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R2Ir2O7Ln2Ir2O7 Pyrochlores

• Series of materials shows systematic MITs

• Ir4+ has λ≈0.5eV
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T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
radius dependence of TMI.
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T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
radius dependence of TMI.
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Exotic perspective: slave-rotor Exotic Possibilities

• Topological Mott Insulator?
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Exotic phase: TMI

However, commensurate magnetic order in Eu2Ir2O7!
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Another perspective: Weyl semimetalWeyl semimetal?

• LDA+U calculations find Weyl state!

• They also pointed out very unusual surface 
states

WAN, TURNER, VISHWANATH, AND SAVRASOV PHYSICAL REVIEW B 83, 205101 (2011)

it was shown that the insulating ground states evolve from a
high-temperature metallic phase via a magnetic transition.9,10

The magnetism was shown to arise from the Ir sites, since it
also occurs in A = Y, Lu, where the A sites are nonmagnetic.
While its precise nature remains unknown, ferromagnetic
ordering is considered unlikely, since magnetic hysteresis is
not observed.

We show that electronic structure calculations can naturally
account for this evolution and point to a novel ground state.
First, we find that magnetic moments order on the Ir sites
in a noncollinear pattern with moment on a tetrahedron
pointing all in or all out from the center. This structure retains
inversion symmetry, a fact that greatly aids the electronic
structure analysis. While the magnetic pattern remains fixed,
the electronic properties evolve with correlation strength. For
weak correlations, or in the absence of magnetic order, a
metal is obtained, in contrast to the interesting topological
insulator scenario of Ref. 8. With strong correlations we find
a Mott insulator with all-in/all-out magnetic order. However,
for the case of intermediate correlations, relevant to Y2Ir2O7,
the electronic ground state is found to be a Weyl semimetal,
with linearly dispersing Dirac nodes at the chemical potential
and other properties described above.

We also mention the possibility of an exotic insulating
phase emerging when the Weyl points annihilate in pairs
as the correlations are reduced; we call it the θ = π axion
insulator. Although our LSDA + U + SO calculations find
that a metallic phase intervenes before this possibility is
realized, we note that local-density approximation (LDA)
systematically underestimates gaps, so this scenario could well
occur in reality. Finally, we mention that modest magnetic
fields could induce a reorientation of the magnetic moments,
leading to a metallic phase. Previous studies include Ref. 18, an
ab initio study which considered ferromagnetism. In Ref. 19,
the tight-binding model of Ref. 8 was extended to include
tetragonal crystal fields, but in the absence of magnetism. The
topological Dirac metal and axion insulator discussed here do
not appear in those works, largely due to the difference of
magnetic order from our study.

We begin by giving a brief overview of the theoretical
ideas that will be invoked in this work, before turning to our
LSDA + U calculations of magnetic and electronic structure
of the pyrochlore iridates. We then discuss the special surface
states that arise in the Weyl semimetal phase and close with
a comparison to existing experiments and conclusions. Our
results are summarized in the phase diagram Fig. 1.

I. WEYL SEMIMETALS AND INVERSION-SYMMETRIC
INSULATORS

Weyl points are points where the valence band and
conduction band touch. The excitations near each Weyl point
k0 are described by an effective Hamiltonian:

HD = E01 + v0 · q1 +
3!

i=1

vi · qσi . (1)

Energy is measured from the chemical potential, q = k − k0
and (1, σi) are the identity matrix and three Pauli matrices,
respectively. This Hamiltonian is obtained by expanding the

FIG. 1. (Color online) Sketch of the predicted phase diagram
for pyrochlore iridiates. The horizontal axis corresponds to the
increasing interaction among Ir 5d electrons while the vertical axis
corresponds to external magnetic field, which can trigger a transition
out of the noncollinear “all-in/all-out” ground state, which has several
electronic phases.

full Hamiltonian to linear order. No assumptions are needed
beyond the requirement that the two eigenvalues become
degenerate at k0. The velocity vectors vi are generically
nonvanishing and linearly independent. The energy dispersion

is conelike, $E = v0 · q ±
"#3

i=1(vi · q)2. One can assign a
chirality (or chiral charge) c = ±1 to the fermions defined as
c = sgn(v1 · v2 × v3). Note that, since the 2 × 2 Pauli matrices
appear, our Weyl particles are two-component fermions. In
contrast to regular four component Dirac fermions, it is not
possible to introduce a mass gap. The only way for these modes
to disappear is if they meet with another two-component Weyl
fermion in the Brillouin zone, but with opposite chiral charge.
Thus, they are topological objects. By inversion symmetry, the
band touchings come in pairs, at k0 and −k0, and these have
opposite chiralities (since the velocity vectors are reversed).

This semimetallic behavior would not occur (generically)
in a system without magnetic order. In materials such as
bismuth, with both time reversal and inversion symmetry,
Dirac fermions always contain both left- and right-handed
components and are thus typically gapped.20

When the compound has stoichiometric composition, and
all the Weyl points are related by symmetry, the Fermi energy
can generically line up with the energy of the touching points.
Under these circumstances, the density of states is equal to
zero and the behavior of the Weyl fermions controls the
low-temperature physics of the solid. For example, the ac
conductivity should have a particular frequency dependence,
and novel types of surface states should occur, as discussed
below. Because of the symmetry relating the Weyl points,
their energies E0 must coincide. Then, the Fermi energy is
fixed at the touching points because of the Kohn-Luttinger
theorem: At stoichiometry, there are an integer number of
electrons per unit cell. Hence, the Kohn-Luttinger theorem
implies that the volume of particlelike minus holelike Fermi
surfaces must be a multiple of the volume of the Brillouin

205101-2
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FIG. 4. (Color online) Semimetallic nature of the state at U =
1.5 eV according to the LSDA + U + SO method. (a) Calculated
energy bands in the plane Kz = 0 with band parities shown; (b) energy
bands in the plane kz = 0.6π/a, where a Weyl point is predicted to
exist. The lighter-shaded plane is at the Fermi level. (c) Locations
of the Weyl points in the three-dimensional Brillouin zone (Ref. 29)
(nine are shown, indicated by the circled + or − signs).

the parity eigenvalues. Note that all the magnetic structures
considered above preserve inversion (or parity) symmetry. In
the Brillouin zone [see Fig. 4(c)] of the fcc lattice the TRIMs
correspond to the " = (0, 0, 0), and X, Y,Z [=2π/a(1, 0, 0)
and permutations] points and four L points [π/a(1, 1, 1) and
equivalent points]. The TRIM parities of the top four occupied
bands, in order of increasing energy, are shown in Table II.
Note that, although by symmetry all L points are equivalent,
the choice of inversion center at an iridium site singles out one
of them, L′. With that choice the parities at L′ and the other
three L points are the opposite of one another. The parities
of the all-in/all-out state remains unchanged above U > Uc ∼
1.8 eV and is shown in the top row under U = 2 eV. This
pattern of parities helps to understand the nature of the phase:
The parities are the same as for a site-localized picture of this
phase, where each site has an electron with a fixed moment
along the ordering direction. Due to the possibility of such a
local description of this magnetic insulator, we term it the Mott
phase.

Intermediate correlations. For the same all-in/all-out mag-
netic configuration, at smaller U = 1.5 eV, the band structure

TABLE II. Calculated parities of states at TRIMs for several
electronic phases of the iridates. Only the top four filled levels are
shown, in order of increasing energy.

Phase " X, Y,Z L′ L (×3)
U = 2.0, all-in (Mott) ++++ + − − + + − − − −+++
U = 1.5, all-in (Dirac) ++++ + − − + + − − + −++ −

along high-symmetry lines [see Fig. 3(b)] also appears to be
insulating, and at first sight one may conclude that this is
an extension of the Mott insulator. However, a closer look
using the parities reveals that a phase transition has occurred.
At the L points, an occupied level and an unoccupied level
with opposite parities have switched places. It can readily
be argued that only one of the two phases adjacent to the
U where this crossing happens can be insulating (see the
Appendix). Since the large U phase is found to be smoothly
connected to a gapped Mott phase, it is reasonable to assume
the smaller U phase is the noninsulating one. This is also
borne out by the LSDA + U + SO band structure. A detailed
analysis perturbing about this transition point (also in the k · p
subsection) allows us to show that this phase is expected to be
a Weyl semimetal with 24 Weyl nodes in all.

Indeed, in the LSDA + U + SO band structure at U =
1.5 eV, we find a three-dimensional Dirac crossing located
within the "-X-L plane of the Brillouin zone. This is illustrated
in Fig. 4 and corresponds to the k vector (0.52,0.52,0.3)2π/a.
There also are five additional Weyl points in the proximity of
the point L related by symmetry (three are just inside each of
the two opposite hexagonal faces of the Brillouin zone, which
are identified with one another) When U increases, these points
move toward each other and annihilate all together at the L
point close to U = 1.8 eV. This is how the Mott phase is born
from the Weyl phase. Since we expect that for Ir 5d states the
actual value of the Coulomb repulsion should be somewhere
within the range 1 eV < U < 2 eV, we thus conclude that the
ground state of the Y2Ir2O7 is most likely the semimetallic
state with the Fermi surface characterized by a set of Weyl
points but in proximity to a Mott insulating state. Both phases
can be switched to a normal metal if Ir moments are collinearly
ordered by a magnetic field.

Possible axion insulator phase. At lower values of U a
second gapped phase with special properties may appear. This
phase can be characterized in terms of its magnetoelectric re-
sponse. Recall that in the presence of time-reversal symmetry,
topological insulators are nonmagnetic band insulators with
protected surface states.6 When the surface states are elimi-
nated by adding, for example, magnetic moments only on the
surface, a quantized magnetoelectric response is obtained:13

A magnetic field induces a polarization, P = θ e2

2πh
B, with the

coefficient θ only defined modulo 2π . The values of θ are
limited by time reversal, which transforms θ → −θ . Apart
from the trivial solution θ = 0, the ambiguity in the definition
of θ allows also for θ = π , and this occurs in topological
insulators θ = π . In magnetic insulators, θ is in general no
longer quantized.30 However, when inversion symmetry is
retained, θ is quantized again. An insulator with the value
θ = π may be termed an axion insulator.

What is the appropriate description of the pyrochlore
iridates? As described elsewhere,21 the condition for θ = π
insulators with only inversion symmetry, when deduced from
the parities, turns out to be the same as the Fu-Kane formula,
for time-reversal symmetric insulators;31,32 that is, if the total
number of filled states of negative parity at all TRIMs taken
together is twice an odd integer, then θ = π . Otherwise, θ = 0.

For the Mott insulator, at large U , the charge physics must
be trivial and so we must have θ = 0. Next, since the Weyl

205101-5
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state for this subsystem [see Fig. 5(b)]. Hence, this surface state
crosses zero energy somewhere on the surface Brillouin zone
kλ0 . Such a state can be obtained for every curve enclosing
the Weyl point. Thus, at zero energy, there is a Fermi line in
the surface Brillouin zone, that terminates at the Weyl point
momenta [see Fig. 5(c)]. An arc beginning on a Weyl point
of chirality c has to terminate on a Weyl point of the opposite
chirality. Clearly, the net chirality of the Weyl points within
the (λ, kz) torus was a key input in determining the number of
these states. If Weyl points of opposite chirality line up along
the kz direction, then there is a cancellation and no surface
states are expected.

In the calculations for Y2Ir2O7, at U = 1.5 eV, a Dirac
(or Weyl) node is found to occur at the momentum
(0.52,0.52,0.30)2π/a (in the coordinate system aligned with
the cubic lattice of the crystal) and equivalent points (see
Fig. 4). They can be thought of as occurring on the edges of a
cube, with a pair of Dirac nodes of opposite chirality occupying
each edge, as, for example, the points (0.52,0.52,0.30)2π/a
and (0.52,0.52,−0.30)2π/a. For the case of U = 1.5 eV, the
sides of this cube have the length 0.52(4π/a). Thus, the (111)
and (110) surfaces would have surface states connecting the
projected Weyl points [see Fig. 6 for the (110) surface states
and the theoretical expectation for the (111) surface]. If, on
the other hand, we consider the surface orthogonal to the (001)
direction, Weyl points of opposite chirality are projected to the
same surface momentum along the edges of the cube. Thus,
no protected states are expected for this surface.

To verify these theoretical considerations, we have con-
structed a tight-binding model which has features seen in our
electronic structure calculations for Y2Ir2O7. The calculated
(110) surface band structure for the slab of 128 atoms together
with the sketch of the obtained Fermi arcs is shown in Fig. 6.
This figure shows Fermi arcs from both the front and the back
face of the slab, so there are twice as many arcs coming out of
each Weyl point as predicted for a single surface.

The tight-binding model considers only t2g orbitals of Ir
atoms in the global coordinate system. Since Ir atoms form
a tetrahedral network (see Fig. 2), each pair of nearest-
neighboring atoms forms a corresponding σ -like bond whose
hopping integral is denoted as t and another two π -like
bonds whose hopping integrals are denoted as t ′. To sim-
ulate the appearance of the Weyl point it is essential to
include next-nearest-neighbor interactions between t2g orbitals
which are denoted as t ′′. With the parameters t = 0.2, t ′ =
0.5t , t ′′ = −0.2t , the value of the on-site spin-orbit coupling
equal to 2.5t and the applied on-site “Zeeman” splitting of 0.1t
between states parallel and antiparallel to the local quantization
axis of the all-in/all-out configuration we can roughly model
the bulk Weyl semimetal state; when this model is solved on a
lattice with a boundary, the surface states shown in the figure
appear.

V. DISCUSSION

We now discuss how the present theoretical description
compares with experimental facts. We propose that the low-
temperature state of Y2Ir2O7 (and also possibly of A =
Eu, Sm, and Nd iridates) is a Weyl semimetal, with all-
in/all-out magnetic order. This is broadly consistent with the

FIG. 6. (Color online) Surface states. The calculated surface
energy bands correspond to the (110) surface of the pyrochlore
iridate Y2Ir2O7. A tight-binding approximation has been used to
simulate the bulk band structure with three-dimensional Weyl points
as found by our LSDA + U + SO calculation. The plot corresponds
to diagonalizing 128 atoms slab with two surfaces. The upper inset
shows a sketch of the deduced Fermi arcs connecting projected
bulk Weyl points of opposite chirality. The inset below sketches the
theoretically expected surface states on the (111) surface at the Fermi
energy (surface band structure not shown for this case).

interconnection between insulating behavior and magnetism
observed experimentally.9,10 It is also consistent with being
proximate to a metallic phase on lowering the correlation
strength, such as A = Pr (Ref. 17). In the clean limit, a three-
dimensional Weyl semimetal is an electrical insulator and can
potentially account for the observed electrical resistivity. The
noncollinear magnetic order proposed has Ising symmetry
and could undergo a continuous ordering transition. The
observed “spin-glass”-like magnetic signature could perhaps
arise from defects like magnetic domain walls. A direct probe
of magnetism is currently lacking and would shed light on this
key question. At lower values of U , the system may realize
an “axion insulator” phase with a magnetoelectric response
θ = π , although within our calculations (which are known to
underestimate stability of such gapped phases) a Fermi surface
appears before this happens.

In summary, a theoretical phase diagram for the physical
system is shown in Fig. 1 as a function of U and applied
magnetic field, which leads to a metallic state beyond a critical
field. The precise nature of these phase transformations is not
addressed in the present study.

Note: An experimental paper35 appeared recently in which
it is found that the spins in a related compound (Eu2Ir2O7) form
a regularly ordered state rather than a spin-glass, consistent
with our results. It would be interesting to learn whether this
compound is a Weyl metal or not.
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(a) (b)

FIG. 1. a) Pyrochlore lattice of Ir atoms (large). The oxygens
(small) bridging the Ir’s in one unit cell are shown together
with the local axes they define. b) Phase diagram of the
hopping Hamiltonian H0. We set toxy = 1. The dashed line
is t⇡ = �2t�/3.

hopping between the Ir atoms, which is expected to be
significant due to the large spatial extent of Iridium’s
5d orbitals. The direct hopping amplitudes are treated
within the Slater-Koster formalism. We consider only the
⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
usually smaller ⇥-overlap. This leaves us with two direct
hopping parameters: t⌅ and t⇤. The resulting kinetic
Hamiltonian reads

H0 =
X

hRi,R0i0i,��0

(T ii0

o,��0 + T ii0

d,��0)d†Ri�dR0i0�0 , (1)

where R denotes the sites of the underlying Bravais FCC
lattice of the pryrochlore lattice of Ir’s, while i = 1, . . . , 4
labels the sites within the unit cell. The operator dRi"(#)
annihilates an electron in the pseudospin ⌅ (⇧) state at
site Ri. The two sets of matrices To and Td correspond to
the oxygen mediated[4] and direct hopping, respectively.

We include interactions via an on-site Hubbard
repulsion between Iridium’s d-electrons: HU =
U
P

Ri nRi"nRi#, where nRi� is the density of electrons
occupying the |je� = 1/2,�⌥ state at site Ri, with
� =⌅, ⇧. As we are interested in the magnetic phases ex-
pected at finite U , we perform a Hartree-Fock mean-field
decoupling HU ⇤ �U

P
Ri(2⌃jRi⌥ · jRi � ⌃jRi⌥2), where

jRi =
P

�⇥=",# d
†
Ri���⇥dRi⇥/2 is the pseudospin oper-

ator, whose expectation value will be determined self-
consistently. We consider magnetic configurations pre-
serving the unit cell so that ⌃jRi⌥ = ⌃ji⌥, i = 1, . . . , 4,
are the 4 order parameters under consideration. These
are directly proportional to the local magnetic moment
carried by the d-electrons. This follows from the fact
that the projections of the spin and orbital angular mo-
mentum operators onto the je� = 1/2 manifold are pro-
portional to the pseudospin operator: P̃ †SP̃ = �j/3
and P̃ †LP̃ = �4j/3 with P̃ = Pt2gP1/2, where Pt2g

projects onto the t2g subspace and P1/2 projects onto
the je� = 1/2 subspace. This allows us to treat ⌃ji⌥ as

FIG. 2. Mean-field phase diagram (toxy = 1) as a function of
U , the Hubbard coupling, and the direct hopping parameters.

the spontaneous local magnetic moment of the electrons.
We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
generated by including very weak NNN hopping, as we
have explicitly verified. Although we don’t consider trig-
onal distortions here, the direct hoppings alone can lead
to qualitatively similar e⇥ects, e.g. the metallic phase
resulting from the change in degeneracies at the � point.

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
gram, we performed an unconstrained analysis sampling
over the space of all possible magnetic configurations pre-
serving the unit cell.

Phase diagram: The resulting ground-state phase di-

4

FIG. 4. (Colors online) Spectrum for a slab that is finite
along the (110) direction, with t� = 0.25 and U = 2.8 which
corresponds to a TSM. The inset shows the 2D BZ includ-
ing the Fermi arcs connecting the projections of the Weyl
points, where half of the Fermi arcs are located on the top
surface, while the rest on the bottom one. The blue/red
(dark/light) points correspond to Weyl bulk points with chiral
charge +1/� 1.

2D k-point. As explained in Ref.10, this leads to the
absence of gapless surface states emanating from the 2D
k-point in question. For a surface perpendicular to the
(110) direction, however, the projection is injective and
Fermi arcs exist, as we illustrate in Fig. 4.

Discussion: We have constructed a minimal (but su⌅-
ciently realistic) model to describe novel quantum ground
states that may arise in the pyrochlore iridates. While
not appreciated in previous works, it is shown that the in-
clusion of both indirect and direct hopping process of 5d
electrons of Ir is important in describing di�erent mag-
netically ordered states in the presence of interactions
and their parent non-interacting ground states. A por-
tion of our phase diagram is broadly consistent with a
recent ab initio calculation[10], where upon increasing U ,
one encounters a metal, a topological semi-metal in the
all-in/out magnetic configuration and finally a magnetic
insulator. Since di�erent choices ofA-site ions in A2Ir2O7

lead to changes in both hopping amplitudes, our results
suggest that di�erent magnetic and topological ground
states such as a topological insulator, the all-in/out and
related AF states and various kinds of topological semi-
metals, may arise in a variety of pyrochlore iridates. High
pressure experiments on these compounds may reveal the
intimate connection between the magnetic order in the
stronger correlation regime and TI/metal in the weak
correlation limit, as theoretically explored in this work.
For instance, recent transport measurements under high
pressure[16] on Eu2Ir2O7 indicate a continuous transition
from an insulating ground state to a metallic one, mim-
icking chemical pressure[15]. This could be connected to
our continuous TSM-metal transition. It would be inter-
esting to understand to what degree the observed transi-
tion is correlation driven versus structural. Also, as the
existence of the TSM depends crucially on the magnetic
order, it would be desirable to examine the e�ect of the
magnetic fluctuations near the (semi-)metal-TSM tran-

sition on thermodynamic and transport properties.
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FIG. 3: Sketch of the predicted phase diagram for spinel os-
mates.

point moves and annihilates by meeting with other Dirac
points, thus opening the energy gap and forming either
the � = ⇥ Axion insulator or normal insulator, respec-
tively. To summarize, our electronic phase diagram (see
Fig. 3) for U <0.4 eV, predicts CaOs2O4 to be a metal;
for 0.4< U <0.9 eV, an axion insulator; for 0.9< U <1.4
eV, a topological semi-metal metal; for U >1.4 eV, a
Mott insulator. Note, unlike in the cubic pyrochlore iri-
dates [23], where the topological semi-metal has Dirac
points exactly at the Fermi energy, here, because of lower
symmetry of the magnetic order, the Dirac points are
slightly above or below the Fermi energy. To see the
sensitivity of these results to the lattice parameters we
perform calculations with increasing and decreasing the
volume by 6%, as well as adjusting the internal coordi-
nates and performing small changes in Os-O-Os bond an-
gle. We confirm that while there are some little changes
in calculated energy bands, our predictions on Axion in-
sulator behavior are robust.

Replacing Ca by Sr, both the Os-O-Os bond angle and
the bond length will change as shown in Table I. However,
same as CaOs2O4, SrOs2O4 shows the same rich phase
diagram as a function of U.

