A2Os2O7) and molybedates
(A2Mo2O7). The Os4+ ion has a 5d4 electron configuration,
and spin-orbit coupling is stronger than Ru4+. As a result,
rather than forming a S = 1 local moment, the magnetic
moment of the Os4+ ion is strongly suppressed by the spin-orbit
coupling that would favor a spin-orbital singlet in the strong
spin-orbit coupling limit [125–127]. Unlike the insulating
Ru-based pyrochlores, most Mo-based pyrochlore materials
are metallic [18]. The Mo4+ has a 4d2 electron configuration.
The metallic behavior is probably because the Hund’s coupling
suppresses the correlation effect and induces Hund’s metals
[128]. Instead of developing magnetic orders, the insulating
ones (Y2Mo2O7, Lu2Mo2O7, and Tb2Mo2O7) all show spin
glassy behaviors. The origin of the spin glass in these geometri-
cally frustrated pyrochlore molybedates remains a puzzle in the
field [18]. It is possible that the orbital occupation of the Mo4+

ion is not given by Fig. 10(a) and is instead given by Fig. 10(b).
In that case, the Mo local moment contains an unquenched
orbital degree of freedom, and the orbital and spin interact
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The Heisenberg point requires more “quantum” treatment 

Heisenberg point D = 0, Dz = 0
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 fundamental distinctions 

between spin-1/2 and spin-1

Discussion I
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Relation to spin-3/2 pyrochlores:

Local spin anisotropy acts on it quite differently, 
The quantum paramagnetic phase is absent since no 
Sz=0 state. 

The same model actually applies to the spin-3/2 
pyrochlore materials (e.g. Mn-based pyrochlores)

The magnetic orders, if they occur, would be similar to 
the spin-1 pyrochlore system. The magnetic excitations 
would have similar properties, too.

Discussion II

Dz(Si · ẑi)2
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Summary

Fei-Ye Li, GC, PRB 98, 045109 (2018)

Fei-Ye Li 
Fudan

1. We propose a minimal spin model for spin-1 pyrochlores 

2. The competing phases and topological excitations are discussed.  

3. Various materials’ realization and relevance are clarified. 