We finally study BaOs2O4 which has both the largest
bond angle and bond length as shown in Table I. These
di⇥erences significantly a⇥ect its band structure: the
LDA+SO calculation with U=0 gives that at the � point
the eight Jeff = 1/2 states have degeneracies 4-2-2 and
not 2-4-2 as found in Ca and Sr cases. Note that this se-
quence of levels is the same as recently suggested by Pesin
and Balents to realize topological insulating scenario in
pyrochlore iridates [21]. Unfortunately, the bands cross-
ing the Fermi level exist and cannot be removed by slight
adjusting the lattice constant. Same with CaOs2O4 and
SrOs2O4, considering the Coulomb interaction U will in-
duce magnetism, but we do not find axion-insulator or
Dirac-metal state for BaOs2O4 for any reasonable U.

To summarize, using density functional based elec-
tronic structure calculations, we have found that depend-
ing on the strength of the Coulomb correlation among
the 5d orbitals several exotic electronic phases may be
realized in Os based spinel compounds. In particular a

magnetic topological insulating phase (axion insulator)
may be realized in CaOs2O4 and SrOs2O4 with large
orbital magneto–electric parameter � = ⇥. This re-
search suggests that new functionalities such as control-
ling electrical[16] and optical [31] properties via magnetic
textures, can be found in the new 5d spinel materials that
we propose.

X.W. acknowledges support by National Key Project
for Basic Research of China (Grant No. 2011CB922101,
and 2010CB923404), NSFC under Grant No. 10974082.
S.S. acknowledges support by DOE SciDAC Grant No.
SE-FC02-06ER25793 and thanks Nanjing University for
the kind hospitality during his visit to China. The work
at Berkeley was supported by the O⌅ce of BES, Mate-
rials Sciences Division of the U.S. DOE under contract
No. DE-AC02-05CH1123.

[1] X.L. Qi and S.C. Zhang, Physics Today 63, 33 (2010).
[2] M.Z. Hasan and C.L. Kane, Rev. Mod. Phys. 82, 3045

(2010).
[3] J.E. Moore, Nature 464, 194-198 (2010).
[4] B. A. Bernevig, T. L. Hughes and S. C. Zhang, Science

314, 1757 (2006).
[5] L. Fu and C.L. Kane, Phys. Rev. B 76, 045302 (2007).
[6] H. Zhang et al., Nature Physics 5, 438 (2009).
[7] D. Hsieh et al., Nature 452, 970 (2008).
[8] Y. Xia et al., Nature Physics 5, 398 (2009).
[9] L. Fu, C.L. Kane and E. J. Mele, Phys. Rev. Lett. 98,

106803 (2007).
[10] X.L. Qi, T. Hughes and S.C. Zhang, Phys. Rev. B 78,

195424 (2008).
[11] F. Wilczek, Phys. Rev. Lett., 58, 1799 (1987).
[12] A.M. Essin, J.E. Moore and D. Vanderbilt, Phys. Rev.

Lett. 102, 146805 (2009).
[13] A. Malashevich, I. Souzo, S. Coh and D. Vanderbilt, New

J. Phys. 12, 053032 (2010).
[14] A. Wray et al., Nature Physics 7, 32? (2011).
[15] Y.L. Chen et al., Science 329, 659-662 (2010).
[16] J. C. Y. Teo and C. L. Kane, Phys. Rev. B 82, 115120

(2010).
[17] M. Dzero, K. Sun, V. Galitski, P. Coleman, Phys. Rev.

Lett. 104, 106408 (2010).
[18] S. Nakatsuji et al., Phys. Rev. Lett. 96, 087204 (2006).
[19] B.J. Kim et al., Science 323. 1329 (2009).
[20] Y. Okamoto, M. Nohara, H. Aruga-Katori and H. Takagi,

Phys. Rev. Lett. 99, 137207 (2007); M. J. Lawler, H. Y.
Kee, Y. B. Kim and A. Vishwanath, Phys. Rev. Lett.
100, 227201 (2008).

[21] D.A. Pesin and L. Balents, Nature Physics 6, 376-381
(2010).

[22] H.-M. Guo and M. Franz, Phys. Rev. Lett 103, 206805
(2009).

[23] X. Wan, A.M. Turner, A. Vishwanath and S.Y. Savrasov,
Phys. Rev. B (in press); arXiv:1007.0016.

[24] H. Kuriyama et al., Appl. Phys. Lett. 96, 182103 (2010).
[25] A. M. Turner, Y. Zhang, R. S. K. Mong, A. Vishwanath,

arXiv:1010.4335 (2010).
[26] Taylor L. Hughes, Emil Prodan, B. Andrei Bernevig.

2

FIG. 1: Fragment of spinel crystal structure AOs2O4 (only
Os and O atoms are shown) with the Os-O-Os angle being
optimized.

the full–potential, all–electron, linear–mu⌅n–tin–orbital
(LMTO) method[27]. Despite the 5d orbitals are spa-
tially extended, recent theoretical and experimental work
has given the evidence on the importance of Coulomb in-
teractions in 5d compounds[19]. We utilize LSDA+U
scheme[28] to take into account the e⇥ect of Coulomb re-
pulsion, and vary parameter U between 0 and 1.5 eV. We
use a 24�24�24 k–mesh to perform Brillouin zone inte-
gration, and switch o⇥ symmetry operations in order to
minimize possible numerical errors in studies of various
(non–)collinear configurations. As the experimental lat-
tice parameters are not available, we search for the stable
crystal structures by locating the minimum in the calcu-
lated total energy as a function of the lattice constant
and internal atomic coordinates.

Spinel structure (see Fig. 1) forms space group Fd3̄m.
In order to allow its relaxation, we change the lattice
constant from 13 a.u. to 18 a.u. and vary the Os-O-Os
bond angle from 900 to 1200 with a step of 10. We con-
firm that the choice of Coulomb U has only small e⇥ect
on the determination of lattice parameters, and list the
lowest energy structures obtained by LDA+SO (U=0)
calculations in Table I. For comparison, we also list the
same parameters for the pyrochlore iridate Y2Ir2O7. We
see that the A-site element has a considerable e⇥ect on
the Os–O bond angle and its length. As we discuss be-
low, this allows us to control the electronic structure in
Osmates and design exotic topological phases.

The 3s band of Mg is lower in energy, and appears
around the Fermi level, which makes MgOs2O4 always
metallic. We therefore do not discuss this compound here
and concentrate our study on CaOs2O4. Its band struc-
ture from non–magnetic LDA+SO calculation is found
to be metallic and shown in Fig.2a. The energy bands
around the Fermi level appear as Jeff=1/2 states similar
to the ones found in Sr2IrO4[19], and also in Y2Ir2O7[23],
where a metal rather than the interesting topological in-
sulator scenario of [21] was obtained due to a 2–4–2 se-

TABLE I: Theoretically determined structure parameters of
spinel osmates. Angle denotes the Os-O-Os bond angle; Os-
O and Os-Os denote the nearest neighbor Os-O bond length,
and Os-Os bond length, respectively.

Angle Os-Os Os-O

CaOs2O4 98.50 3.07 Å 2.04 Å

SrOs2O4 94.60 3.12 Å 2.05Å

BaOs2O4 103.10 3.28 Å 2.11Å

Y2Ir2O4 129.70 3.60 Å 1.99Å

quence of degeneracies at the � point. As importance of
electronic correlations for 5d orbitals has been recently
emphasized [19], we therefore perform LSDA+U+SO cal-
culations. Although, the accurate value of U is not
known, the Os-Os bond length of spinel osmates is
shorter than that of Y2Ir2O7, and one can expect that
the U in CaOs2O4 is smaller than in Y2Ir2O7. We there-
fore believe that the U is in the range between 0.5 and 1.5
eV. As in the pyrochlore structure, the Os spinel sublat-
tice is geometrically frustrated. Naively one may expect
that the magnetic configuration of CaOs2O4 is also non-
conlinear as recently found in Y2Ir2O7[23]. To search
for possible magnetic ground states, we perform calcu-
lations by starting with a number of di⇥erent conlinear
and noncolinear magnetic configurations including ferro–
and antiferromagnetic (FM/AFM) collinear (010), (110),
(111), as well as non–collinear all-in/all-out, 2-in/2-out,
3-in/1-out and some perpendicular configurations pro-
moted by Dzyaloshinsky–Moriya interactions[29]. We
find that when U is less than 1.3 eV, only the FM-(010)-
configuration retains its initial input magnetization di-
rection; in all other configurations the moments depart
from their input orientation. We also consider a two-up,
two-down state which is suggested by the strong coupling
limit where Os-O bonds are nearly 90o. As shown in [30],
this leads to a ’Kitaev type’ ferromagnetic interaction for
spin components perpendicular to the plane. Although
this structure is found to be stable for U < 0.8eV, it is
higher in energy than the ferromagnetic state as shown
in Table II. Regardless of the value of U, the FM con-
figuration with magnetization along (010) is found to be
the ground state, and the energy di⇥erence between this
and other configurations is quite large.

This is understood by examining lattice parameters in
Table I, where the main di⇥erence between pyrochlore
iridates and spinel osmates is the Os–O–Os bond an-
gle and the Os–Os bond length. Due to the extended
nature of 5d orbitals, the 5d–2p hybridization is strong
and important for the inter–atomic exchange interaction.
In Y2Ir2O7, the Ir–O–Ir bond angle is much larger than
900 and Ir–O–Ir antiferromagnetic (AFM) superexchange
interaction is dominant. This results in a strong mag-
netic frustration and non–conlinear ground state mag-
netic configuration[23]. In contrast to pyrochlores, the

Spinels: also contain pyrochlore
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FIG. 1: Fragment of spinel crystal structure AOs2O4 (only
Os and O atoms are shown) with the Os-O-Os angle being
optimized.

the full–potential, all–electron, linear–mu⌅n–tin–orbital
(LMTO) method[27]. Despite the 5d orbitals are spa-
tially extended, recent theoretical and experimental work
has given the evidence on the importance of Coulomb in-
teractions in 5d compounds[19]. We utilize LSDA+U
scheme[28] to take into account the e⇥ect of Coulomb re-
pulsion, and vary parameter U between 0 and 1.5 eV. We
use a 24�24�24 k–mesh to perform Brillouin zone inte-
gration, and switch o⇥ symmetry operations in order to
minimize possible numerical errors in studies of various
(non–)collinear configurations. As the experimental lat-
tice parameters are not available, we search for the stable
crystal structures by locating the minimum in the calcu-
lated total energy as a function of the lattice constant
and internal atomic coordinates.

Spinel structure (see Fig. 1) forms space group Fd3̄m.
In order to allow its relaxation, we change the lattice
constant from 13 a.u. to 18 a.u. and vary the Os-O-Os
bond angle from 900 to 1200 with a step of 10. We con-
firm that the choice of Coulomb U has only small e⇥ect
on the determination of lattice parameters, and list the
lowest energy structures obtained by LDA+SO (U=0)
calculations in Table I. For comparison, we also list the
same parameters for the pyrochlore iridate Y2Ir2O7. We
see that the A-site element has a considerable e⇥ect on
the Os–O bond angle and its length. As we discuss be-
low, this allows us to control the electronic structure in
Osmates and design exotic topological phases.

The 3s band of Mg is lower in energy, and appears
around the Fermi level, which makes MgOs2O4 always
metallic. We therefore do not discuss this compound here
and concentrate our study on CaOs2O4. Its band struc-
ture from non–magnetic LDA+SO calculation is found
to be metallic and shown in Fig.2a. The energy bands
around the Fermi level appear as Jeff=1/2 states similar
to the ones found in Sr2IrO4[19], and also in Y2Ir2O7[23],
where a metal rather than the interesting topological in-
sulator scenario of [21] was obtained due to a 2–4–2 se-

TABLE I: Theoretically determined structure parameters of
spinel osmates. Angle denotes the Os-O-Os bond angle; Os-
O and Os-Os denote the nearest neighbor Os-O bond length,
and Os-Os bond length, respectively.

Angle Os-Os Os-O

CaOs2O4 98.50 3.07 Å 2.04 Å

SrOs2O4 94.60 3.12 Å 2.05Å

BaOs2O4 103.10 3.28 Å 2.11Å

Y2Ir2O4 129.70 3.60 Å 1.99Å

quence of degeneracies at the � point. As importance of
electronic correlations for 5d orbitals has been recently
emphasized [19], we therefore perform LSDA+U+SO cal-
culations. Although, the accurate value of U is not
known, the Os-Os bond length of spinel osmates is
shorter than that of Y2Ir2O7, and one can expect that
the U in CaOs2O4 is smaller than in Y2Ir2O7. We there-
fore believe that the U is in the range between 0.5 and 1.5
eV. As in the pyrochlore structure, the Os spinel sublat-
tice is geometrically frustrated. Naively one may expect
that the magnetic configuration of CaOs2O4 is also non-
conlinear as recently found in Y2Ir2O7[23]. To search
for possible magnetic ground states, we perform calcu-
lations by starting with a number of di⇥erent conlinear
and noncolinear magnetic configurations including ferro–
and antiferromagnetic (FM/AFM) collinear (010), (110),
(111), as well as non–collinear all-in/all-out, 2-in/2-out,
3-in/1-out and some perpendicular configurations pro-
moted by Dzyaloshinsky–Moriya interactions[29]. We
find that when U is less than 1.3 eV, only the FM-(010)-
configuration retains its initial input magnetization di-
rection; in all other configurations the moments depart
from their input orientation. We also consider a two-up,
two-down state which is suggested by the strong coupling
limit where Os-O bonds are nearly 90o. As shown in [30],
this leads to a ’Kitaev type’ ferromagnetic interaction for
spin components perpendicular to the plane. Although
this structure is found to be stable for U < 0.8eV, it is
higher in energy than the ferromagnetic state as shown
in Table II. Regardless of the value of U, the FM con-
figuration with magnetization along (010) is found to be
the ground state, and the energy di⇥erence between this
and other configurations is quite large.

This is understood by examining lattice parameters in
Table I, where the main di⇥erence between pyrochlore
iridates and spinel osmates is the Os–O–Os bond an-
gle and the Os–Os bond length. Due to the extended
nature of 5d orbitals, the 5d–2p hybridization is strong
and important for the inter–atomic exchange interaction.
In Y2Ir2O7, the Ir–O–Ir bond angle is much larger than
900 and Ir–O–Ir antiferromagnetic (AFM) superexchange
interaction is dominant. This results in a strong mag-
netic frustration and non–conlinear ground state mag-
netic configuration[23]. In contrast to pyrochlores, the
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T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
radius dependence of TMI.
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T -linear contribution in CðT Þ is known to be attributed to
spin wave excitations for one-dimensional antiferromagnets;
it is difficult for the pyrochlore lattice to induce a T -linear
contribution. As another possible origin for T -linear
contribution in CðT Þ in the insulating state, Anderson
localization may be considered.35) Further investigation is
required to reveal the origin of the T -linear contribution.

Now we will discuss the Ln dependence of the entropy
associated with the MIT (!S). To estimate !S, a smooth
polynomial was fitted to the data outside the region of the
anomaly; these fitting lines (broken line) for Ln = Nd, Sm,
and Eu are shown in Figs. 5(a), 6(a), and 6(b), respectively.
The background contribution was subtracted from the raw
data; the electronic portions of the C=T (!C=T ) for
Ln = Sm and Eu are shown in the inset. By integrating
!C=T , we obtained !S ¼ 0:47, 2.0, and 1.4 J/(K$mole) for
Ln = Nd, Sm, and Eu, respectively. !S is much smaller
than 2R ln 2. If we assume that a localized 5d electron from
Ir4þ ions with S ¼ 1=2 causes a conventional magnetic
transition, we can expect a change in entropy of 2R ln 2 ¼
11:5 J/(K$mole). The reduction in the amount of change in
entropy is considered to be caused by a short-range ordering
due to frustration or a reduction in magnetic moment due to
the itinerancy of 5d electrons. Next, recently, the Raman
scattering spectra of Ln2Ir2O7 for Ln = Nd, Sm, and Eu
have been measured.36) Below TMI, new peaks appear for
Ln = Sm and Eu, but no remarkable change is seen for
Ln = Nd. The result indicates that Sm2Ir2O7 and Eu2Ir2O7

accompany a structural change with MIT, but this does not
occur with Nd2Ir2O7. Therefore, the !S for Ln = Sm and
Eu involve the lattice contribution. Indeed, !S for Ln = Nd
is smaller than those for Ln = Sm and Eu. If we consider
this !S in Ln = Nd to be caused by only the electronic
contribution without the lattice contribution, we can estimate
the electronic specific heat coefficient above TMI ! ¼ 14mJ/
(K2$mole) by the relation ! ¼ !S=TMI. As Sm2Ir2O7 and
Eu2Ir2O7 are both semimetallic from the behaviors of their
"ðT Þ and SðT Þ, it is speculated that the ! for Ln = Sm and
Eu are smaller than that for Ln = Nd.

3.5 Phase diagram
Figure 7 shows the phase diagram of Ln2Ir2O7, which is

based on the Ln3þ ionic radius dependence of TMI; the ionic
radius of Ln3þ is for an 8-coordination-number site. TMI

monotonically increases as the ionic radius of Ln3þ

decreases. Obviously, TMI does not depend on the de Gennes
factor ðgJ & 1Þ2JðJ þ 1Þ or the magnetism of Ln3þ. This
MIT is not associated with the magnetic ordering of Ln3þ.
For T > TMI, Ln = Pr and Nd are metallic. Then, Ln = Sm,
Eu and Gd are semimetallic and Ln = Tb, Dy, and Ho are
semiconducting. Ln = Pr is a unique metal located near the
critical point of MIT. In this figure, the extrapolation
between Ln = Nd and Pr is based on a recent result for
resistivity in the solid solution (Pr1&xNdx)2Ir2O7.

37) From
the result, the substitution of Pr by 20% Nd leads to MIT
at around 3K; below TMI, the increasing resistivity in this
sample is suppressed, and resistivity reaches a finite value at
lower temperatures.

Next, we discuss the phase diagram of Ln2Ir2O7 in
comparison with that of other rare-earth pyrochlore oxides.
The phase diagrams of Ln2Mo2O7 [Mo4þ: (4d)2] have

already been reported.38–40) Now, we point out the difference
in the phase diagram between Ir and Mo pyrochlore oxides.
As is described in the introduction, as the ionic radius of
Ln3þ decreases, the electrical conductivity in Ln2Mo2O7

becomes semiconducting. Interestingly, the magnetic transi-
tion of Ln2Mo2O7 goes from the spin glass insulating state
(Ln = Gd, Tb, Dy, and Ho) to the ferromagnetic metallic
state (Ln = Eu, Sm, and Nd) as the ionic radius of Ln3þ

increases; the ferromagnetic transition comes from 4d
electrons. Although the spin glass transition temperature Tg
is independent of Ln (Tg ' 20K), the ferromagnetic
transition temperature increases as the ionic radius of Ln3þ

increases. In addition, semiconducting Ln2Ru2O7 [Ru4þ:
(4d)4] shows the frustrated AFM transition originating from
4d electrons.41) The Néel temperature TN monotonically
increases from TN ¼ 84K for Ln = Yb to TN ¼ 160K for
Ln = Pr as the ionic radius of Ln3þ increases. The present
result shows that the magnetic transition (or MIT) in
Ln2Ir2O7 decreases as the ionic radius of Ln3þ increases.
Then, the opposite dependence of the ionic radius of Ln3þ on
the magnetic transition temperature is realized in Ln2Ir2O7.
It is speculated that the difference in their phase diagrams is
due to the feature of the 5d electron system, which has a
strong spin–orbit interaction and a reduced on-site Coulomb
repulsion in comparison with the 4d electron system.21)

Further theoretical study is needed to understand this phase
diagram in Ln2Ir2O7.

4. Conclusions

We report the physical properties (resistivity, thermo-
electric power, magnetization, and specific heat) of Ln2Ir2O7

for Ln = Nd, Sm, Eu, Gd, Tb, Dy, and Ho. Ln2Ir2O7 for
Ln = Nd, Sm, and Eu show MITs at 33, 117, and 120K,
respectively. In this study, we revealed that Ln2Ir2O7 for
Ln = Gd, Tb, Dy, and Ho exhibit MITs at 127, 132, 134,
and 141K, respectively. These MITs in Ln2Ir2O7 has
some common features: They are second-order transitions
since no thermal hysteresis or no discontinuous change
in their physical properties is observed at TMI. Under
the FC condition, a weak ferromagnetic component
('10&3 #B/f.u.) caused by 5d electrons from Ir is observed
below TMI. The entropy associated with MIT supports the

Fig. 7. (Color online) Phase diagram of Ln2Ir2O7 based on Ln3þ ionic
radius dependence of TMI.
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versely, the electrons on Ir subsystem are itnerant. Ir4+ has an
electron configuration 5d5. As is well-known, the onsite SOC
of 5d electrons splits the single electron spin-orbital states into
upper doublets with jeff = 1/2 and lower quadruplets with
jeff = 3/2. In the tight-binding description of the electron
tunnelings, a sufficient strong SOC splits the jeff = 3/2 bands
from jeff = 1/2 so that jeff = 3/2 bands are completely filled
and the jeff = 1/2 bands are halfly filled. Therefore, the Ir
subsystem can be viewed as a pyrochlore lattice system with
one hole per site and the hole occupies the jeff = 1/2 doublets.

For the Kondo coupling between Pr pseudospin � and Ir ef-
fective spin j, we invoke a general symmetry analysis. Before
writing down the coupling, we note that, under time reversal,
⌅z ⇥ �⌅z, ⌅x,y ⇥ ⌅x,y while j ⇥ �j. This property leads
to a great simplification of the coupling—only ⌅z couples to
the Ir spin j, that is essentially an Ising coupling. We consider
the nearest neighbor (NN) couplings between Pr and Ir. As
illustrated in Fig. 1, for each Ir atom, there are 6 neighboring
atoms. After a further space group symmetry analysis, we ob-
tain the Kondo coupling between Pr and Ir. For the Ir at site 1
in Fig. 1, the coupling is

H(1)
K = [c1⌅

z
4 � c2(⌅

z
2 + ⌅z3 )]j

x
1 + [c1⌅

z
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y
1
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z
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z
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z
1 + [2 ⇤ 2�, 3 ⇤ 3�, 4 ⇤ 4�],

(2)

where c1, c2 are the only two parameters allowed by symme-
try. The couplings for the rest sublattices can be readily ob-
tained by space group symmetry operations.
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FIG. 1. (Color online) Left: the inter-penertrating Ir (in dark red) and
Pr (in light blue) tetrahedra. “1,2,3,4” label the sublattices. Right:
the 6 neighboring Pr atoms (belonging to “2,3,4” sublattices) of one
Ir atom at sublattice 1. “20, 30, 40 ” are not shown in the left figure.

For the compounds with half-integer spins, the generic
Kondo coupling can be complicated and involves all the lo-
cal magnetic multiplets that are odd under time reversal. Like
the spin-ice compounds Dy2Ti2O7 and Ho2Ti2O7[24], many
R3+ ion in R2Ir2O7, however, experiences strong easy-axis
anisotropy along local [111] axis, which pins the spin to be
aligned or anti-aligned with the local [111] axis. Therefore,
the local moment can be described by an effective Ising spin
⌅z[22, 23]. Although the Kondo coupling could still in-
volve the transverse components ⌅x and ⌅y , as we are in-

Non-Kramer’s ions Kramer’s ions

Pr3+, Tb3+, Ho3+ Nd3+, Sm3+, Gd3+, Dy3+, Yb3+

4f2, 4f8, 4f10 4f3, 4f5, 4f7, 4f9, 4f13

TABLE I. Non-Kramer’s and Kramer’s ions R3+ and their electron
configurations.

terested in the situation that R subsystem develops conven-
tional magnetic dipolar order along local [111] direction, we
can then safely neglect the coupling to the transverse compo-
nents. Therefore, the Kondo coupling for these compounds
with half-integer spin is the same as the one introduced in
Eq. (2) for the compounds with integer spins.

For the Ir subsystem, we follow Ref. 14 and include both
the indirect hopping of 5d electrons of Ir through oxygens
and the direct hopping between Ir sites. The resulting kinetic
Hamiltonian is written as

HIr =
⇤

⇥ij⇤

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
(3)

where d†i,� (di,�) is the creation (annihilation) operator for
electron with � labelling the effective spin j = 1/2 states
at site i. As pointed out in Ref. 14, the direct hopping terms
involve two hopping parameters, t⌅ and t⇤ , that describe the ⇤
and ⇥ bonding, respectively. To be specific, we set t⇤ = �t⌅
throughout the papar. The indirect hopping only has one hop-
ping parameter which we denote as t[25]. Besides this kinetic
term in the Hamiltonian, there exists local electron interaction,
whose role will be addressed in a forthcoming work[26].

For R subsystem, the local moments at R can couple to each
other either via superexchange through intermediate atoms, or
by dipole-dipole interaction, or by the “RKKY”-like interac-
tion mediated by Ir electrons. “RKKY” interaction is likely
to be the dominant exchange as the Curie-Weiss tempera-
tures in many isostructural materials R2Sn2O7 are much lower
than the correponding iridates[19]. Without writing down
each contribution explicitly, we rely on space group symme-
try that strongly contrains the form of the exchange interac-
tion. Ref. 21 has constructed and analyzed the generic sym-
metry allowed NN exchange for pseudospin-1/2 moments in
the system with integer spins. In part of the mean-field phase
diagram, magnetic ordering with ordering wavevector q = 0
is favored. For the systems with half-integer spins (i.e. effec-
tive spin 1/2), Ref. 28 has also analyzed the generic NN ex-
change for the effective spin-1/2 moment that acts on the lo-
cal Kramer’s doublets. The mean field analysis always yields
a q = 0 magnetic ground state. Therefore, in the following
of the paper, we will assume the R subsystem develops q = 0
magnetic order.

From the above analysis, we obtain the minimal model for
R2Ir2O7, which includes the R-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr, (4)
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We construct and analyze a theoretical model for the pyrochlore iridates R2Ir2O7 with R (= Pr, Nd, Sm, Gd,
Tb, Dy, Ho, Yb) also magnetic. The electrons on trivalent rare earth ion R3+ form local Ising doublets due to
the local crystal field. Based on a space group symmetry analysis, we write down the generic Kondo coupling
between the Ising spin at R sites and the effective spin at Ir sites. Besides this interaction, we also include direct
electron tunneling between Ir sites and indirect electron tunneling via intermediate oxygens for Ir-Ir coupling.
This simple minimal model gives a rich phase diagram with broad regions of topological semi-metal and axion
insulator phases. Based on these findings, we propose R2Ir2O7 be one of the most promising candidates to
realize the topological semi-metal and axion insulator phases. Implications to existing and future experiments
are discussed.

There has been a tremendous amount of research ac-
tivities in topological matters since the discovery of time-
reversal invariant topological band insulator (TBI) in theory
and experiments[1–5]. TBI has gap in the bulk and devel-
ops gapless surface states that are topological protected. This
well-known bulk-surface correspondence manifests itself in
a very special way in the more recent proposed topological
phase—topological semi-metals which are characterized by
the presence of of point or line gapless nodes[6, 8–14]. The
former is called Weyl semi-metal (WSM)[6], and the latter
is called nodal semi-metal[13]. In WSM, the gapless surface
states connect the gapless nodes (Weyl points) with different
chiralities and form fermi arcs in surface Brillouin zone (BZ).
In nodal semi-metal, the surface state exists inside the “direct
gap” between conduction and valence bands in a finite area in
surface BZ, whose boundary is determined by the projection
of the bulk nodal line onto the surface BZ.

A possible realization of Weyl semi-metal in pyrochlore
iridates with 24 Weyl nodes has been recently proposed
by a first-principal LSDA+U+SO calculation in Ref. 6, and
later been re-analyzed with a realistic tight-binding model in
Ref. 14. In this realization, WSM is essentially driven by the
magnetic ordering that is caused by strong electron correla-
tion. Therefore, the WSM only appears in a rather narrow
region near the magnetic phase transition, which may prohibit
the experimental observation. In contrast, Ref. 9,12,and 13
proposed a relaization of WSM in topological insulator mul-
tilayers that possesses less Weyl nodes. The advantage of
this realization is that, it does not require a strong interac-
tion and the model parameters are tunable. This multilayer
heterostructure, however, may require a significant fabrication
effort.

Another motivation of this work is Axion insulator (AI).
Besides the remarkable electronic structures of TBIs, breaking
time-reversal symmetry on the surface of TBIs can gap out the
surface states, and the unusual topological properties of the
Bloch wave functions lead to a quantized magnetoelectric re-
sponse with a quantized coefficient ⌅ = ⇧, which is known as
“Axion electrodynamics”[15, 16]. Having large values of the
⌅ value, even in the absence of quantization, is very important
and useful for spintronics. In most materials, ⌅ values is rather

small. To look for large ⌅ value in real materials, one essen-
tially requires a strong spin-orbit coupling (SOC) that helps
create TBI and magnetism that breaks time-reversal. To sat-
isfy these two requirements, Ref. 6 has proposed a 5d electron
system which is realized in spinel structures with Ir and Os.
By varying the interaction strength, AI is found between the
ferromagnetic metal and WSM phase in their phase diagram.

In this Lett, we propose that the pyrochlore iridates R2Ir2O7

with R (= Pr, Nd, Sm, Gd, Tb, Dy, Ho, Yb)[17–20] also mag-
netic are one of the most promising realizations of the two
topological phases—WSM and AI. Unlike other proposals on
pyrochlore iridates and TBI multilayer heterostructure where
the time reversal symmetry breaking is caused by strong cor-
relation or magnetic doping, we break the time-reversal sym-
metry by ordering the magnetic moment at R sites. The mag-
netic order in R subsystem breaks the time-reversal symme-
try in Ir subsystem via Kondo coupling. Remarkably, this
Kondo coupling leads to broad regimes of WSM, AI, and even
a mixed WSM that develops electron/hole pockets around the
Weyl points. In addition, we also find metal-insulator transi-
tions (MIT) that are driven purely by Kondo coupling.

Hamiltonian—Here we describe our minimal model for
R2Ir2O7. As listed in Tab. I, Pr3+, Tb3+ and Ho3+ have
even number of electrons per site that form integer local spins,
while Nd3+, Sm3+, Gd3+, Dy3+ and Yb3+ have odd number
of electrons per site that form half-integer local spins. We
begin our analysis for the compounds with the integer local
spin first. To be specific, we define our model for Pr2Ir2O7,
and the same model applies to R=Tb, Ho. The electrons of
Pr3+ are localized with an electron configuration 4f2, which
forms a local spin moment with J = 4. The local D3d crystal
field lifts the 9-fold spin degeneracy and leads to an effective
pseudospin � (⌃ = 1/2) that acts on the lowest crystal field
doublets with[21]

|⌃z⇥ = �|Jz = 8⌃z⇥+ ⇥|Jz = 2⌃z⇥ � ⇤|Jz = �4⌃z⇥ (1)

where � =
�

1� ⇥2 � ⇤2 and ⇥, ⇤ are small real coefficients.
It is noted that the above doublets are not Kramer’s pairs due
to its integer spin in nature. The excited crystal-field levels are
much higher in energy so that we can exclude their effect for
the low temperature ground state properties in this work. Con-
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versely, the electrons on Ir subsystem are itnerant. Ir4+ has an
electron configuration 5d5. As is well-known, the onsite SOC
of 5d electrons splits the single electron spin-orbital states into
upper doublets with jeff = 1/2 and lower quadruplets with
jeff = 3/2. In the tight-binding description of the electron
tunnelings, a sufficient strong SOC splits the jeff = 3/2 bands
from jeff = 1/2 so that jeff = 3/2 bands are completely filled
and the jeff = 1/2 bands are halfly filled. Therefore, the Ir
subsystem can be viewed as a pyrochlore lattice system with
one hole per site and the hole occupies the jeff = 1/2 doublets.

For the Kondo coupling between Pr pseudospin � and Ir ef-
fective spin j, we invoke a general symmetry analysis. Before
writing down the coupling, we note that, under time reversal,
⌅z ⇥ �⌅z, ⌅x,y ⇥ ⌅x,y while j ⇥ �j. This property leads
to a great simplification of the coupling—only ⌅z couples to
the Ir spin j, that is essentially an Ising coupling. We consider
the nearest neighbor (NN) couplings between Pr and Ir. As
illustrated in Fig. 1, for each Ir atom, there are 6 neighboring
atoms. After a further space group symmetry analysis, we ob-
tain the Kondo coupling between Pr and Ir. For the Ir at site 1
in Fig. 1, the coupling is

H(1)
K = [c1⌅

z
4 � c2(⌅

z
2 + ⌅z3 )]j

x
1 + [c1⌅

z
3 � c2(⌅

z
2 + ⌅z4 )]j

y
1

+ [c1⌅
z
2 � c2(⌅

z
3 + ⌅z4 )]j

z
1 + [2 ⇤ 2�, 3 ⇤ 3�, 4 ⇤ 4�],

(2)

where c1, c2 are the only two parameters allowed by symme-
try. The couplings for the rest sublattices can be readily ob-
tained by space group symmetry operations.
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FIG. 1. (Color online) Left: the inter-penertrating Ir (in dark red) and
Pr (in light blue) tetrahedra. “1,2,3,4” label the sublattices. Right:
the 6 neighboring Pr atoms (belonging to “2,3,4” sublattices) of one
Ir atom at sublattice 1. “20, 30, 40 ” are not shown in the left figure.

For the compounds with half-integer spins, the generic
Kondo coupling can be complicated and involves all the lo-
cal magnetic multiplets that are odd under time reversal. Like
the spin-ice compounds Dy2Ti2O7 and Ho2Ti2O7[24], many
R3+ ion in R2Ir2O7, however, experiences strong easy-axis
anisotropy along local [111] axis, which pins the spin to be
aligned or anti-aligned with the local [111] axis. Therefore,
the local moment can be described by an effective Ising spin
⌅z[22, 23]. Although the Kondo coupling could still in-
volve the transverse components ⌅x and ⌅y , as we are in-

Non-Kramer’s ions Kramer’s ions

Pr3+, Tb3+, Ho3+ Nd3+, Sm3+, Gd3+, Dy3+, Yb3+

4f2, 4f8, 4f10 4f3, 4f5, 4f7, 4f9, 4f13

TABLE I. Non-Kramer’s and Kramer’s ions R3+ and their electron
configurations.

terested in the situation that R subsystem develops conven-
tional magnetic dipolar order along local [111] direction, we
can then safely neglect the coupling to the transverse compo-
nents. Therefore, the Kondo coupling for these compounds
with half-integer spin is the same as the one introduced in
Eq. (2) for the compounds with integer spins.

For the Ir subsystem, we follow Ref. 14 and include both
the indirect hopping of 5d electrons of Ir through oxygens
and the direct hopping between Ir sites. The resulting kinetic
Hamiltonian is written as

HIr =
⇤

⇥ij⇤

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
(3)

where d†i,� (di,�) is the creation (annihilation) operator for
electron with � labelling the effective spin j = 1/2 states
at site i. As pointed out in Ref. 14, the direct hopping terms
involve two hopping parameters, t⌅ and t⇤ , that describe the ⇤
and ⇥ bonding, respectively. To be specific, we set t⇤ = �t⌅
throughout the papar. The indirect hopping only has one hop-
ping parameter which we denote as t[25]. Besides this kinetic
term in the Hamiltonian, there exists local electron interaction,
whose role will be addressed in a forthcoming work[26].

For R subsystem, the local moments at R can couple to each
other either via superexchange through intermediate atoms, or
by dipole-dipole interaction, or by the “RKKY”-like interac-
tion mediated by Ir electrons. “RKKY” interaction is likely
to be the dominant exchange as the Curie-Weiss tempera-
tures in many isostructural materials R2Sn2O7 are much lower
than the correponding iridates[19]. Without writing down
each contribution explicitly, we rely on space group symme-
try that strongly contrains the form of the exchange interac-
tion. Ref. 21 has constructed and analyzed the generic sym-
metry allowed NN exchange for pseudospin-1/2 moments in
the system with integer spins. In part of the mean-field phase
diagram, magnetic ordering with ordering wavevector q = 0
is favored. For the systems with half-integer spins (i.e. effec-
tive spin 1/2), Ref. 28 has also analyzed the generic NN ex-
change for the effective spin-1/2 moment that acts on the lo-
cal Kramer’s doublets. The mean field analysis always yields
a q = 0 magnetic ground state. Therefore, in the following
of the paper, we will assume the R subsystem develops q = 0
magnetic order.

From the above analysis, we obtain the minimal model for
R2Ir2O7, which includes the R-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr, (4)
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unpublished

Similar for Kramer’s doublet
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levels are much higher in energy so that we can exclude their
effect for the low-temperature ground state properties in this
work. Conversely, the electrons on the Ir subsystem are itner-
ant. Ir4+ has an electron configuration 5d5. As is well-known,
the onsite SOC of 5d electrons splits the single electron spin-
orbital states into upper doublets with jeff = 1/2 and lower
quadruplets with jeff = 3/2. In the tight-binding description
of the electron tunnelings, a sufficiently strong SOC splits the
jeff = 3/2 bands from jeff = 1/2 so that jeff = 3/2 bands
are completely filled and the jeff = 1/2 bands are half-filled.
Therefore, the Ir subsystem can be viewed as a pyrochlore lat-
tice system with one hole per site and the hole occupies the
jeff = 1/2 doublet.

For the Kondo coupling between Pr pseudospin � and Ir ef-
fective spin j, we invoke a general symmetry analysis. Before
writing down the coupling, we note that, under time reversal,
⌅z ⇤ �⌅z, ⌅x,y ⇤ ⌅x,y while j ⇤ �j. This property leads
to a great simplification of the coupling—only ⌅z couples to
the Ir spin j, essentially leading to an Ising coupling. We con-
sider the nearest neighbor (NN) couplings between Pr and Ir.
As illustrated in Fig. 1, for each Ir atom there are 6 neighbor-
ing atoms. After a further space group symmetry analysis, we
obtain the Kondo coupling between Pr and Ir. For the Ir at site
1 in Fig. 1, the coupling is
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(2)

where c1, c2 are the only two parameters allowed by symme-
try. The couplings for the other sublattices can be readily ob-
tained by space group symmetry operations.
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FIG. 1. (Color online) Left: the neighboring Ir (in dark red) and Pr (in
light blue) tetrahedra. “1,2,3,4” label the four sublattices. Ir/Pr atoms
are marked with big/small (red/blue) circles. Empty/Dark/Light cir-
cles indicate that the atoms are below/above/in the (111) plane that
is also shown in the right figure. Right: the 6 neighboring Pr atoms
(belonging to “2,3,4” sublattices) of one Ir atom at sublattice 1 taken
from the left figure. This plane is (111) plane.

For the compounds with half-integer spins, the generic
Kondo coupling can be complicated and involves all the lo-
cal magnetic multiplets that are odd under time reversal. Like
the spin-ice compounds Dy2Ti2O7 and Ho2Ti2O7[24], R3+

Non-Kramer’s ions Kramer’s ions

Pr3+, Tb3+, Ho3+ Nd3+, Sm3+, Gd3+, Dy3+, Yb3+

4f2, 4f8, 4f10 4f3, 4f5, 4f7, 4f9, 4f13

TABLE I. Non-Kramer’s and Kramer’s ions R3+ and their electron
configurations.

ions in many R2Ir2O7, however, experience strong easy-axis
anisotropy along local [111] axis, which pins the spin to be
aligned or anti-aligned with the local [111] axis. Therefore,
the local moment can be described by an effective Ising spin
⌅z[22, 23]. Although the Kondo coupling could still involve
the transverse components ⌅x and ⌅y , we are interested in the
situation that R subsystem develops conventional magnetic
dipolar order along local [111] direction, so we can then safely
neglect the coupling to the transverse components. Therefore,
the Kondo coupling for these compounds with half-integer
spin is the same as the one introduced in Eq. (2) for the com-
pounds with integer spins.

For the Ir subsystem, we follow Ref. 12 and include both
the indirect hopping of 5d electrons of Ir through oxygens
and the direct hopping between Ir sites. The resulting kinetic
Hamiltonian is written as

HIr =
⇤

⇥ij⇤

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
(3)

where d†i,� (di,�) is the creation (annihilation) operator for the
electron, with � labelling the effective spin j = 1/2 states at
site i. As pointed out in Ref. 12, the direct hopping terms in-
volve two hopping parameters, t⌅ and t⇤ , that describe the ⇤
and ⇥ bonding, respectively. To be specific, we set t⇤ = �t⌅
throughout the paper. The indirect hopping only has one hop-
ping parameter which we denote as t[25]. Besides this kinetic
term in the Hamiltonian, there exists a local electron interac-
tion, whose role will be addressed in a forthcoming work[26].

For the R subsystem, the local moments at R can couple
to each other either via superexchange through intermediate
atoms, or by dipole-dipole interaction, or by the “RKKY”-
like exchange mediated by Ir electrons. “RKKY” exchange is
likely to be the dominant exchange as the Curie-Weiss tem-
peratures in many isostructural materials R2Sn2O7 are much
lower than the correponding iridates[19]. For instance, The
Curie-Weiss temperatures are �CW = +0.35K in Pr2Sn2O7

and �CW = �20K in Pr2Ir2O7[19, 35]. Since “RKKY” ex-
change arises from second order perturbation of the Kondo
coupling, the exchange in R subsystem is expected to be much
weaker than the Kondo exchange and hence we neglect R ex-
change in our analysis. May add the estimate of RKKY
exchange, J ⇥ c2/t if a clean argument can be made. It is
likely that the Kondo coupling is a fraction of t. .

From the above analysis, we obtain the minimal model for
R2Ir2O7, which includes the R-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr. (4)
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versely, the electrons on Ir subsystem are itnerant. Ir4+ has an
electron configuration 5d5. As is well-known, the onsite SOC
of 5d electrons splits the single electron spin-orbital states into
upper doublets with jeff = 1/2 and lower quadruplets with
jeff = 3/2. In the tight-binding description of the electron
tunnelings, a sufficient strong SOC splits the jeff = 3/2 bands
from jeff = 1/2 so that jeff = 3/2 bands are completely filled
and the jeff = 1/2 bands are halfly filled. Therefore, the Ir
subsystem can be viewed as a pyrochlore lattice system with
one hole per site and the hole occupies the jeff = 1/2 doublets.

For the Kondo coupling between Pr pseudospin � and Ir ef-
fective spin j, we invoke a general symmetry analysis. Before
writing down the coupling, we note that, under time reversal,
⌅z ⇥ �⌅z, ⌅x,y ⇥ ⌅x,y while j ⇥ �j. This property leads
to a great simplification of the coupling—only ⌅z couples to
the Ir spin j, that is essentially an Ising coupling. We consider
the nearest neighbor (NN) couplings between Pr and Ir. As
illustrated in Fig. 1, for each Ir atom, there are 6 neighboring
atoms. After a further space group symmetry analysis, we ob-
tain the Kondo coupling between Pr and Ir. For the Ir at site 1
in Fig. 1, the coupling is

H(1)
K = [c1⌅

z
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(2)

where c1, c2 are the only two parameters allowed by symme-
try. The couplings for the rest sublattices can be readily ob-
tained by space group symmetry operations.
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FIG. 1. (Color online) Left: the inter-penertrating Ir (in dark red) and
Pr (in light blue) tetrahedra. “1,2,3,4” label the sublattices. Right:
the 6 neighboring Pr atoms (belonging to “2,3,4” sublattices) of one
Ir atom at sublattice 1. “20, 30, 40 ” are not shown in the left figure.

For the compounds with half-integer spins, the generic
Kondo coupling can be complicated and involves all the lo-
cal magnetic multiplets that are odd under time reversal. Like
the spin-ice compounds Dy2Ti2O7 and Ho2Ti2O7[24], many
R3+ ion in R2Ir2O7, however, experiences strong easy-axis
anisotropy along local [111] axis, which pins the spin to be
aligned or anti-aligned with the local [111] axis. Therefore,
the local moment can be described by an effective Ising spin
⌅z[22, 23]. Although the Kondo coupling could still in-
volve the transverse components ⌅x and ⌅y , as we are in-

Non-Kramer’s ions Kramer’s ions

Pr3+, Tb3+, Ho3+ Nd3+, Sm3+, Gd3+, Dy3+, Yb3+

4f2, 4f8, 4f10 4f3, 4f5, 4f7, 4f9, 4f13

TABLE I. Non-Kramer’s and Kramer’s ions R3+ and their electron
configurations.

terested in the situation that R subsystem develops conven-
tional magnetic dipolar order along local [111] direction, we
can then safely neglect the coupling to the transverse compo-
nents. Therefore, the Kondo coupling for these compounds
with half-integer spin is the same as the one introduced in
Eq. (2) for the compounds with integer spins.

For the Ir subsystem, we follow Ref. 14 and include both
the indirect hopping of 5d electrons of Ir through oxygens
and the direct hopping between Ir sites. The resulting kinetic
Hamiltonian is written as

HIr =
⇤

⇥ij⇤

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
(3)

where d†i,� (di,�) is the creation (annihilation) operator for
electron with � labelling the effective spin j = 1/2 states
at site i. As pointed out in Ref. 14, the direct hopping terms
involve two hopping parameters, t⌅ and t⇤ , that describe the ⇤
and ⇥ bonding, respectively. To be specific, we set t⇤ = �t⌅
throughout the papar. The indirect hopping only has one hop-
ping parameter which we denote as t[25]. Besides this kinetic
term in the Hamiltonian, there exists local electron interaction,
whose role will be addressed in a forthcoming work[26].

For R subsystem, the local moments at R can couple to each
other either via superexchange through intermediate atoms, or
by dipole-dipole interaction, or by the “RKKY”-like interac-
tion mediated by Ir electrons. “RKKY” interaction is likely
to be the dominant exchange as the Curie-Weiss tempera-
tures in many isostructural materials R2Sn2O7 are much lower
than the correponding iridates[19]. Without writing down
each contribution explicitly, we rely on space group symme-
try that strongly contrains the form of the exchange interac-
tion. Ref. 21 has constructed and analyzed the generic sym-
metry allowed NN exchange for pseudospin-1/2 moments in
the system with integer spins. In part of the mean-field phase
diagram, magnetic ordering with ordering wavevector q = 0
is favored. For the systems with half-integer spins (i.e. effec-
tive spin 1/2), Ref. 28 has also analyzed the generic NN ex-
change for the effective spin-1/2 moment that acts on the lo-
cal Kramer’s doublets. The mean field analysis always yields
a q = 0 magnetic ground state. Therefore, in the following
of the paper, we will assume the R subsystem develops q = 0
magnetic order.

From the above analysis, we obtain the minimal model for
R2Ir2O7, which includes the R-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr, (4)

4

Note this coplanar state is distinct from the “coplanar-[110]”
state found for D > 0,�1 < 0.

Now we discuss the ground states in D-�2 plane with �1 =
0. The phase diagram is depicted in Fig. 3. The magnetic
wavevector is q = 0 everywhere in the phase diagram.
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FIG. 3. (Color online) The classical ground phase diagram in D-�2

plane with �1 = 0.

For D < 0,�2 < 0, the ground state is simply the 4-in-4-
out state. For D > 0,�2 > 0, the ground state is an arbitrary
linear superposition of the basis vectors v1 and v2 in Eq. (7)
and Eq. (8). In the regime of D > 0,�2 < 0, there exist two
phases. When D > Dc1(�2) with

Dc1(�2) =

⌃
2

6
(3J � 2�2 �

⌅
9J2 � 6J�2 + 4�2

2), (18)

the ground state turns out to be weakly ferromagnetic and de-
noted as “FM” in Fig. 3. The 4-spin vectors of the magnetic
cell are

⇥ = cos ⇥ y1 + sin ⇥ y2 (19)

with

y1 =
1⌃
2
(1̄1̄0, 11̄0, 1̄10, 110) (20)

y2 = (001, 001, 001, 001). (21)

and

cos 2⇥ =
4J +

⌃
2D � �2⌅

(4J +
⌃
2D � �2)2 + 8�2

2

(22)

sin 2⇥ =
�2

⌃
2�2⌅

(4J +
⌃
2D � �2)2 + 8�2

2

. (23)

When D < Dc1(�2), the ground state is the 4-in-4-out state.
In the region of D < 0,�2 > 0, there also exist two phases.

When D < Dc2(�2) with Dc2(�2) given by

Dc2 = �3
⌃
2�2/2, (24)

the DMI is dominant, so the ground state is the 4-in-4-out
state. When D > Dc2(�2), a coplanar state with spin also
orient along various [110] directions is favored and the 4-spin
vector ⇥ is the same as the one introduced in Eq. (17) and its
symmetry equivalence. Hence, we also denote this coplanar
state as “coplanar�-[110]” in Fig. 3.

III. MAGNETIC ORDER FOR HUBBARD MODEL IN
A2Ir2O7

Having understood the role of each anisotropic exchange
for the generic exchange Hamiltonian in previous section,
in this section we discuss the physical exchange Hamilto-
nian derived perturbatively from the microscopic parent Hub-
bard model and analyze the ground states for the compound
A2Ir2O7.

A. Hubbard model and exchange

We assume the onsite SOC is strong enough so that the
lower j = 3/2 bands are completely filled and the upper
j = 1/2 bands are half filled. The electrons can tunnel from
one Ir4+ ion to neighboring Ir4+ ions either directly or indi-
rectly via the p orbitals of the intermediate oxygen ions7,10.
Since 5d electron orbitals are spatially extended, therefore the
direct tunneling of electrons might be equally important as
the indirect tunneling. With electrons locally projected onto
the j = 1/2 basis, one can write down a minimal Hubbard
model10

H =
⇤

⌅ij⇧

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
+

⇤

i

Uni,⇥ni,⇤,

(25)
in which, only NN tunneling term is included, and d†i� (di�) is
the creation (annihilation) operator for an electron on effective
spin state |j = 1/2, jz = �⌅ at site i. In Eq. (25), T d and
T id are tunneling matrices for direct and indirect processes,
respectively.

t1 t2
Ir

Ir
Ir

Ir

FIG. 4. (Color online) Left: ⇥-bonding with tunneling amplitude t1.
Right: �-bonding with tunneling amplitude t2.

For direct tunneling processes, there exist two types of
tunneling amplitudes: ⌅-bonding t1 and ⇤-bonding t2 (see
Fig. 4)10. Moreover, it is expected from orbital overlaps that
t2 has a different sign from t1. In the limit of dominant di-
rect tunneling, standard second order perturbation yields the
exchange couplings introduced in Eq. (1),

J =
603t21 � 58296t1t2 + 248369t22

2834352U
(26)

D =
5
⌃
2(153t21 � 1356t1t2 + 2528t22)

118098U
(27)

�1 =
50(9t21 � 48t1t2 + 64t22)

177147U
(28)

�2 = 3�1. (29)
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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the exchange Hamiltonian, there are four symmetry allowed
coupling parameters—Heisenberg exchange J , DMI D, and
�1,�2 for PDI. We analyze this Hamiltonian with Luttinger-
Tisza method in different parameter regimes. Classical phase
diagrams are obtained in different parameter regime. In many
parts of phase diagram, the ground state can be understood as
simultaneously optimizing different terms of the Hamiltonian.
In Sec. III, we derive realistic exchange Hamiltonians from
extended Hubbard model for the system A2Ir2O7. Two limits
with dominant direct electron tunneling or indirect electron
tunneling via intermediate oxygens are considered. In these
two cases, we find there is only one classical phase, which is
the continuously degenerate phase (v1, v2). We then imple-
ment linear spin wave theory and a non-coplanar ground state
is favored by this quantum order by disorder mechanism. For
certain intermediate regime with comparable direct and indi-
rect electron tunneling, the “4-in-4-out” state is favored. We
further explore the magnetic properties of the extended Hub-
bard model in the intermediate coupling regime. By assuming
a q = 0 magnetic structure, we implement a Hartree-Fock
type of self-consistent mean field theory for the interaction.
Finally in Sec. IV, we compare our results with other work
and connect our theory to current experimental results. Sug-
gestions for various quantum spin liquid scenarios and further
experiments are also made.

II. THE GENERIC EXCHANGE HAMILTONIAN

In this section, we analyze Ir-based pyrochlore lattice in
strong coupling regime. In the strong coupling limit, the local
effective spin moments are coupled by an exchange Hamil-
tonian. For the effective spin-1/2 moment describing local
Kramer’s doublets, the exchange interaction is guaranteed to
be pairwise. The generic exchange Hamiltonian has the fol-
lowing form,

Hex =
⇧

�ij⇥

J (Ji · Jj) +Dij · (Ji ⇤ Jj) + Jµ
i �

µ⇥
ij J

⇥
j (1)

where, the nearest-neighbor (NN) interaction is assumed,
and J is the isotropic Heisenberg exchange, Dij describes
the antisymmetric Dzyaloshinskii-Moriya interaction (DMI)
and �µ⇥

ij is the symmetric pseudo-dipole interaction (PDI).
Throughout this section, we assume an antiferromagnetic J >
0. Since most A2Ir2O7 (and also spinel AB2X4) compounds
have a space group Fd3̄m, this space group symmetry further
restricts the allowed forms of the DMI and PDI. Therefore, for
the bond connecting sublattice 0 with sublattice 1 (see Fig. 1),
we have7,15

D01 = D(0,
1⌃
2
,� 1⌃

2
), (2)

�01 =

�

⇤
�2�1 0 0
0 �1 ��2

0 ��2 �1

⇥

⌅ . (3)

Exchange interactions on other bonds can be simply generated
by cubic permutations.
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FIG. 1. (Color online) One elementary tetrahedron of pyrochlore
lattice. “0,1,2,3” label the four sublattices.

For most magnetic systems composed of 3d transition metal
ions, the DMI and PDI are expected to be much weaker than
the Heisenberg exchange and hence can be neglected at low-
est order approximation. For Ir-based magnets or other mag-
netic systems formed by 4d/5d transition metal ions, SOC is
quite strong and local moment is a mixture of spin and or-
bitals. As a result, the exchange interaction is usually very
non-Heisenberg-like and the anisotropic exchanges (such as
DMI and PDI) can be quite significant.

Although the exchange Hamiltonian in Eq. (1) is intro-
duced for Ir-based pyrochlore lattice, it is widely applicable to
other pyrochlore systems with the same symmety properties.
In next subsection, we analyze the classical ground states of
this general Hamiltonian and understand the role of different
anisotropic interactions.

A. The role of DMI (D �= 0,�1 = �2 = 0)

Classically, it is well-known that the pyrochlore lattice is
the most frustrated lattice by having a macroscopic number of
ground state degeneracies with NN Heisenberg model. The
presence of ansiotropic exchange will lift the classical ground
state degeneracy.

Ref. 16 has already studied the role of DMI by mean field
theory and classical Monte-Carlo simulation. Our classical
analysis based on Luttinger-Tisza method is consistent with
their mean field results. With direct DMI which corresponds
to D < 0 in the present work, the ground state is 2-fold de-
generate (related by time reversal) with the magnetic ordering
wavevector q = 0. The magnetic unit cell coincides with the
crystallographic one and the four spins on the unit cell are

⇥ ⌅ (J0,J1,J2,J3) =
1⌃
3
(111, 11̄1̄, 1̄11̄, 1̄1̄1) (4)

Here we define a vector ⇥ for the four spin vectors on the
elementary tetrahedron. This is the 4-in-4-out state.

For indirect DMI with D > 0, DMI only partially lifts the
ground state degeneracy. There are two sets of ground states,
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parts of phase diagram, the ground state can be understood as
simultaneously optimizing different terms of the Hamiltonian.
In Sec. III, we derive realistic exchange Hamiltonians from
extended Hubbard model for the system A2Ir2O7. Two limits
with dominant direct electron tunneling or indirect electron
tunneling via intermediate oxygens are considered. In these
two cases, we find there is only one classical phase, which is
the continuously degenerate phase (v1, v2). We then imple-
ment linear spin wave theory and a non-coplanar ground state
is favored by this quantum order by disorder mechanism. For
certain intermediate regime with comparable direct and indi-
rect electron tunneling, the “4-in-4-out” state is favored. We
further explore the magnetic properties of the extended Hub-
bard model in the intermediate coupling regime. By assuming
a q = 0 magnetic structure, we implement a Hartree-Fock
type of self-consistent mean field theory for the interaction.
Finally in Sec. IV, we compare our results with other work
and connect our theory to current experimental results. Sug-
gestions for various quantum spin liquid scenarios and further
experiments are also made.

II. THE GENERIC EXCHANGE HAMILTONIAN

In this section, we analyze Ir-based pyrochlore lattice in
strong coupling regime. In the strong coupling limit, the local
effective spin moments are coupled by an exchange Hamil-
tonian. For the effective spin-1/2 moment describing local
Kramer’s doublets, the exchange interaction is guaranteed to
be pairwise. The generic exchange Hamiltonian has the fol-
lowing form,

Hex =
⇧

�ij⇥

J (Ji · Jj) +Dij · (Ji ⇤ Jj) + Jµ
i �

µ⇥
ij J

⇥
j (1)

where, the nearest-neighbor (NN) interaction is assumed,
and J is the isotropic Heisenberg exchange, Dij describes
the antisymmetric Dzyaloshinskii-Moriya interaction (DMI)
and �µ⇥

ij is the symmetric pseudo-dipole interaction (PDI).
Throughout this section, we assume an antiferromagnetic J >
0. Since most A2Ir2O7 (and also spinel AB2X4) compounds
have a space group Fd3̄m, this space group symmetry further
restricts the allowed forms of the DMI and PDI. Therefore, for
the bond connecting sublattice 0 with sublattice 1 (see Fig. 1),
we have7,15

D01 = D(0,
1⌃
2
,� 1⌃

2
), (2)

�01 =

�

⇤
�2�1 0 0
0 �1 ��2

0 ��2 �1

⇥

⌅ . (3)

Exchange interactions on other bonds can be simply generated
by cubic permutations.

y

x

z

0

1

2

3

FIG. 1. (Color online) One elementary tetrahedron of pyrochlore
lattice. “0,1,2,3” label the four sublattices.

For most magnetic systems composed of 3d transition metal
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the Heisenberg exchange and hence can be neglected at low-
est order approximation. For Ir-based magnets or other mag-
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bitals. As a result, the exchange interaction is usually very
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this general Hamiltonian and understand the role of different
anisotropic interactions.

A. The role of DMI (D �= 0,�1 = �2 = 0)
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the most frustrated lattice by having a macroscopic number of
ground state degeneracies with NN Heisenberg model. The
presence of ansiotropic exchange will lift the classical ground
state degeneracy.

Ref. 16 has already studied the role of DMI by mean field
theory and classical Monte-Carlo simulation. Our classical
analysis based on Luttinger-Tisza method is consistent with
their mean field results. With direct DMI which corresponds
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generate (related by time reversal) with the magnetic ordering
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For Kramer’s doublets
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coplanar and non-coplanar states, both of which have mag-
netic wavevector q = 0. The 4-spin vector ⇥ of the coplanar
ground states can be constructed as linear superpositions of
the following two basis vectors u1 and u2 (or their equiva-
lence under discrete symmetry operations)

u1 = (100, 010, 01̄0, 1̄00) (5)
u2 = (010, 1̄00, 100, 01̄0). (6)

And the non-coplanar states are constructed from the follow-
ing two basis vectors v1 and v2 (or their symmetry equiva-
lence)

v1 =
1�
2
(1̄10, 1̄1̄0, 110, 11̄0) (7)

v2 =
1�
6
(1̄1̄2, 1̄12̄, 11̄2̄, 112). (8)

When only the first basis vector is chosen, the ground state is
a special coplanar state with spin orient along different [110]
lattice directions. Both the coplanar and non-coplanar degen-
erate ground state manifolds have O(2) degeneracy with one
continuous degree of freedom.

B. The role of PDI (D = 0,�1 �= 0,�2 = 0)

In this and next subsections, we study the role of PDI. For
�1 > 0, we find that optimal spin configurations have mag-
netic wavevector q = 0. Even though the Hamiltonian breaks
the spin rotation symmetry completely, the ground state mani-
fold has a O(3) degeneracy. The 4-spin vector ⇥ of the ground
states is an arbitrary linear superposition of the following three
basis vectors w1, w2 and w3,

w1 = (100, 100, 1̄00, 1̄00), (9)
w2 = (010, 01̄0, 010, 01̄0), (10)
w3 = (001, 001̄, 001̄, 001). (11)

For �1 < 0, to simultaneously optimize the energy and
satisfy the hard spin constraint, there only exist two sets of
ground states. One has the magnetic wavevector q = 0. Simi-
lar to the case with �1 > 0, the ground state spin configuration
has O(3) degeneracy and the 4-spin vector ⇥ is constructed
from the following three basis vectors z1, z2 and z3 (or their
symmetry equivalence),

z1 = (100, 1̄00, 1̄00, 100), (12)
z2 = (010, 01̄0, 01̄0, 010), (13)
z3 = (001, 001, 001̄, 001̄). (14)

The other set of ground states has magnetic wavevector
q = 2�(100) or its cubic equivalences. Although the mag-
netic unit cell doubles the size of crystallographic cell, the
spin configuration can still be fully described within one tetra-
hedron and the 4-spin vector ⇥ is given as

⇥ = (1̄00, 100, 1̄00, 100). (15)

C. The role of PDI (D = 0,�1 = 0,�2 �= 0)

For �2 < 0, the ground state is the same as the case for
D < 0, which is a 4-in-4-out state. For �2 > 0, the anisotropy
does not lift the classical degeneracy of the NN Heisenberg
model on pyrochlore lattice.

D. With both DMI and PDI

In this subsection, we study the classical phase diagram
when both two of the anisotropic exchanges are present.

We start from the D-�1 plane with �2 = 0. The phase
diagram is depicted in Fig. 2. In all the parts of the phase
diagram, the magnetic wavevector is q = 0. Most parts of the
phase diagram can be understood as the intersection of two
different ground state manifolds separately favored by D and
�1, which have already been discussed in detail in previous
subsections.

(v1, v2)

4⇥in⇥4⇥out

coplanar⇥�110⇥
coplanar�
⇥�110⇥
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⇥2

⇥1
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1

2

⇤1⇤J

D
⇤J

FIG. 2. (Color online) The classical ground phase diagram in D-�1

plane with �2 = 0.

For D < 0,�1 > 0, the 4-in-4-out state is favored. For
D > 0,�1 > 0, we have the classical ground states con-
structed as linear superpositions of the same two basis vec-
tors v1 and v2 introduced in Eq. (7) and (8) for the case of
D > 0. For D > 0,�1 < 0, the ground state is a coplanar
state with spin orient along different [110] directions (denoted
as “coplanar-[110]” in Fig. 2), whose 4-spin vectors ⇥ can be
constructed from the basis vectors u1 and u2 in Eq. (5) and
(6),

⇥ =
1�
2
(110, 1̄10, 11̄0, 1̄1̄0). (16)

For D < 0,�1 < 0, the D-demanded and �1-demanded
ground state manifolds have no overlap. We find that, when
D < 3

�
2�1, DMI has more weight in the Hamiltonian

and the ground state is the 4-in-4-out state, and in the op-
posite case, the ground state is a coplanar state (denoted as
“coplanar�-[110]” in Fig. 2) whose 4-spin vector is given

⇥ =
1�
2
(11̄0, 1̄1̄0, 110, 1̄10). (17)
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Note this coplanar state is distinct from the “coplanar-[110]”
state found for D > 0,�1 < 0.

Now we discuss the ground states in D-�2 plane with �1 =
0. The phase diagram is depicted in Fig. 3. The magnetic
wavevector is q = 0 everywhere in the phase diagram.
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FIG. 3. (Color online) The classical ground phase diagram in D-�2

plane with �1 = 0.

For D < 0,�2 < 0, the ground state is simply the 4-in-4-
out state. For D > 0,�2 > 0, the ground state is an arbitrary
linear superposition of the basis vectors v1 and v2 in Eq. (7)
and Eq. (8). In the regime of D > 0,�2 < 0, there exist two
phases. When D > Dc1(�2) with

Dc1(�2) =

⌃
2

6
(3J � 2�2 �

⌅
9J2 � 6J�2 + 4�2

2), (18)

the ground state turns out to be weakly ferromagnetic and de-
noted as “FM” in Fig. 3. The 4-spin vectors of the magnetic
cell are

⇥ = cos ⇥ y1 + sin ⇥ y2 (19)

with

y1 =
1⌃
2
(1̄1̄0, 11̄0, 1̄10, 110) (20)

y2 = (001, 001, 001, 001). (21)

and

cos 2⇥ =
4J +

⌃
2D � �2⌅

(4J +
⌃
2D � �2)2 + 8�2

2

(22)

sin 2⇥ =
�2

⌃
2�2⌅

(4J +
⌃
2D � �2)2 + 8�2

2

. (23)

When D < Dc1(�2), the ground state is the 4-in-4-out state.
In the region of D < 0,�2 > 0, there also exist two phases.

When D < Dc2(�2) with Dc2(�2) given by

Dc2 = �3
⌃
2�2/2, (24)

the DMI is dominant, so the ground state is the 4-in-4-out
state. When D > Dc2(�2), a coplanar state with spin also
orient along various [110] directions is favored and the 4-spin
vector ⇥ is the same as the one introduced in Eq. (17) and its
symmetry equivalence. Hence, we also denote this coplanar
state as “coplanar�-[110]” in Fig. 3.

III. MAGNETIC ORDER FOR HUBBARD MODEL IN
A2Ir2O7

Having understood the role of each anisotropic exchange
for the generic exchange Hamiltonian in previous section,
in this section we discuss the physical exchange Hamilto-
nian derived perturbatively from the microscopic parent Hub-
bard model and analyze the ground states for the compound
A2Ir2O7.

A. Hubbard model and exchange

We assume the onsite SOC is strong enough so that the
lower j = 3/2 bands are completely filled and the upper
j = 1/2 bands are half filled. The electrons can tunnel from
one Ir4+ ion to neighboring Ir4+ ions either directly or indi-
rectly via the p orbitals of the intermediate oxygen ions7,10.
Since 5d electron orbitals are spatially extended, therefore the
direct tunneling of electrons might be equally important as
the indirect tunneling. With electrons locally projected onto
the j = 1/2 basis, one can write down a minimal Hubbard
model10

H =
⇤

⌅ij⇧

�
(T d

ij,�⇥ + T id
ij,�⇥)d

†
i�dj⇥ + h.c.

⇥
+

⇤

i

Uni,⇥ni,⇤,

(25)
in which, only NN tunneling term is included, and d†i� (di�) is
the creation (annihilation) operator for an electron on effective
spin state |j = 1/2, jz = �⌅ at site i. In Eq. (25), T d and
T id are tunneling matrices for direct and indirect processes,
respectively.

t1 t2
Ir

Ir
Ir

Ir

FIG. 4. (Color online) Left: ⇥-bonding with tunneling amplitude t1.
Right: �-bonding with tunneling amplitude t2.

For direct tunneling processes, there exist two types of
tunneling amplitudes: ⌅-bonding t1 and ⇤-bonding t2 (see
Fig. 4)10. Moreover, it is expected from orbital overlaps that
t2 has a different sign from t1. In the limit of dominant di-
rect tunneling, standard second order perturbation yields the
exchange couplings introduced in Eq. (1),

J =
603t21 � 58296t1t2 + 248369t22

2834352U
(26)

D =
5
⌃
2(153t21 � 1356t1t2 + 2528t22)

118098U
(27)

�1 =
50(9t21 � 48t1t2 + 64t22)

177147U
(28)

�2 = 3�1. (29)

Chen, Hermele, unpublished

Gang Chen’s theory group 

Gang Chen’s theory group
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Quantum Melting of Spin Ice: Emergent Cooperative Quadrupole and Chirality

Shigeki Onoda and Yoichi Tanaka
Condensed Matter Theory Laboratory, RIKEN, 2-1, Hirosawa, Wako 351-0198, Saitama, JAPAN

(Dated: June 29, 2010)

A quantummelting of the spin ice is proposed for pyrochlore-lattice magnets Pr2TM2O7 (TM =Ir,
Zr, and Sn). The quantum superexchange Hamiltonian having a nontrivial magnetic anisotropy
is derived in the basis of atomic non-Kramers magnetic doublets. The ground states exhibit a
cooperative ferroquadrupole and pseudospin chirality, forming a magnetic analog of smectic liquid
crystals. Our theory accounts for dynamic spin-ice behaviors experimentally observed in Pr2TM2O7.

PACS numbers: Valid PACS appear here

It has been a great challenge to realize unconventional
spin-liquid states in three-dimensional magnets. It is
achieved by preventing a dipole long-range order (LRO)
of magnetic moments, which requires appreciable quan-
tum spin fluctuations and geometrical frustration of mag-
netic interaction [1–4]. The importance of the geometri-
cal frustration is manifest as in pyrochlore systems [5–8].
In particular, in the dipolar spin ice R2Ti2O7 (R=Dy
or Ho) [6–8], the rare-earth magnetic moment located at
each vertex of tetrahedrons points either inwards (“in”)
to or outwards (“out”) from the center (Fig. 1 (a)).
The nearest-neighbor ferromagnetic coupling mainly due
to the magnetic dipolar interaction favors macroscopi-
cally degenerate “2-in, 2-out” configurations without any
LRO, forming a magnetic analog of the water ice [8].
Then, the classical spins are quenched into one of the de-
generate ground states [9]. Usually, a thermal heating is
required for melting the quenched spin ice. Here, we pur-
sue an alternative possibility that quantum fluctuations
melt the spin ice: the quantum entanglement among de-
generate states lift the macroscopic degeneracy, suppress
the spin-ice freezing, and lead to a distinct ground state.

A realistic approach to the quantum melting of the spin
ice is to choose a rare-earth ion with fewer f electrons
and a smaller magnetic moment, e.g., Pr3+. In rare-eath
ions with fewer f electrons, the 4f wavefunction is spa-
tially extended [10] and can then be largely overlapped
with the O 2p orbitals at the O1 site (Fig. 1 (a)) in the
pyrochlore lattice. Besides, for Pr3+ ions, the magnetic
dipolar interaction, which is proportional to the square of
the moment size, is reduced by an order of magnitude to
0.1 K between the nearest-neighbor sites, in comparison
to that for Dy3+ ions. Then, the superexchange interac-
tion due to virtual f -p electron transfers, which provides
a source of the quantum nature, is expected to play cru-
cial roles in Pr2TM2O7 (TM : a transition metal).

Recent experiments on Pr2Sn2O7 [11], Pr2Zr2O7 [12],
and Pr2Ir2O7 [13] have shown that the Pr3+ ion provides
the ⟨111⟩ Ising moment described by a non-Kramers mag-
netic doublet. As in the spin ice, any magnetic dipole
LRO is absent [11–16]. Pr2Ir2O7 shows a metamagnetic
transition only when the magnetic field is applied in the
[111] direction [14], indicating the ice-rule formation due

FIG. 1: (Color) (a) Pr3+ ions (red) form tetrahedrons (dashed
lines) centered at O2− ions (O1) (blue), and are surrounded
by O2− ions (O2) (blue) in the D3d symmetry as well as by
TM ions (green). Each Pr magnetic moment (bold arrow)
points to either of the two neighboring O1 sites. (b) The
local coordinate frame (x⃗r, y⃗r, z⃗r) from the top. Upward and
downward triangles of the O2− ions (O2) are located above
and below the hexagon of the TM ions. (c) The Pr pyrochlore
lattice. The phase ϕr,r′ in Eq. (2) depends on the color of the
bonds. The global coordinate frame (X, Y,Z) is also shown.

to a ferromagnetic coupling J ∼ 1.4 K [14]. On the other
hand, the Curie-Weiss temperature TCW is antiferromag-
netic for the zirconate [12] and iridate [13], unlike the
spin ice. The stannate shows a significant level of low-
energy short-range spin dynamics [15], which is absent in
the classical spin ice. Furthermore, the iridate shows the
Hall effect at zero magnetic field without magnetic dipole
order [14], suggesting an onset of a chiral spin liquid [3]
at a temperature ∼ J due to quantum fluctuations.
In this Letter, we derive the realistic effective model for

Pr 4f moments on the pyrochlore lattice. It contains ap-
preciable quantum nature leading to a cooperative ferro-
quadrupolar ground state, accompanied by crystal sym-
metry lowering from cubic to tetragonal and a frustration
in the chirality ordering. Our scenario explains unusual
magnetic properties observed in Pr2TM2O7 suggesting a
dynamically fluctuating spin ice [14–16].
We start with f2 configurations for Pr3+ forming the

tetrahedron centered at the O2− ion (O1) in Pr2TM2O7

(Fig. 1). The LS coupling gives the ground-state mani-
fold 3H4. Each Pr3+ ion is placed in a crystalline electric
field (CEF) which has the D3d symmetry about the ⟨111⟩
direction toward the O1 site. It is useful to define the lo-

2

FIG. 2: (Color online) (a) Local level scheme for f and p
electrons, and the local quantization axes z⃗r and z⃗r′ . (b) f -p
transfer integrals. (c) Virtual hopping processes. n (n′) and

ℓ in the state fnpℓfn′

represent the number of f electrons at
the Pr site r (r′) and that of p electrons at the O1 site.

cal quantization axis z⃗r as this direction, as well as x and
y axes as x⃗r and y⃗r depicted in Figs. 1 (a) and (b). The
CEF favors Jz = ±4 configurations for the total angu-
lar momentum, which are linearly coupled to Jz = ±1
and ∓2 because of the D3d CEF [18]. This leads to the
atomic non-Kramers magnetic ground doublet

|σz⟩ = α|Jz = 4σz⟩+βσz |Jz = σz⟩−γ|Jz = −2σz⟩, (1)

with small real coefficients β and γ as well as α =
!

1− β2 − γ2. The pseudospin σz = ± represents the
direction of the Ising (“in” or “out”) magnetic dipole
moment, in contrast to the case of a nonmagnetic dou-
blet labeled by the atomic quadrupole moment [19] in
materials having other CEF symmetries, PrFe4P12 [20],
UPt3 [21], and UPd2Al3 [22]. For Pr2Ir2O7, the first ex-
cited crystal-field level is a singlet located at 168 K and
the second is a doublet at 648 K [18]. They are similarly
large for Pr2Sn2O7 [15]. These energy scales are two or-
ders of magnitude larger than our relevant energy scale
J ∼ 1.4 K. Hence we neglect these CEF excitations.
Now we derive the effective Hamiltonian through the

fourth-order strong-coupling perturbation theory. Vir-
tual local f1 and f3 states have an energy gain of the
Coulomb repulsion U and cost of 2U , respectively (Fig. 2
(a)), where the LS coupling has been ignored in com-
parison with U . Creating a virtual p hole decreases the
energy by the p electron level ∆ compared with the f1

level. The f -p electron transfer is allowed only within the
orbital lz = 0 and ±1 manifolds, whose amplitudes are
given by Slater-Koster parameters Vpfσ and Vpfπ [23],
respectively (Fig. 2 (b)). The local coordinate frames for
the nearest-neighbor Pr sites are crucially different; for
instance, z⃗r · z⃗r′ = −1/3. The perturbation expansion in
Vpfσ and Vpfπ is then carried out by taking into account
the different local coordinate frames and the virtual pro-
cesses (Fig. 2 (c)). The projection of this superexchange
Hamiltonian onto the subspace of doublets (Eq. (1)) leads

to the pseudospin-1/2 Hamiltonian;

Heff = J
n.n
"

⟨r,r′⟩

#

σz
r
σz
r′ + 2δ

$

σ+
r
σ−
r′ + σ−

r
σ+
r′

%

+2q
$

eiϕr,r′σ+
r
σ+
r′ + h.c.

%&

, (2)

with σ±
r
≡ (σx

r
±iσy

r
)/2 and (σx

r
,σy

r
,σz

r
) = σ⃗r ·(x⃗r , y⃗r, z⃗r),

where σ⃗r represents the Pauli matrix for the pseudospin
at the site r. We have adopted the simplest gauge where
the phase ϕr,r′ takes 0, 2π/3, −2π/3 depending on the
color of the bond directions shown in Fig. 1 (c), by rotat-
ing the x and y axes by π/12 from those shown in Figs. 1
(a) and (b). This phase can not be fully gauged away,
because of the noncollinearity of the ⟨111⟩ magnetic mo-
ments and the three-fold rotational invariance of (r, σ⃗r)
about the [111] axes. Only σz

r
contributes to themagnetic

dipole moment Jz
r , while σ

x,y
r the atomic quadrupole mo-

ment Jz
r
Jx,y
r

, as can be shown by direct calculations. For
a realistic case −0.37 ! Vpfπ/Vpfσ ! −0.02, the Ising
coupling J between the nearest-neighbor pseudospins is
found to be positive, i.e., antiferroic. This indicates the
“ferromagnetic” coupling between the nearest-neighbor
4f magnetic moments because of the tilting of the local
z axes, z⃗r · z⃗r′ = −1/3. Then, it can provide a source of
the ice-rule formation. The D3d CEF creates two addi-
tional quantum-mechanical interactions; the pseudospin-
exchange and pseudospin-nonconserving terms. Their
coupling constants δ and q are insensitive to U/Vpfσ and
∆/Vpfσ but strongly depends on β and γ. Figure 3 (a)
shows δ and q as functions of β for the trigonal CEF
with by keeping the ratio γ/β = 3. Henceforth, we
adopt rough estimates U/Vpfσ = 5, ∆/Vpfσ = 4, and
Vpfπ/Vpfσ = −0.3 from first-principles calculations (pub-
lished elsewhere), and β = 7.5% and γ = 3β from the
CEF analysis based on inelastic neutron-scattering ex-
periments [18]. Then, we obtain δ ∼ 0.51 and q ∼ 0.89,
indicating the appreciable quantum nature. The two cou-
plings play crucial roles in inducing a cooperative ferro-
quadrupolar order instead of the classical spin ice [8] or
the U(1) spin liquid [24].
A mean-field analysis [5] on Eq. (2) yields two dis-

tinct states. (i) Magnetic dipolar states characterized by
a nonzero ⟨σz

r⟩ have the lowest energy −2J per tetrahe-
dron at the wavevector q = 2π

a (hhl) with a being the side
length of the unit cube (Fig. 1 (c)). (ii) A quadrupolar
state with a nonzero ⟨σx,y

r ⟩ has the energy −2(δ+2q)J at
q = 0 for δ, q > 0. Thus, for δ+2q > 1 as in our case, the
atomic quadrupole moment σx,y

r
should form the LRO

without any dipole LRO. However, we will show below
that the ground state is further replaced with a cooper-
ative ferroquadrupolar state because of the quantum in-
terplay between atomic dipoles σz

r and quadrupoles σx,y
r .

First let us solve Eq. (2) on a single tetrahedron. The
similar analysis on a distinct model for Tb2Ti2O7 [25]
has been employed to discuss the RVB-singlet quan-
tum spin ice [26]. With increasing β and thus γ from

2

FIG. 2: (Color online) (a) Local level scheme for f and p
electrons, and the local quantization axes z⃗r and z⃗r′ . (b) f -p
transfer integrals. (c) Virtual hopping processes. n (n′) and

ℓ in the state fnpℓfn′

represent the number of f electrons at
the Pr site r (r′) and that of p electrons at the O1 site.

cal quantization axis z⃗r as this direction, as well as x and
y axes as x⃗r and y⃗r depicted in Figs. 1 (a) and (b). The
CEF favors Jz = ±4 configurations for the total angu-
lar momentum, which are linearly coupled to Jz = ±1
and ∓2 because of the D3d CEF [18]. This leads to the
atomic non-Kramers magnetic ground doublet

|σz⟩ = α|Jz = 4σz⟩+βσz |Jz = σz⟩−γ|Jz = −2σz⟩, (1)

with small real coefficients β and γ as well as α =
!

1− β2 − γ2. The pseudospin σz = ± represents the
direction of the Ising (“in” or “out”) magnetic dipole
moment, in contrast to the case of a nonmagnetic dou-
blet labeled by the atomic quadrupole moment [19] in
materials having other CEF symmetries, PrFe4P12 [20],
UPt3 [21], and UPd2Al3 [22]. For Pr2Ir2O7, the first ex-
cited crystal-field level is a singlet located at 168 K and
the second is a doublet at 648 K [18]. They are similarly
large for Pr2Sn2O7 [15]. These energy scales are two or-
ders of magnitude larger than our relevant energy scale
J ∼ 1.4 K. Hence we neglect these CEF excitations.
Now we derive the effective Hamiltonian through the

fourth-order strong-coupling perturbation theory. Vir-
tual local f1 and f3 states have an energy gain of the
Coulomb repulsion U and cost of 2U , respectively (Fig. 2
(a)), where the LS coupling has been ignored in com-
parison with U . Creating a virtual p hole decreases the
energy by the p electron level ∆ compared with the f1

level. The f -p electron transfer is allowed only within the
orbital lz = 0 and ±1 manifolds, whose amplitudes are
given by Slater-Koster parameters Vpfσ and Vpfπ [23],
respectively (Fig. 2 (b)). The local coordinate frames for
the nearest-neighbor Pr sites are crucially different; for
instance, z⃗r · z⃗r′ = −1/3. The perturbation expansion in
Vpfσ and Vpfπ is then carried out by taking into account
the different local coordinate frames and the virtual pro-
cesses (Fig. 2 (c)). The projection of this superexchange
Hamiltonian onto the subspace of doublets (Eq. (1)) leads

to the pseudospin-1/2 Hamiltonian;
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where σ⃗r represents the Pauli matrix for the pseudospin
at the site r. We have adopted the simplest gauge where
the phase ϕr,r′ takes 0, 2π/3, −2π/3 depending on the
color of the bond directions shown in Fig. 1 (c), by rotat-
ing the x and y axes by π/12 from those shown in Figs. 1
(a) and (b). This phase can not be fully gauged away,
because of the noncollinearity of the ⟨111⟩ magnetic mo-
ments and the three-fold rotational invariance of (r, σ⃗r)
about the [111] axes. Only σz
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contributes to themagnetic

dipole moment Jz
r , while σ
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r the atomic quadrupole mo-

ment Jz
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, as can be shown by direct calculations. For
a realistic case −0.37 ! Vpfπ/Vpfσ ! −0.02, the Ising
coupling J between the nearest-neighbor pseudospins is
found to be positive, i.e., antiferroic. This indicates the
“ferromagnetic” coupling between the nearest-neighbor
4f magnetic moments because of the tilting of the local
z axes, z⃗r · z⃗r′ = −1/3. Then, it can provide a source of
the ice-rule formation. The D3d CEF creates two addi-
tional quantum-mechanical interactions; the pseudospin-
exchange and pseudospin-nonconserving terms. Their
coupling constants δ and q are insensitive to U/Vpfσ and
∆/Vpfσ but strongly depends on β and γ. Figure 3 (a)
shows δ and q as functions of β for the trigonal CEF
with by keeping the ratio γ/β = 3. Henceforth, we
adopt rough estimates U/Vpfσ = 5, ∆/Vpfσ = 4, and
Vpfπ/Vpfσ = −0.3 from first-principles calculations (pub-
lished elsewhere), and β = 7.5% and γ = 3β from the
CEF analysis based on inelastic neutron-scattering ex-
periments [18]. Then, we obtain δ ∼ 0.51 and q ∼ 0.89,
indicating the appreciable quantum nature. The two cou-
plings play crucial roles in inducing a cooperative ferro-
quadrupolar order instead of the classical spin ice [8] or
the U(1) spin liquid [24].
A mean-field analysis [5] on Eq. (2) yields two dis-

tinct states. (i) Magnetic dipolar states characterized by
a nonzero ⟨σz

r⟩ have the lowest energy −2J per tetrahe-
dron at the wavevector q = 2π

a (hhl) with a being the side
length of the unit cube (Fig. 1 (c)). (ii) A quadrupolar
state with a nonzero ⟨σx,y

r ⟩ has the energy −2(δ+2q)J at
q = 0 for δ, q > 0. Thus, for δ+2q > 1 as in our case, the
atomic quadrupole moment σx,y

r
should form the LRO

without any dipole LRO. However, we will show below
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cal quantization axis z⃗r as this direction, as well as x and
y axes as x⃗r and y⃗r depicted in Figs. 1 (a) and (b). The
CEF favors Jz = ±4 configurations for the total angu-
lar momentum, which are linearly coupled to Jz = ±1
and ∓2 because of the D3d CEF [18]. This leads to the
atomic non-Kramers magnetic ground doublet

|σz⟩ = α|Jz = 4σz⟩+βσz |Jz = σz⟩−γ|Jz = −2σz⟩, (1)

with small real coefficients β and γ as well as α =
!

1− β2 − γ2. The pseudospin σz = ± represents the
direction of the Ising (“in” or “out”) magnetic dipole
moment, in contrast to the case of a nonmagnetic dou-
blet labeled by the atomic quadrupole moment [19] in
materials having other CEF symmetries, PrFe4P12 [20],
UPt3 [21], and UPd2Al3 [22]. For Pr2Ir2O7, the first ex-
cited crystal-field level is a singlet located at 168 K and
the second is a doublet at 648 K [18]. They are similarly
large for Pr2Sn2O7 [15]. These energy scales are two or-
ders of magnitude larger than our relevant energy scale
J ∼ 1.4 K. Hence we neglect these CEF excitations.
Now we derive the effective Hamiltonian through the

fourth-order strong-coupling perturbation theory. Vir-
tual local f1 and f3 states have an energy gain of the
Coulomb repulsion U and cost of 2U , respectively (Fig. 2
(a)), where the LS coupling has been ignored in com-
parison with U . Creating a virtual p hole decreases the
energy by the p electron level ∆ compared with the f1

level. The f -p electron transfer is allowed only within the
orbital lz = 0 and ±1 manifolds, whose amplitudes are
given by Slater-Koster parameters Vpfσ and Vpfπ [23],
respectively (Fig. 2 (b)). The local coordinate frames for
the nearest-neighbor Pr sites are crucially different; for
instance, z⃗r · z⃗r′ = −1/3. The perturbation expansion in
Vpfσ and Vpfπ is then carried out by taking into account
the different local coordinate frames and the virtual pro-
cesses (Fig. 2 (c)). The projection of this superexchange
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indicating the appreciable quantum nature. The two cou-
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r⟩ have the lowest energy −2J per tetrahe-
dron at the wavevector q = 2π

a (hhl) with a being the side
length of the unit cube (Fig. 1 (c)). (ii) A quadrupolar
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RKKY exchange

pe!, derived from the Curie constant C, agrees with the
expectation for R3þ ions, indicating the localized nature
of the trivalent rare-earth ions. The Weiss temperatures
!CW are all antiferromagnetic. It should be noted that
although Dy3þ and Ho3þ are known to yield ferromag-
netic !CW in R2Ti2O7, both exhibit antiferromagnetic
!CW in R2Ir2O7. This di!erence suggests the involvement
of the Ir spins in determining the interaction between the
rare-earth moments. The values of "0 do not vary
systematically; we cannot determine their precise
physical signi"cance from these data. The small and
only weakly temperature-dependent susceptibilities of
the Sm and Eu compounds are quantitatively consistent
with the main contribution from the Van Vleck
susceptibility. For these compounds, there is no sign of
the additional S ¼ 1=2 local moments of the Ir ions,
which is consistent with the Pauli susceptibility expected
from the observed electronic speci"c heat (shown below).
For the nonmetallic compounds, the contribution of the
Ir local moment could not be precisely extracted because
of the large contribution from the moments of the rare-
earth elements. For Y2Ir2O7 with nonmagnetic Y3þ, the
ferromagnetic contribution with the Curie temperature
TC ¼ 170 K, possibly due to impurities or grain bound-
aries, hampered the determination of the Ir contribution.

Figure 4 shows the speci"c heat divided by tempera-
ture, C=T . An indication of long-range ordering is found
only for R ¼ Yb at 2.2 K; the others exhibit no
indication of phase transition, at least down to 1.8 K,
although the gradual increase of C=T is attributable to
the freezing of the moments. Since we did not "nd any
corresponding magnetic anomaly down to 1.8 K for
R ¼ Yb, the transition at 2.2 K may involve electric
quadrupole moments of Yb3þ ions. As in Fig. 2, the ac
susceptibility measurements extended down to 0.3 K
indicate magnetic ordering in R ¼ Nd. Thus, R2Ir2O7

remains paramagnetic at temperatures much lower than
the respective Weiss temperatures, most probably
re#ecting the geometrical frustration on the pyrochlore
lattice.

The speci"c heat of Pr2Ir2O7 is qualitatively di!erent
from those of the other compounds: C=T exhibits a
broad peak with the maximum at 4.6 K. This compound
remains metallic at least down to 50 mK and para-
magnetic down to at least 0.3 K. Since the e!ective
moment pe! obtained from the Curie{Weiss "tting at
high temperatures is consistent with that of a localized
Pr3þ ion, the itenerant character is attributable to
electrons originating from Ir4þ. Owing to the crystal-
"eld splitting of the 4f2 con"guration of the Pr3þ ion in
the expected crystal symmetry of D3d, we expect the
low-lying states to be composed of a singlet and a

magnetic doublet. In order to examine the entropy
associated with the speci"c heat peak, we subtracted the
estimated contribution from the lattice and the itinerant
electrons, using the data of metallic Eu2Ir2O7, for which
Eu3þ ion has no e!ective ground-state moment. The
speci"c heat of Eu2Ir2O7 itself yields the Debye
temperature of !D ¼ 420 K, and the electronic coe$-
cient of # ¼ 7 mJ/K2 mol-Ir. The resulting magnetic
entropy is 4.8 J/K mol-Pr at 25 K, which does not reach
the expected value of R ln 3 ¼ 9:14 J/K mol; it is even
smaller than R ln 2 ¼ 5:76 J/K mol. A simple model
based on either a singlet or a doublet ground state
cannot account for the observed behavior. Such small
entropy, however, is consistent with the level scheme
involving a frustrated ground-state doublet and an
excited singlet. In fact, C=T exhibits a minimum at
about 0.5 K and starts to increase with decreasing
temperature, as shown in Fig. 4. This increase suggests
the release of the entropy associated with the doublet at
lower temperatures. Therefore, future studies extended
to lower temperatures are needed to identify the crystal-
"eld scheme.

We noted above that the Weiss temperature is
antiferromagnetic even for R ¼ Dy and Ho. The domi-

Table I. Curie{Weiss "tting parameters for R2Ir2O7.

R Pr Nd Gd Tb Dy Ho Yb

"0 (10#3 emu/mol-Ir) 1.6 1.2 0.24 0.33 2.1 3.4 3.3

pe! (obs.) 3.00 3.20 8.18 9.62 10.1 10.3 3.55

pe! (calc.) 3.58 3.62 7.94 9.72 10.63 10.58 4.54

!CW (K) #10 #19 #7:8 #14 #3:5 #0:83 #9:3

Fig. 4. Speci"c heat vs. temperature of R2Ir2O7. The data for
R ¼ Yb, exhibiting the anomaly associated with long-range ordering
at 2.2 K, are o!set for clarity.
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FIG. 5. (Color online) The electron bands for a slab that is finite
along (110) plane. The inset is the surface BZ with Fermi arcs
connecting the points with different colors (chiralities). Red/green
(dark/light) points correpond to the projection of Weyl points with
opposite chirality (�1/+1). The points with larger size have projec-
tions from two Weyl points. In the plot, t� = 0.3t and c1 = 0, c2 =
0.4t with “4-in 4-out” spin configuration. Dashed (red) line is the
Fermi energy.

Prediction—In Tab. II, we list the magnetic and transport
properties of various R2Ir2O7. Most materials in the Tab. II
exhibit MIT. Very little is known about the magnetic proper-
ties. The most studied compound in this series is Pr2Ir2O7,
which exhibit a metal ground state and anomalous Hall effect.
As the parent state for Pr2Ir2O7 is expected to be metallic (see
Fig. 2), we will discuss it in a forthcoming work[26]. LRO
has been suggested for Nd2Ir2O7[39–41] and Sm2Ir2O7[35].
Recent neutron diffraction and scattering experiments[41] on
Nd2Ir2O7 suggest a q = 0 “4-in 4-out” spin configuration for
both Nd and Ir systems. Another experiment[40] applies pres-
sure to Nd2Ir2O7 and finds that the pressure suppresses MIT
and leads to a FM metal state. Ref. 40 further conjectures the
magnetic ground state of Nd be an “ordered spin ice” with “2-
in 2-out” spin configuration and q = 0 or 2�(001). Based
on these experimental findings, it is very likely for Nd2Ir2O7

to develop the topological phases proposed in Fig. 3. For an
insulating Nd2Ir2O7 with q = 0 “4-in 4-out” spin state, one
may measure the magnetoelectric response to confirm if the
system is in the AI phase. Applying pressure changes the
Kondo coupling, which may drive a successive transition from
AI with “4-in 4-out” spin state to WSM then to M-WSM and
CSM with “2-in 2-out” state. Anomalous Hall effect and non-
trivial surface state may be detected for Nd2Ir2O7 at interme-
diate pressures. Ref. 11 and 13 have predicted the bahaviors
of dc/ac conductivitites in different limits. It will be interest-
ing to check if the available resitivity data for Nd2Ir2O7 and
also for Sm2Ir2O7 agree with their predictions. Further exper-
iments are needed to elucidate the nature of magnetic ground
state of other R2Ir2O7.

To summarize, we have constructed and analyze a minimal
and realistic model with Kondo coupling for rare-earth based
pyrochlore iridates R2Ir2O7. In constrast to the work on the
pyrochlore irdiates A2Ir2O7 with nonmagnetic A’s, we find
much broader regions of Axion insulator, topological semi-
metal phases and Kondo coupling driven metal-insulator tran-

sition.
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4. Discussion and Summary

We summarize the low temperature magnetic properties

of R2Sn2O7 in Table I. !CW is estimated in low T region

except for Gd. Tm2Sn2O7 shows a Van Vleck paramagnet-

ism due to a CEF singlet ground state. Ferromagnetic

coupling is dominant in five compounds (Pr2Sn2O7,

Tb2Sn2O7, Dy2Sn2O7, Ho2Sn2O7 and Yb2Sn2O7). A frus-

tration effect has influence on the magnetic properties of the

other compounds. Among them, the only Tb2Sn2O7 shows a

ferromagnetic ordering. Instead, antiferromagnetic coupling

is dominant in two compounds (Nd2Sn2O7 and Gd2Sn2O7).

These compounds show an AF ordering. Heisenberg

antiferromagnet Gd2Sn2O7 indicates a existence of strong

frustration because the value of !CW=TN is large.

We will compare the magnetic behavior of stannates in

heavy rare earth with that of titanates. In the case of Gd, Dy,

Ho and Tm, the stannate shows the similar behavior to the

titanate. Yb2Ti2O7 with ferromagnetic coupling shows a

sharp anomaly at 0.21K. Although Yb2Sn2O7 has a

ferromagnetic coupling, there is no anomaly at least down

to 0.15K. However, an anomaly is expected at lower

temperature because the " becomes almost zero at 0.15K. In

the case of Tb and Er, the behavior of the stannate in the

high temperature region is similar to that of the titanate.

However, the magnetic ground state is quite different.

Although Tb2Sn2O7 shows a ferromagnetic ordering at

0.87K, Tb2Ti2O7 do not show a magnetic lang-range

ordering down to 0.07K. On the other hand, although

Er2Sn2O7 do not show a magnetic ordering at least down to

0.15K, Er2Ti2O7 shows a magnetic anomaly at 1.25K.

Because the CEF splitting is small in the case of Tb and Er,

the CEF state of the stannate may be slightly different from

that of the titanate.
As we can see in Table I, pyrochlore stannates show

various magnetic properties. The present compounds are

known as a good insulator. We have to consider not only a

superexchange interaction but also a dipolar interaction. The

sign and strength of dipolar interaction depend on the

magnetic anisotropy of CEF ground state. It is difficult to

estimate the superexchange interaction except for such cases

as magnetic isotropy and Ising anisotropy. Gd2Sn2O7 with

magnetic isotropy has the huge antiferromagnetic value of

!CW. Both superexchange and dipolar interactions may be

antiferromagnetic. When the CEF ground state has an Ising

anisotropy along the trigonal axis, the dipolar interaction is

ferromagnetic in pyrochlore lattice. In the case of Ho2Sn2O7

and Dy2Sn2O7, the nearest neighbor dipolar interaction is

estimated to be 2.1 K by using the value of magnetic

moment 10#B. The dipolar interaction is dominant. Monte

Carlo simulations results on spin ice titanates (Dy2Ti2O7 and

Ho2Ti2O7) with Ising anisotropy reveal that the AF

exchange interaction is of the order of 1K.17,27) It is

expected that AF exchange interaction in the stannates is

also of the order of 1K.
We found that Dy2Sn2O7 and Ho2Sn2O7 show a spin ice

behavior. In addition, it is suggested that Pr2Sn2O7 becomes

a spin ice state below 0.3K. It should be noted that the

dipole interaction in Pr compound is much smaller than that

in Dy and Ho compounds because the magnetic moment of

Pr site is !1=4 smaller. The dipole interaction is not

dominant. Considering a superexchange interaction, the

exchange interaction may be ferromagnetic. The appearance

of spin ice state in Pr2Sn2O7 should be confirmed by further

experimental study. We first reported the low temperature

magnetic properties of Pr compound in the case of B site is

non magnetic. Further study on frustration in other Pr

pyrochlore is also needed.
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Table I. Magnetic properties of R2Sn2O7.

R !CW "0 peak [80Hz] magnetic state

Pr 0.32K [3–20K] 0.35K spin ice

Nd "0:18K [2–15K] 0.93K AF (TN ! 0:9K)

Gd "6:58K [50–300K] 1.0K AF (TN ! 1:0K)

Tb — 0.87K F (TC ! 0:87K)

Dy 1.69K [16–40K] 2.1K spin ice

Ho 1.80K [16–40K] 1.4K spin ice

Er — <0:15K the unknown

Tm — none Van Vleck para.

Yb 0.51K [2–14K] <0:15K the unknown
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Phase diagram

3

in which we do not explicitly include R-R exchange, whose
effect is assumed to generate the q = 0 magnetic ordering.

Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also
in Ref. 14, when �1.2t . t� . �0.5t, the metallic phase
(M) is obtained; for the rest regimes, strong topological band
insulator (STI) with topological class (1;000) is realized.

�0.5

�1.5

�1.2
t�/t

MSTI STI

0.3

FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),
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� = ⇥ in the vicinity of the STI phase points.
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region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
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CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.
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ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
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(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),
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⇥
=
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k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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Brillouin zone for the fcc unit cell 
 
 

 
 
 
 
 
 

Label Cartesian Coordinates Lattice Coordinates Range 
� ( 0 , 0 , 0 ) 0  Point 
� ( 0 , 2 � x/a , 0 )  ½ x (b1 + b3) 0 < x < 1   
X ( 0 , 2 �/a , 0 )  ½ (b1 + b3) Point 
Z ( ½ x �/a , 2 �/a , 0 )  ½ b1 + ¼ x b2 + ¼ (2+x) b3 0 < x < 1  
W ( �/a , 2 �/a , 0 )  ½ b1 + ¼ b2 + ¾ b3 Point 
Q ( �/a , (2 - x) �/a , x �/a )  ½ b1 + ¼ (1 + x) b2 + ¼ (3 - x) b3  0 < x < 1 
L ( �/a , �/a , �/a )  ½ b1 + ½ b2 + ½ b3  Point 
� ( x �/a , x �/a , x �/a )  ½ x b1 + ½ x b2 + ½ x b3  0 < x < 2 
� ( 2 � x/a , 2 � x/a , 0 )  ½ x b1 + ½ x b2 + x b3  0 < x < ¾ 
K = U  (3/2 �/a , 3/2 �/a , 0 )  3/8 b1 + 3/8 b2 + ¾ b3  Point 
S ( 2 � x/a , 2 � x/a , 0 )  ½ x b1 + ½ x b2 + x b3  ¾ < x < 1 
X' ( 2 �/a , 2 �/a , 0 )  ½ b1 + ½ b2 + b3  Point 

Band structure 4
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FIG. 4. (Color online) The evolution of band structure. The energy
unit is set to be t. Dashed (red) line is the Fermi energy. In the
figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at c1 =
0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in 4-out”
spin configuration. The Weyl points are located along the line from
L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out” spin
configuration. The Weyl points are created by splitting L points, but
not located on high symmetric lines. Note there is a small energy gap
at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t with
“2-in 2-out” spin configuration. Same as c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate and create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. Here, as the cubic symmetry is broken by the “2-in
2-out” spin configuration, we choose X and W to be (2⇡, 0, 0) and
(2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

ated at L points and annihilated at � points. As shown in
Fig. 4(b), the Weyl points are located along the high symmet-
ric axis from L to � due to the high symmetries of the “4-in
4-out” state. For the “2-in 2-out” region, the band structure is
more complicated. To be specific, we choose the “2-in 2-out”
state with net ferromagnetic (FM) moment along z-direction
throughout the paper. In Fig. 3(a), away from the AI phase,
the 8 Weyl points are also created by splitting the L points but
located at [kxkxkz] and equivalent points. Upon increasing

Kondo coupling, the bands in other regions of the BZ start to
touch the Fermi energy, which creates electron/hole pockets
around the Weyl points. Even though the electron/hole pock-
ets may contain two Weyl points with opposite chirality which
leads to a conventional semi-metal, one may still obtain non-
trivial topological semi-metal by doping the system properly.
Therefore, we term this phase as “mixed Weyl semi-metal”
(M-WSM). As shown in Fig. 4(e), the 8 Weyl points annihi-
late in pairs along the lines from � to K and a conventional
semi-metal (CSM) is obtained. For the “2-in 2-out” region in
Fig. 3(b), besides the same set of Weyl points as in Fig. 3(a),
a new set of Weyl points[33] at different energy appears in the
regions of M-WSM2 and M-WSM3 (see the caption of Fig. 3
and Fig. 4(g) for details).

Due to cubic symmetry of “4-in 4-out” state, the WSM in
this region has a vanishing anomalous Hall effect. A pressure
induced anamalous Hall effect, however, is still expected[8].
In the “2-in 2-out” region, the cubic symmetry is explicitly
broken. We expect a nonvanishing anomalous Hall effect
⌅ij =

e2

2�h�ijk⇥k from the 8 Weyl points with � given by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 6, the Weyl
points with opposite chirality should be connected by gapless
surface states, that form open Fermi arcs in the surface BZ.
These surface states should appear for both WSM and the M-
WSM that contains Weyl points of opposite chirality in sep-
arate electron/hole pockets. In Fig. 5, we plot the electron
spectrum for the WSM of the “4-in 4-out” region in the phase
diagram that is depicted in Fig. 4(a). As the Weyl points in
this WSM phase appear in the high symmetric line (from L
to �), the Weyl points of opposite chiralities project to the
same point on the surface BZ for (001) surfaces. Therefore,
no surface states are expected for these surfaces. For (111)
and (110) surfaces, however, Weyl points with opposite chi-
ralities project to different points in surface BZ[34], leading
to gapless Fermi arcs on the surface. In Fig. 5, half of the sur-
face Fermi arcs are located on the top surface, and the other
half on the bottom one. The Fermi arcs are not nested as the
approximately nested Fermi arcs are on different surfaces.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[36–38]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[39–41]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [35]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [42]
Yb2Ir2O7 I Unknown[18]

TABLE II. Magnetic and transport properties of R2Ir2O7.
I=insulator, MIT=metal-insulator transition, LRO=long range order.
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FIG. 4. (Color online) The evolution of band structure. The energy
unit is set to be t. Dashed (red) line is the Fermi energy. In the
figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at c1 =
0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in 4-out”
spin configuration. The Weyl points are located along the line from
L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out” spin
configuration. The Weyl points are created by splitting L points, but
not located on high symmetric lines. Note there is a small energy gap
at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t with
“2-in 2-out” spin configuration. Same as c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
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(2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

ated at L points and annihilated at � points. As shown in
Fig. 4(b), the Weyl points are located along the high symmet-
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late in pairs along the lines from � to K and a conventional
semi-metal (CSM) is obtained. For the “2-in 2-out” region in
Fig. 3(b), besides the same set of Weyl points as in Fig. 3(a),
a new set of Weyl points[33] at different energy appears in the
regions of M-WSM2 and M-WSM3 (see the caption of Fig. 3
and Fig. 4(g) for details).

Due to cubic symmetry of “4-in 4-out” state, the WSM in
this region has a vanishing anomalous Hall effect. A pressure
induced anamalous Hall effect, however, is still expected[8].
In the “2-in 2-out” region, the cubic symmetry is explicitly
broken. We expect a nonvanishing anomalous Hall effect
⌅ij =
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2�h�ijk⇥k from the 8 Weyl points with � given by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 6, the Weyl
points with opposite chirality should be connected by gapless
surface states, that form open Fermi arcs in the surface BZ.
These surface states should appear for both WSM and the M-
WSM that contains Weyl points of opposite chirality in sep-
arate electron/hole pockets. In Fig. 5, we plot the electron
spectrum for the WSM of the “4-in 4-out” region in the phase
diagram that is depicted in Fig. 4(a). As the Weyl points in
this WSM phase appear in the high symmetric line (from L
to �), the Weyl points of opposite chiralities project to the
same point on the surface BZ for (001) surfaces. Therefore,
no surface states are expected for these surfaces. For (111)
and (110) surfaces, however, Weyl points with opposite chi-
ralities project to different points in surface BZ[34], leading
to gapless Fermi arcs on the surface. In Fig. 5, half of the sur-
face Fermi arcs are located on the top surface, and the other
half on the bottom one. The Fermi arcs are not nested as the
approximately nested Fermi arcs are on different surfaces.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[36–38]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[39–41]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [35]
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in which we do not explicitly include R-R exchange, whose
effect is assumed to generate the q = 0 magnetic ordering.

Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also
in Ref. 14, when �1.2t . t� . �0.5t, the metallic phase
(M) is obtained; for the rest regimes, strong topological band
insulator (STI) with topological class (1;000) is realized.
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FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),
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no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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FIG. 5. (Color online) Illustration of surface states arising from bulk Weyl points. (a) The bulk states as a function of (kx,ky) (and arbitrary
kz) fill the inside of a cone. A cylinder whose base defines a one-dimensional circular Brillouin zone is also drawn. (b) The cylinder unrolled
onto a plane gives the spectrum of the two-dimensional subsystem H (λ,kz) with a boundary. On top of the bulk spectrum, a chiral state appears
due to the nonzero Chern number. (c) Meaning of the surface states back in the three-dimensional system. The chiral state appears as a surface
connecting the original Dirac cone to a second one, and the intersection between this plane and the Fermi level gives a Fermi arc connecting
the Weyl points.

semimetal phase is gapless in the bulk, θ is ill defined. As
U is lowered further, the Weyl points shift, with nodes of
opposite chirality approaching one another. If at lower values
of U the Weyl points meet and annihilate again, the resulting
phase will have θ = π . The parities will be the same as in the
Weyl semimetal, since the Weyl points would have annihilated
away from TRIMs. From Table II we can see that indeed
this corresponds to θ = π , since there are 14 negative-parity
filled states, while the Mott insulator corresponds to θ = 0,
having 12 negative-parity filled states. Indeed, the presence
of the intervening Weyl phase can be deduced from the
requirement that θ has to change between these two quantized
values. Similarly, when time-reversal symmetry is present but
inversion absent, a gapless phase must intervene when a change
in topology occurs.33

Unfortunately, within our LSDA + U + SO calculation, a
metallic phase intervenes on lowering U ! 1.0 eV, before the
Weyl points annihilate to give the axion insulator. We point
out this possibility nevertheless, since LDA systematically
underestimates the stability of such gapped phases. Moreover,
it provides an interesting example of a pair of insulators, a Mott
insulator and a smaller U “Slater” insulator, with the same
magnetic order, but which are nevertheless different phases,
which cannot be smoothly connected to one another. Inversion
symmetry is critical in preserving this distinction.

Topological Weyl semimetal. In the semimetal phase, there
are 24 Weyl points. Near each L point there are 3 Weyl
points related by the threefold rotation, which have the same
chiral charge, as well as the inverse images with opposite
chirality. Thus, there are 24 Weyl points, where the valence
and conduction band line up, in the whole Brillouin zone.
Since all are at the same energy by symmetry, the chemical
potential must pass through them. The Fermi velocities at the
Weyl point are found to be typically an order of magnitude
smaller than in graphene. We briefly note that this Weyl
semimetal is a gapless state with power-law forms for various
properties, which will be described in more detail elsewhere.
For example, the density of states N (E) ∝ E2. The small
density of states makes this an insulator at zero temperature
and frequency (as seen experimentally for Y2Ir2O7). The

ac conductivity for a single node with isotropic velocity
v in the free particle limit of the clean system is σ (%) =
e2

12h
|%|
v

. Furthermore, novel magnetoconductance phenomena
are expected in Weyl semimetals, as a consequence of the
Adler-Bell-Jackiw anomaly of Weyl fermions,34 which will
be discussed in future work. Additionally, a Weyl metal must
automatically have surface states, as explained in the next
section.

IV. SURFACE STATES

The Weyl points behave like “magnetic” monopoles in
momentum space whose charge is given by the chirality; they
are actually a source of “Berry flux” rather than magnetic flux.
The Berry connection, a vector potential in momentum space,
is defined by A(k) =

!N
n=1 i⟨unk|∇k|unk⟩, where N is the

number of occupied bands. As usual, the Berry flux is defined
as F = ∇k × A. To show that there are arcs connecting pairs
of Weyl points, we argue that there is an arc on the surface
Brillouin zone emanating from the projection (k0x,k0y) of each
Weyl point.

The argument is based on the band topology around the
Weyl points. Consider a curve in the surface Brillouin zone
encircling the projection of the bulk Weyl point, which is tra-
versed counterclockwise as we vary the parameter λ : 0 → 2π ;
kλ = [kx(λ),ky(λ)] [see Fig. 5(a)]. We show that the energy ϵλ

of a surface state at momentum kλ crosses E = 0 at some value
of λ. Consider H (λ,kz) = H (kλ,kz), which can be interpreted
as the gapped Hamiltonian of a two-dimensional system (with
λ and kz as the two momenta). The two periodic parameters
λ, kz define the surface of a torus in momentum space. The
Chern number of this two-dimensional band structure is given
by the Berry curvature integration: 1

2π

"
Fdkzdλ, which, by

the Stokes theorem, simply corresponds to the net monopole
density enclosed within the torus. This is obtained by summing
the chiralities of the enclosed Weyl nodes. Consider the case
when the net chirality is unity, corresponding to a single
enclosed Dirac node. Then, the two-dimensional subsystem
is a quantum Hall insulator with unit Chern number. When the
system is given a boundary at z = 0, we expect a chiral edge
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FIG. 5. (Color online) The electron bands for a slab that is fi-
nite along (110) plane. The inset is the surface BZ with skematic
Fermi arcs connecting the points with different colors (chiralities).
Red/green (dark/light) points correpond to the projection of Weyl
points with opposite chirality (�1/+1). The points with larger size
have projections from two Weyl points. In the plot, t� = �1.5t and
c1 = 0.2t, c2 = �0.2t with “4-in 4-out” spin configuration. Dashed
(red) line is the Fermi energy.

which exhibit a metal ground state and anomalous Hall effect.
As the parent state for Pr2Ir2O7 is expected to be metallic (see
Fig. 2), we will discuss it in a forthcoming work[26]. LRO
has been suggested for Nd2Ir2O7[39–41] and Sm2Ir2O7[35].
Recent neutron diffraction and scattering experiments[41] on
Nd2Ir2O7 suggest a q = 0 “4-in 4-out” spin configuration for
both Nd and Ir systems. Another experiment[40] applies pres-
sure to Nd2Ir2O7 and finds that the pressure suppresses MIT
and leads to a FM metal state. Ref. 40 further conjectures the
magnetic ground state of Nd be an “ordered spin ice” with “2-
in 2-out” spin configuration and q = 0 or 2�(001). Based
on these experimental findings, it is very likely for Nd2Ir2O7

to develop the topological phases proposed in Fig. 3. For an
insulating Nd2Ir2O7 with q = 0 “4-in 4-out” spin state, one
may measure the magnetoelectric response to confirm if the
system is in the AI phase. Applying pressure changes the
Kondo coupling, which may drive a successive transition from
AI with “4-in 4-out” spin state to WSM then to M-WSM and
CSM with “2-in 2-out” state. Anomalous Hall effect and non-
trivial surface state may be detected for Nd2Ir2O7 at interme-
diate pressures. Ref. 11 and 13 have predicted the bahaviors
of dc/ac conductivitites in different limits. It will be interest-
ing to check if the available resitivity data for Nd2Ir2O7 and
also for Sm2Ir2O7 agree with their predictions. Further exper-
iments are needed to elucidate the nature of magnetic ground
state of other R2Ir2O7.

To summarize, we have constructed and analyze a minimal
and realistic model with Kondo coupling for rare-earth based
pyrochlore iridates R2Ir2O7. In constrast to the work on the
pyrochlore irdiates A2Ir2O7 with nonmagnetic A’s, we find
much broader regions of Axion insulator, topological semi-
metal phases and Kondo coupling driven metal-insulator tran-
sition.
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅
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⌅
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⌅
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Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =
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ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
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f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.

378 NATURE PHYSICS | VOL 6 | MAY 2010 | www.nature.com/naturephysics

ARTICLES NATURE PHYSICS DOI: 10.1038/NPHYS1606

0

a b

3

2

1

dyz

dxy
py

px

Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.

En
er

gy
 (

ar
b.

 u
ni

ts
)

Γ ΓX W L K X

Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
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the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
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Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †
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We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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FIG. 1. a) Pyrochlore lattice of Ir atoms (large). The oxygens
(small) bridging the Ir’s in one unit cell are shown together
with the local axes they define. b) Phase diagram of the
hopping Hamiltonian H0. We set toxy = 1. The dashed line
is t⇡ = �2t�/3.

hopping between the Ir atoms, which is expected to be
significant due to the large spatial extent of Iridium’s
5d orbitals. The direct hopping amplitudes are treated
within the Slater-Koster formalism. We consider only the
⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
usually smaller ⇥-overlap. This leaves us with two direct
hopping parameters: t⌅ and t⇤. The resulting kinetic
Hamiltonian reads

H0 =
X

hRi,R0i0i,��0

(T ii0

o,��0 + T ii0

d,��0)d†Ri�dR0i0�0 , (1)

where R denotes the sites of the underlying Bravais FCC
lattice of the pryrochlore lattice of Ir’s, while i = 1, . . . , 4
labels the sites within the unit cell. The operator dRi"(#)
annihilates an electron in the pseudospin ⌅ (⇧) state at
site Ri. The two sets of matrices To and Td correspond to
the oxygen mediated[4] and direct hopping, respectively.

We include interactions via an on-site Hubbard
repulsion between Iridium’s d-electrons: HU =
U
P

Ri nRi"nRi#, where nRi� is the density of electrons
occupying the |je� = 1/2,�⌥ state at site Ri, with
� =⌅, ⇧. As we are interested in the magnetic phases ex-
pected at finite U , we perform a Hartree-Fock mean-field
decoupling HU ⇤ �U

P
Ri(2⌃jRi⌥ · jRi � ⌃jRi⌥2), where

jRi =
P

�⇥=",# d
†
Ri���⇥dRi⇥/2 is the pseudospin oper-

ator, whose expectation value will be determined self-
consistently. We consider magnetic configurations pre-
serving the unit cell so that ⌃jRi⌥ = ⌃ji⌥, i = 1, . . . , 4,
are the 4 order parameters under consideration. These
are directly proportional to the local magnetic moment
carried by the d-electrons. This follows from the fact
that the projections of the spin and orbital angular mo-
mentum operators onto the je� = 1/2 manifold are pro-
portional to the pseudospin operator: P̃ †SP̃ = �j/3
and P̃ †LP̃ = �4j/3 with P̃ = Pt2gP1/2, where Pt2g

projects onto the t2g subspace and P1/2 projects onto
the je� = 1/2 subspace. This allows us to treat ⌃ji⌥ as

FIG. 2. Mean-field phase diagram (toxy = 1) as a function of
U , the Hubbard coupling, and the direct hopping parameters.

the spontaneous local magnetic moment of the electrons.
We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
generated by including very weak NNN hopping, as we
have explicitly verified. Although we don’t consider trig-
onal distortions here, the direct hoppings alone can lead
to qualitatively similar e⇥ects, e.g. the metallic phase
resulting from the change in degeneracies at the � point.

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
gram, we performed an unconstrained analysis sampling
over the space of all possible magnetic configurations pre-
serving the unit cell.

Phase diagram: The resulting ground-state phase di-
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(small) bridging the Ir’s in one unit cell are shown together
with the local axes they define. b) Phase diagram of the
hopping Hamiltonian H0. We set toxy = 1. The dashed line
is t⇡ = �2t�/3.

hopping between the Ir atoms, which is expected to be
significant due to the large spatial extent of Iridium’s
5d orbitals. The direct hopping amplitudes are treated
within the Slater-Koster formalism. We consider only the
⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
usually smaller ⇥-overlap. This leaves us with two direct
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labels the sites within the unit cell. The operator dRi"(#)
annihilates an electron in the pseudospin ⌅ (⇧) state at
site Ri. The two sets of matrices To and Td correspond to
the oxygen mediated[4] and direct hopping, respectively.

We include interactions via an on-site Hubbard
repulsion between Iridium’s d-electrons: HU =
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mentum operators onto the je� = 1/2 manifold are pro-
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the spontaneous local magnetic moment of the electrons.
We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
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the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
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hopping between the Ir atoms, which is expected to be
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5d orbitals. The direct hopping amplitudes are treated
within the Slater-Koster formalism. We consider only the
⇤- and ⌅-overlaps between the t2g orbitals, neglecting the
usually smaller ⇥-overlap. This leaves us with two direct
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We first examine the model at U = 0. Fig. 1(b) shows
the resulting phase diagram in terms of t⌅ and t⇤ (we set
toxy = 1 throughout). Notice that both insulating and
metallic phases exist. By virtue of the inversion symme-
try of the crystal, we use the Fu-Kane formulas[22] for
the Z2 invariants in terms of the parity eigenvalues of the
occupied states at the time reversal invariant momenta
(TRIMs) to determine the topological class of each in-
sulating phase. We find that both insulating phases are
TIs with indices (1; 000). The TI phase adiabatically con-
nected to t⌅ = t⇤ = 0 corresponds to the large spin orbit
limit of Ref.4 and is robust to the inclusion of weak direct
hopping. As one tunes the direct hoppings, a metallic
phase eventually appears by means of a gap closing at
the � point. In the metal, the degeneracies at � become
2-4-2 compared to 4-2-2 in the TI (with time-reversal
and inversion symmetries all band are doubly degener-
ate). A similar situation occurs in Refs.14 and 21, where
a trigonal distortion of the oxygen octahedra drives the
transition, not direct hopping as is the case here. The
metallic phase is strictly speaking a semi-metal charac-
terized by a point Fermi surface. Finite pockets can be
generated by including very weak NNN hopping, as we
have explicitly verified. Although we don’t consider trig-
onal distortions here, the direct hoppings alone can lead
to qualitatively similar e⇥ects, e.g. the metallic phase
resulting from the change in degeneracies at the � point.

We now turn to the U > 0 case. For convenience,
we restrict our attention to a one-dimensional cut in
the (t⌅, t⇤) space defined by t⇤ = �2t⌅/3, as shown in
Fig. 1(b). This is physically motivated since we expect t⌅
and t⇤ to have opposite signs, with the ⌅-overlap being
the strongest. Moreover, the cut is representative as it
intersects all the phases. In obtaining the finite U dia-
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in which we do not explicitly include R-R exchange, whose
effect is assumed to generate the q = 0 magnetic ordering.

Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also
in Ref. 14, when �1.2t . t� . �0.5t, the metallic phase
(M) is obtained; for the rest regimes, strong topological band
insulator (STI) with topological class (1;000) is realized.
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�1.2
t�/t

MSTI STI
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FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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Moving away from the “simple” slave-
rotor MFT is non-trivial!
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Figure 2 | Pyrochlore lattice and electron hopping. a, Pyrochlore lattice of corner-sharing tetrahedra. It can be viewed as the face-centred cubic lattice
with tetrahedral bases added at each site. One such base, with Ir ions numbered from 0 to 3, is shown. b, Oxygen-mediated hopping between Ir sites. Sites
0 (on the left) and 3 (on the right) of the tetrahedral basis are shown (large grey spheres), together with their oxygen octahedral environment (small red
spheres). On the ‘shared’ oxygen site we show its py orbital (green) with respect to the coordinate system of site 0, and px orbital (blue) with respect to the
coordinate system of site 3. Belonging to different coordinate systems, these orbitals are not orthogonal, the angle between them being ⌅84⇥. Electrons
can hop from the local dyz orbital on site 0 onto py , and from the dxy orbital on site 3 onto px. As the two p orbitals are not orthogonal, an effective Ir–Ir
hopping is induced.
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Figure 3 | Electronic band structure of Ir 5d electrons on the pyrochlore
lattice at large spin–orbit coupling, �/t! 1. Only the relevant four
doubly degenerate bands are shown. A bandgap between the filled lower
two bands and the empty upper two bands is clearly seen.

We note that the anisotropic exchange term,
�
⌃01, is small compared

with the other ones. Spin ordering in this model was considered
in ref. 20. Our Dzyaloshinskii–Moriya term corresponds to the
‘indirect’ case of ref. 20, and |D01|/J ⌅ 0.63, that is, very large
Dzyaloshinskii–Moriya interactions. In this case, a magnetically
ordered ground state is expected, which breaks point-group
symmetries but does not enlarge the unit cell.

Slave-rotor approach
An exact or accurate numerical solution for the full phase diagram
for equation (1) is very challenging, especially at intermediate U/t .
To study it, we use the slave-rotor approximation of ref. 21. This
approach has a number of merits. It becomes exact for U/t = 0,
and captures the bandwidth reduction with increasing U/t . Its
predictions forHubbardmodels on other frustrated lattices without
SOI at intermediate U/t are in agreement with more controlled
approaches such as the path-integral renormalization group22,
Gutzwiller-type variational wavefunctions23 and the variational
cluster method24. As we will see that the Mott transition occurs
at smaller U/t with increasing ⇤/t , we expect that the slave-rotor
approximation should be reasonable to describe it for the full range
of SOI. It clearly fails at large U/t , but we can substitute direct
analysis of the spin–orbital model in that limit.

We decompose the physical electron annihilation operator as
dRi� = e�i⇥Ri fRi� , where the angle ⇥Ri is the conjugated variable to the
number of electrons on site R,i (the ‘angular momentum’ of the

rotor), and the ‘spinon’ fRi� carries the rest of the degrees of freedom.
The constraint LRi =

⇤
� f

†
Ri�fRi� �nd , restricting the physical part of

the Hilbert space, is treated on average. Furthermore, we use the
mean-field decomposition of the hopping term, which couples the
spinons and rotors according to AB ⌥ A�B� + B�A�. This mean
field theory (MFT) reduces the Hamiltonian (1) to two uncoupled
Hamiltonians for spinons and rotors:

Hf =
⌅

Ri�

(⇧� �µ�h)f †
Ri�fRi� + tQf

⌅

�Ri,R i �
�� 

T ii 
�� f †

Ri�fR i � 

H⇥ = U
2

⌅

Ri

L2Ri +h(LRi +nd)+ tQ⇥

⌅

�Ri,R i �
ei⇥Ri�i⇥R i 

Here LRi = �i(↵/↵⇥Ri), the coordinate-independent Lagrange
multiplier h is introduced to treat the constraint on the angular
momentum and the couplings Qf and Q⇥ need to be determined
self-consistently fromQf =

�
ei⇥Ri�i⇥Ri 

⇥
,Q⇥ =⇤

�� T ii 
�� 

�
f †
Ri�fRi � 

⇥
(note

Q⇥ ⇤ 0 in the self-consistent solution). Here we have made the
so-called ‘uniform’ mean-field approximation, on the grounds that
it is the one that smoothly connects to theU/t = 0 limit, and hence
should be appropriate for small to intermediate U/t , the range of
interest. Note that the strength of the spin–orbit interaction, ⇤, is
not renormalized. After the mean-field decomposition, the spinon
and rotor sectors can be solved almost independently, with coupling
only through the self-consistency requirements onQf andQ⇥ .

We first consider the spinon Hamiltonian, Hf . It is identical to
the non-interacting electron Hamiltonian, but with renormalized
hopping teff = tQf . All of the preceding analysis carried out forU =0
can therefore be carried over with this replacement. As Qf < 1, we
indeed observe that the dimensionless spin–orbit strength ⇤/(Qf t )
is enhanced by correlations. Physically, however, we must take care
as the f fermions are spinons and therefore their properties do not
necessarily translate directly to the physical electrons.

We now turn to the charge (rotor) sector. H⇥ describes rotor
bosons moving on the pyrochlore lattice. The parameter h must
be fixed by charge neutrality, �f †

Ri�fRi�� = nd , and hence �LRi� = 0.
We therefore take h= 0, which guarantees the latter condition, as
H⇥ then has particle–hole symmetry, LRi ⌥ �LRi,⇥Ri ⌥ �⇥Ri. H⇥

is then expected to have two phases. For U/(Q⇥ t ) ⇧ 1, the rotors
are condensed, �ei⇥Ri� ⌦= 0, whereas for U/(tQ⇥ ) ⌃ 1, they form
an uncondensed Bose Mott insulator with a gap and �ei⇥Ri� = 0.
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From the above analysis, we obtain the minimal model for
Pr2Ir2O7, which includes the Pr-Ir Kondo coupling in Eq. (2)
and Ir-Ir coupling in Eq. (3),

Hmin = HK +HIr. (4)

In this simple minimal model, the itnerant Ir electrons couples
to the localized Ising spins at Pr sites, which leads to rather
non-trivial physics.

Phase diagram—We start with the Hamiltonian in the ab-
sence of Kondo coupling. To be specific we take t� = �t⇥
throughout the work. As shown in Fig. 2,[12] when �1.2t .
t⇥ . �0.5t, the metallic phase (M) is obtained; for the rest
regimes, topological band insulator (TI) with indices (1;000)
is realized.

�0.5

�1.5

�1.2

�0.3�1
t�/t

MTI TI

FIG. 2. (Color online) The phase diagram without Kondo coupling.
“M” stands for metallic phase; “TI” stands for topological insulator
phase. In this one dimension phase diagram, the circles (red) are
phase boundaries; the diamonds (blue) are three cases studied in this
paper.

We then include the Kondo coupling with the Ising spins
at Pr sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. This is numerically very challenging.
To proceed, we assume the Pr subsystem develops a magnetic
order with q = 0. Recent numerical work has also discovered
q = 0 magnetic ordering for Pr Ising spins interacting with
RKKY interaction[18]. With this simplification, we only need
to consider the spin configurations on a tetrahedral unit cell for
Pr. By time-reversal and cubic group transformation, there are
only three different spin configurations—“4-in 4-out”, “3-in
1-out” and “2-in 2-out” and we only have to look at the cases
with c1 and c2 having the same sign or different sign. We
plot the resulting phase diagrams in Fig. 3 for three reference
points in Fig. 2.

Axion insulator—
Weyl semi-metal—
Nodal semi-metal—
Surface state—
Discussion— monte carlo, also apply to A2Ir2O7, e.g.

A=Dy, Nd[16, 22–24], where there are strong 111 anisotropy.
Dy might have 4-in 4-out order, Nd is 2-in 2-out order.

magnetic field effect on anomalous hall effect magnetic or-
der µSR

dipole, octupole and quadrupolar coupling for A2Mo2O7
and A2Os2O7.
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k · p theory for Chern semi-metal
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where N is the number of unit cells, each of which has volume
!. Fa

ij is the well-known U (1) Berry’s curvature in band a:
Fa

ij = ∂iA
a
j − ∂jA

a
i where Aa

i = −i⟨ua

k⃗
|∂ki

|ua

k⃗
⟩ and |ua

k⃗
⟩ is the

Bloch state. This means ν⃗ is completely determined by the
band structure and Fermi level. If the 3D system is fully
gapped, one can show that ν⃗ must be a reciprocal lattice vector.
In this case, let the quantized ν⃗ = G⃗; and the system can be
viewed as a stacking of 2D quantized anomalous Hall layers
along the G⃗ direction.

Here, we provide a remarkably simple formula of the
anomalous Hall coefficient in a general Weyl semimetal:

ν⃗node =
!

i

(−)ξi P⃗i . (3)

Here, ν⃗node is the Chern vector of the ground state of a Weyl
semimetal, where the chemical potential is at the nodes. i

labels all different nodes, P⃗i are their momentum, and ξi are
their chiralities. Note that here we do not restrict P⃗i to be in
the first Brillouin zone. As a result, Eq. (3) can not be used
to determine ν⃗ completely; instead, it only determines the
fractional part of ν⃗ unambiguously because one can always
add a fully filled gapped band with Chern number.

The proof of this formula is quite straightforward starting
from Eq. (2). For simplicity, let us assume that there are
four Weyl nodes located in the 3D BZ, as shown in Fig. 3.
Let us study νx first. Similar to what we mentioned in
the two-band model, we cut the 3D BZ into 2D slices
for various values of kx . Unless the cut goes through the
nodes, the 2D band structure Hkx

(ky,kz) is fully gapped,
and the Chern number Ckx

is well defined. The total νx

should be integration
" Gx

0 Ckx
dkx . Because the Weyl node is

a monopole (antimonopole), one easily convinces oneself that
every node at k⃗node with negative (positive) chirality contributes
Ckx

= %(kx − knode,x) [Ckx
= −%(kx − knode,x)], where % is

the step function. After integration, one proves Eq. (3) for the
x direction, and similarly for the y,z directions.

FIG. 3. (Color online) Schematic illustration of the proof of the
general formula (3).

Plugging in all the 24 nodes’ momenta and chiralities
for the proposed Weyl phase in pyrochlore iridates, Eq. (3)
gives the vanishing anomalous Hall effect ν⃗ = 0. There is no
surprise here because of the cubic symmetry of the system. ν⃗
must vanish because it can not choose a special direction in
momentum space.

What if the lattice symmetry is not cubic? This can be
realized, for example, by applying a uniaxial pressure along
the [1,1,1] direction. In this case, the [1,1,1] direction is special
and symmetry consideration allows nonzero ν⃗ ∥ [1,1,1]. In
the following, we show that this indeed happens with |ν⃗|
as a linear function of the pressure enhancement P in the
low-P limit. We predict that a pressure !1 GPa, which
typically modifies the electronic hopping integrals in the band
structure by a few percent, can induce a large anomalous Hall
effect, corresponding to a few percent of integer quantum Hall
conductance per atomic layer. This pressure-induced large
anomalous Hall effect with its linear P dependence is an
intrinsic signature of a Weyl semimetal phase when the original
crystal symmetry dictates zero anomalous Hall effect, and can
be used to detect it in experiment.

The cubic symmetry of A2Ir2O7 is broken to trigonal
symmetry by a pressure along the [1,1,1] direction. As a result,
the 24 nodes are no longer all related by symmetry. The nodes
will shift in momentum space, and chemical potential µ will
no longer be at the node (referred to as self-doping from now
on). Because the summation of all filled states in Eq. (2) can
be separated into the summation of all states below the Weyl
nodes, and the summation due to self-doping, the change
of the Chern vector under a pressure has two contributions
δν⃗ = δν⃗node + δν⃗doping, where the δν⃗node is due to the shift of
nodes, and δν⃗doping is due to self-doping of the nodes. We will
show δν⃗node ∝ P and δν⃗doping ∝ P 2 in the low-P limit with
µ ∝ P . As a result, in the low-P limit, δν⃗node dominates and
δν⃗ ∝ P .

We first discuss the δν⃗node. Because the proof of Eq. (3) still
goes through for the contribution of ν⃗ from all the states below
the nodes, it can be used to compute δν⃗node. It is then clear that
δν⃗node ∝ P because the shifts of the nodes generically will be
a linear function of P .

To confirm this claim, we have modeled the effect of
pressure in the Weyl phase of A2Ir2O7 by multiplying the
hopping integrals along the [1,1,1] direction by a factor 1 + P̃
(P̃ > 0) in the low-energy k · p theory described in Ref. 7:

H (q,Li) =
#

' +
q2

z,i

2m1
−

q2
⊥,i

2m2

$

σz +
%
βqz,i

+λq3
⊥,i cos 3θ

&
σx + λq3

⊥,i sin 3θσy, (4)

where qz,i ,q⊥,i is defined locally around each L point with qz,i

along the,−Li direction. The three pair of Dirac points around
L points located at q2

⊥ ∼ 2m2',qz,i ∼ ∓q3
⊥λ/β. By choosing

' = 0.18 eV, β = 0.5 eV, m1 = 0.5 eV−1, m2 = 0.5 eV−1,
λ = 1 eV, q dimensionless within (−π,π )3, and appropriate
θ orientation, this Hamiltonian roughly captures the locations
and energy scales of the Weyl nodes. To simulate the effect
of pressure, in Eq. (4), we multiply each term having qz,1 (not
qz,i) by a factor of 1 + P̃ corresponding to increase of hopping
integral along the , − L1 direction. The δν⃗node is computed
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In this case, let the quantized ν⃗ = G⃗; and the system can be
viewed as a stacking of 2D quantized anomalous Hall layers
along the G⃗ direction.
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anomalous Hall coefficient in a general Weyl semimetal:
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Here, ν⃗node is the Chern vector of the ground state of a Weyl
semimetal, where the chemical potential is at the nodes. i

labels all different nodes, P⃗i are their momentum, and ξi are
their chiralities. Note that here we do not restrict P⃗i to be in
the first Brillouin zone. As a result, Eq. (3) can not be used
to determine ν⃗ completely; instead, it only determines the
fractional part of ν⃗ unambiguously because one can always
add a fully filled gapped band with Chern number.

The proof of this formula is quite straightforward starting
from Eq. (2). For simplicity, let us assume that there are
four Weyl nodes located in the 3D BZ, as shown in Fig. 3.
Let us study νx first. Similar to what we mentioned in
the two-band model, we cut the 3D BZ into 2D slices
for various values of kx . Unless the cut goes through the
nodes, the 2D band structure Hkx

(ky,kz) is fully gapped,
and the Chern number Ckx
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every node at k⃗node with negative (positive) chirality contributes
Ckx

= %(kx − knode,x) [Ckx
= −%(kx − knode,x)], where % is

the step function. After integration, one proves Eq. (3) for the
x direction, and similarly for the y,z directions.

FIG. 3. (Color online) Schematic illustration of the proof of the
general formula (3).

Plugging in all the 24 nodes’ momenta and chiralities
for the proposed Weyl phase in pyrochlore iridates, Eq. (3)
gives the vanishing anomalous Hall effect ν⃗ = 0. There is no
surprise here because of the cubic symmetry of the system. ν⃗
must vanish because it can not choose a special direction in
momentum space.

What if the lattice symmetry is not cubic? This can be
realized, for example, by applying a uniaxial pressure along
the [1,1,1] direction. In this case, the [1,1,1] direction is special
and symmetry consideration allows nonzero ν⃗ ∥ [1,1,1]. In
the following, we show that this indeed happens with |ν⃗|
as a linear function of the pressure enhancement P in the
low-P limit. We predict that a pressure !1 GPa, which
typically modifies the electronic hopping integrals in the band
structure by a few percent, can induce a large anomalous Hall
effect, corresponding to a few percent of integer quantum Hall
conductance per atomic layer. This pressure-induced large
anomalous Hall effect with its linear P dependence is an
intrinsic signature of a Weyl semimetal phase when the original
crystal symmetry dictates zero anomalous Hall effect, and can
be used to detect it in experiment.

The cubic symmetry of A2Ir2O7 is broken to trigonal
symmetry by a pressure along the [1,1,1] direction. As a result,
the 24 nodes are no longer all related by symmetry. The nodes
will shift in momentum space, and chemical potential µ will
no longer be at the node (referred to as self-doping from now
on). Because the summation of all filled states in Eq. (2) can
be separated into the summation of all states below the Weyl
nodes, and the summation due to self-doping, the change
of the Chern vector under a pressure has two contributions
δν⃗ = δν⃗node + δν⃗doping, where the δν⃗node is due to the shift of
nodes, and δν⃗doping is due to self-doping of the nodes. We will
show δν⃗node ∝ P and δν⃗doping ∝ P 2 in the low-P limit with
µ ∝ P . As a result, in the low-P limit, δν⃗node dominates and
δν⃗ ∝ P .

We first discuss the δν⃗node. Because the proof of Eq. (3) still
goes through for the contribution of ν⃗ from all the states below
the nodes, it can be used to compute δν⃗node. It is then clear that
δν⃗node ∝ P because the shifts of the nodes generically will be
a linear function of P .

To confirm this claim, we have modeled the effect of
pressure in the Weyl phase of A2Ir2O7 by multiplying the
hopping integrals along the [1,1,1] direction by a factor 1 + P̃
(P̃ > 0) in the low-energy k · p theory described in Ref. 7:
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where qz,i ,q⊥,i is defined locally around each L point with qz,i

along the,−Li direction. The three pair of Dirac points around
L points located at q2

⊥ ∼ 2m2',qz,i ∼ ∓q3
⊥λ/β. By choosing

' = 0.18 eV, β = 0.5 eV, m1 = 0.5 eV−1, m2 = 0.5 eV−1,
λ = 1 eV, q dimensionless within (−π,π )3, and appropriate
θ orientation, this Hamiltonian roughly captures the locations
and energy scales of the Weyl nodes. To simulate the effect
of pressure, in Eq. (4), we multiply each term having qz,1 (not
qz,i) by a factor of 1 + P̃ corresponding to increase of hopping
integral along the , − L1 direction. The δν⃗node is computed
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systems experience metal-insulator phase transitions (The re-
sistivities of these “insulators” increase steeply as temperature
is lowered. But the absolute values of the resistivities in the
low-temperature limit are not small at all, ρ ∼ 100∼1 " cm,
and far from a typical insulator.) that are clearly associated
with a singularity in the magnetic susceptibility, suggesting
magnetic ordering.14–16 Recent µSR measurement on A =
Eu system, where metal-insulator transition occurs at 120
K, suggests large static ordering moment ∼1µB from Ir4+.17

Because of the lack of neutron scattering data, the magnetic
structure of the low-temperature phases remains unclear.

On the theoretical side, a calculation based on a microscopic
model suggests that the insulating phase can be a spin liquid
without magnetic ordering.12 A more recent local density
approximation (LDA) + U calculation, however, shows that,
depending on the strength of correlation, the system can be
in a 3D semimetal phase associated with a “4-in, 4-out”
antiferromagnetic order.7 If the proposed Weyl semimetal
phase is realized in stoichiometric clean pyrochlore iridates,
the chemical potential will be automatically tuned to the Weyl
nodes. One clear prediction was made in Ref. 7 where authors
show that there is a topologically protected surface chiral Fermi
arc, which can be detected in angle-resolved photoemission
spectroscopy (ARPES) experiments. However, it is unclear
whether this 3D material is experimentally friendly in terms
of surface-sensitive probes. One of the goals of this paper is to
find the bulk signatures of the Weyl phase.

II. PRESSURE-INDUCED ANOMALOUS HALL EFFECT

One way to view the Weyl node is that it is a monopole
of the Berry curvature.7,19,20 For example, let us consider a
simple half-filled 3D two-band model

Hk = [2tx(cos kx − cos k0) + m(2 − cos ky − cos kz)]σx

+2ty sin kyσy + 2tz sin kzσz, (1)

where σ is the spin of the electron. This model breaks
time-reversal symmetry and hosts two Weyl nodes in the bulk
Brillouin zone (BZ) at P⃗ = ±(k0,0,0), related by inversion
symmetry (see Fig. 1). If we fix kx , Hkx

(ky,kz) can be viewed
as a 2D band structure, which is fully gapped when kx ̸= ±k0
and its Chern number Ckx

, or TKNN index,21 is well defined. It
is easy to show that Ckx

= 1 when kx ∈ (−k0,k0) and Ckx
= 0

otherwise. In this sense, the Weyl nodes can be viewed as
integer quantum Hall plateau transition as kx is tuned. Because
Ckx

is an integration of the Berry’s curvature, the jump of Ckx

at a Weyl node dictates that it is a magnetic monopole of
the Berry’s curvature, positively (negatively) charged if its
chirality, defined as the handiness of the momentum axis in
front of the σx,y,z matrices, is positive (negative). A direct
consequence of these monopoles is that, on the surface not
perpendicular to the kx direction, for instance, the x-y surface,
there must be a chiral Fermi surface connecting the Weyl nodes
in the surface BZ,7 i.e., a Fermi “arc.”

The association of a Weyl node with the jump of the
Chern number indicates that the system may have a large
anomalous Hall effect. (The anomalous Hall effect associated
with monopoles in momentum space of ferromagnetic systems
was discussed by Fang et al.19) Indeed, in the two-band model

FIG. 1. (Color online) Weyl nodes in the two-band model
[Eq. (1)]. The Chern number for the 2D band structure C at a given kx

is jumping by 1 across the nodes. As a result, there are surface chiral
Fermi arcs. The arcs on the top and bottom surfaces form a closed
2D Fermi surface.

[Eq. (1)], from the existence of the surface modes, which
correspond to one edge state for every 2π/(2k0) y-z layers,
the anomalous Hall effect occurs with σyz = e2

h
2k0. When the

two nodes are moved to the BZ boundary and annihilated, the
system becomes a quantized 3D anomalous Hall state.

In the pyrochlore iridates A2Ir2O7, however, the proposed
Weyl phase hosts 24 nodes7 (see Fig. 2), all related by the
lattice cubic symmetry. Are there anomalous Hall effects in
this phase?

In a general 3D crystal, the anomalous Hall effect is
characterized by a momentum space vector22 ν⃗, the Chern
vector. The anomalous Hall conductivity is given by ν⃗ via
σij = e2

2πh
ϵijkνk . Haldane20 shows that the anomalous Hall

conductivity of the ground state of a 3D electronic structure
can be expressed as an integration of the Berry’s curvature of
the filled electronic states:

σij = e2

h̄

1
"N

!

k⃗,a

Fa
ij na(k⃗,µ), (2)

FIG. 2. (Color online) The nodes of the proposed Weyl metal
phase (Ref. 7) of A2Ir2O7 in its first BZ. Red larger dots and blue
smaller dots are of opposite chirality. The direction out or paper plane
is along the [1,1,1] direction.
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FIG. 4. (Color online) The evolution of band structure. The energy
unit is set to be t. Dashed (red) line is the Fermi energy. In the
figure, t� = 0.3t (a-f ), t� = �1.5t (g-h). (a) AI phase at c1 =
0.1t, c2 = 0.2t. (b) WSM at c1 = 0, c2 = 0.4t with “4-in 4-out”
spin configuration. The Weyl points are located along the line from
L to �. (c) WSM at c1 = 0.25t, c2 = 0.25t with “2-in 2-out” spin
configuration. The Weyl points are created by splitting L points, but
not located on high symmetric lines. Note there is a small energy gap
at L point in the figure. (d) M-WSM at c1 = 0.5t, c2 = 0.3t with
“2-in 2-out” spin configuration. Same as c, the Weyl points are not
on high symmetric lines. (e) Weyl points of opposite chirality meet
on the line from � to K at c1 = 0.5t, c2 = 0.45t. (f ) Weyl points
annihilate and create an energy gap at the point of annihilation, which
leads to a CSM phase. Here, c1 = 0.55t, c2 = 0.5t. (g) Weyl points
with opposite chirality of M-WSM2 meet on the line from � to X at
c1 = c2 = 0.3t. Here, as the cubic symmetry is broken by the “2-in
2-out” spin configuration, we choose X and W to be (2⇡, 0, 0) and
(2⇡,⇡, 0), respectively. (h) NI phase at c1 = 0.4t, c2 = �0.4t.

more complicated. To be specific, we choose the “2-in 2-out”
state with net ferromagnetic (FM) moment along z-direction
throughout the paper. In Fig. 3(a), away from the AI phase,
the 8 Weyl points are also created by splitting the L points but
located at [kxkxkz] and equivalent points. Upon increasing
Kondo coupling, the bands in other regions of the BZ start to
touch the Fermi energy, which creates electron/hole pockets
around the Weyl points. Even though the electron/hole pock-
ets may contain two Weyl points with opposite chirality which

leads to a conventional semi-metal, one may still obtain non-
trivial topological semi-metal by doping the system properly.
Therefore, we term this phase as “mixed Weyl semi-metal”
(M-WSM). As shown in Fig. 4(e), the 8 Weyl points annihi-
late in pairs along the lines from � to K and a conventional
semi-metal (CSM) is obtained. For the “2-in 2-out” region in
Fig. 3(b), besides the same set of Weyl points as in Fig. 3(a),
a new set of Weyl points[33] at different energy appears in the
regions of M-WSM2 and M-WSM3 (see the caption of Fig. 3
and Fig. 4(g) for details).

Due to cubic symmetry of “4-in 4-out” state, the WSM in
this region has a vanishing anomalous Hall effect. A pressure
induced anamalous Hall effect, however, is still expected[8].
In the “2-in 2-out” region, the cubic symmetry is explicitly
broken. We expect a nonvanishing anomalous Hall effect
⌅ij =

e2

2�h�ijk⇥k from the 8 Weyl points with � given by

� = (0, 0, 8kz) (mod 4⇤). (7)

Surface state—The Weyl points are sources and sinks of the
Berry connection. Therefore, as argued in Ref. 6, the Weyl
points with opposite chirality should be connected by gapless
surface states, that form open Fermi arcs in the surface BZ.
These surface states should appear for both WSM and the M-
WSM that contains Weyl points of opposite chirality in sep-
arate electron/hole pockets. In Fig. 5, we plot the electron
spectrum for the WSM of the “4-in 4-out” region in the phase
diagram that is depicted in Fig. 3(b). As the Weyl points in
this WSM phase appear in the high symmetric line (from L
to �), the Weyl points of opposite chiralities project to the
same point on the surface BZ for (001) surfaces. Therefore,
no surface states are expected for these surfaces. For (111)
and (110) surfaces, however, Weyl points with opposite chi-
ralities project to different points in surface BZ[34], leading
to gapless Fermi arcs on the surface. In Fig. 5, half of the sur-
face Fermi arcs are located on the top surface, and the other
half on the bottom one. The Fermi arcs are not nested as the
approximately nested Fermi arcs are on different surfaces.

Compound Metal/Insulator Magnetism

Pr2Ir2O7 Metal Spin freezing at 0.12K[36–38]
Tb2Ir2O7 MIT Unknown[18]
Ho2Ir2O7 MIT Unknown[18]

Nd2Ir2O7 MIT at 36K LRO[39–41]
Sm2Ir2O7 MIT at 117K Magnetic order at MIT [35]
Gd2Ir2O7 MIT Unknown[18]
Dy2Ir2O7 MIT at 134K No LRO down to 0.1K [42]
Yb2Ir2O7 I Unknown[18]

TABLE II. Magnetic and transport properties of R2Ir2O7.
I=insulator, MIT=metal-insulator transition, LRO=long range order.

Prediction—In Tab. II, we list the magnetic and trans-
port properties of various R2Ir2O7. Most materials in the
Tab. II exhibit MIT. Very little is known about the mag-
netic properties. The most studied compound in this series is

⌫ = 0

Gang Chen’s theory group 
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FIG. 1. (Color online) R(T) at (a) pressure up to 11 GPa and
(b) pressure greater than 8 GPa. The numerals on the R(T) curves
denote the value of pressure.

was determined by the standard ruby fluorescence method at
room temperature; we ensured that the pressure change at low
temperature was smaller than 0.3 GPa. A four-probe method
was employed for resistance measurement without determina-
tion of the direction in the single crystal. The resistance was
measured by a dc method with excitation currents of 100 and
10 µA, in which the measured temperature dependence of
resistance [R(T)] show no difference between the two current
values. We show R(T) with 100-µA excitation current in this
Rapid Communication. At 2 GPa, the lowest pressure in this
measurement, the resistivity at room temperature was roughly
estimated to be about 4 m! cm by using the size of the sample
under ambient pressure.

Figure 1 shows R(T) at an applied pressure greater than
2 GPa. As R(T) at around room temperature gradually de-
creases with increasing pressure, the system becomes metallic.
TMI and R(T) in the insulating phase also decrease with
increasing pressure. In the insulating phase, the tiny slope
change of R(T) was observed up to 9 GPa. This probably
indicates that the band gap is incompletely opened under
the pressure. From these results, we could confirm that the
insulating phase is suppressed by the application of pressure.
The MIT has been found to be continuous at ambient pressure19

and at pressures less than 9 GPa based on the absence
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FIG. 2. R(T) at 11 GPa under several magnetic fields.

of discontinuities and thermal hysteresis of the MIT. Once
the pressure increases to approximately 11 GPa, no MIT is
observed in the measured temperature region.

In a previous study, a minimum in resistivity of a poly-
crystalline sample at ambient pressure was not observed.19

Here, the minimum in R(T) occurs in the metallic phase, at
a temperature denoted as Tmin in Fig. 1(a). This minimum
became observable by the suppression of the MIT under
pressure. With increasing pressure, Tmin shifts toward high
temperature up to 13 GPa. Above 13 GPa, Tmin decreases
with increasing pressure. It should be noted that a minimum
in R(T) has also been observed in similar pyrochlore iridate
Pr2Ir2O7.23 The present result suggests that the resistance
minimum is a feature common to Ln2Ir2O7 in the metallic state.
Therefore, there is a possibility that the resistance minimum
of Nd2Ir2O7 is caused by the Kondo effect, as is the case with
Pr2Ir2O7. However, we do not have additional information that
would elucidate the exact reason for the resistance minimum.
Therefore, a further discussion of Tmin is beyond the scope of
this Rapid Communication.

As shown in Fig. 1(b), at a pressure of 10 GPa, R(T) drops at
around 3.5 K and increases slightly at 3 K. This slight increase
corresponds to the MIT observed at lower pressures. With
increasing pressure, the MIT is suppressed completely but the
drop in R(T) remained up to around 15 GPa. This drop indicates
a new pressure-induced phase transition. Figure 2 shows R(T)
at 11 GPa under several magnetic fields. At a pressure of
11 GPa, a drop of 4% in R(T) at 0 T is observed for TO =
3.2 K, where TO is the onset temperature of the resistance drop.
With increasing magnetic field, the drop in R(T) broadens and
R(T) starts to decrease at higher temperature. Furthermore, the
magnetoresistance is negative. The magnetic field dependence
indicates that the drop in R(T) is caused by a ferromagnetic
(FM) transition.

Next, we will discuss the pressure-induced FM ordering
in a pyrochlore lattice in the metallic state. As the origin
of the FM ordering, there are three possibilities: ordering of
the Ir moment, the Nd moment, or both Ir and Nd moments.
First, it is important to consider the degree of freedom of the
localized Nd moment. The crystalline electric field with D3d

symmetry splits the ground state J = 9/2 multiplet in Nd3+ into
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five Kramers doublets. In this case, the Kramers ground-state
doublet has a magnetic degree of freedom. The ground-state
entropy of Rln2 has to be relieved down to 0 K. It is known
that the Nd moment in pyrochlore oxide, Nd2Mo2O7, has a
local ⟨111⟩ Ising anisotropy.10 Our preliminary magnetization
measurement of Nd2Ir2O7 indicates that the Nd moment also
has a local ⟨111⟩ Ising anisotropy.24

A local ⟨111⟩ Ising model on a pyrochlore lattice inter-
acting via the long-range RKKY interaction has been studied
theoretically.25 According to this theory, LRO of localized
moment with local ⟨111⟩ Ising anisotropy is realized in the
metallic state. In the present results, it should be noted that
only a single phase transition due to the FM ordering is
observed above 11 GPa; in particular, no additional phase
transition is observed at 13 GPa down to 100 mK. If the FM
ordering originates from only the Ir moment, the ground-state
entropy of the Nd moment is not relieved down to near 0 K
in spite of a metallic state. Obviously, this scenario is contra-
dictory to the aforementioned theoretical result. Therefore, it
is highly possible that the FM ordering is mainly driven by
the Nd moment although further measurements are required
to elucidate the origin of the FM ordering. Furthermore,
in general, the resistivity of localized f-electron systems
decreases by a FM transition, because the c-f exchange
scattering is suppressed below the Curie temperature.26 The
obtained results are consistent with this fact. Therefore, it is
quite reasonable to say that the FM ordering originates from
the Nd moment in the metallic state.

Next, we discuss the ordered state. According to the
aforementioned theoretical study, in the case of an FM RKKY
interaction, the theoretical result shows that the FM ordering
of “two-in two-out” with the wave vector q = (0,0,0) or
(0,0,2π/a) has been realized; this is an “ordered spin ice”
state in a metallic state.25 Therefore, we propose that the
pressure-induced transition of Nd2Ir2O7 at 3 K is the FM
ordering of “two-in two-out” with q = (0,0,0) or (0,0,2π/a).

Figure 3 shows the pressure-temperature phase diagram
obtained from the measurement of electrical resistance. TMI is
considered as the temperature at which R(T) starts to increase
abruptly, as shown in Fig. 1(a). TO emerges suddenly at 10 GPa,
which is close to the pressure at which the insulating phase
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FIG. 3. (Color online) Phase diagram for Nd2Ir2O7.

disappears. At pressures lower than 10 GPa, no resistance
drop assigned to the magnetic LRO is observed in the plot of
temperature dependence of resistance; therefore, there is no
LRO of the Nd moment at least in the measured temperature
region. Thus, the boundary pressure of the insulating phase
should be around 11 GPa.

The MIT in Nd2Ir2O7 is monotonically suppressed by ap-
plying pressure. The pressure dependence of TMI is negative—
approximately −4 K/GPa up to 6 GPa. This is similar to
the values observed in other pyrochlore oxides, Cd2Os2O7
(−4 K/GPa)12 and Hg2Ru2O7 (−5.4 K/GPa).18 The applica-
tion of pressure leads to structural deformation with a decrease
in the Ir-O-Ir bond angle. However, we confirmed that this
pressure effect is contradictory to the supposition made on
the basis of the ionic radius dependence of TMI in Ln2Ir2O7.
Consequently, the result indicates that the decrease in the
Ir-O-Ir bond length by the application of pressure strongly
affects the electrical conductivity of Ln2Ir2O7.

From the phase diagram, we can say that the insulating
phase below the MIT suppresses the emergence of the
magnetic ordered phase. The pressure-induced FM ordered
phase competes with the insulating phase. The MIT involves
magnetic ordering with a weak FM component from 5d
electrons. At ambient pressure, the magnetic susceptibility
measurement of a polycrystalline Nd2Ir2O7 sample provides
no evidence for magnetic LRO of the Nd moment down to
2 K.24 Because the internal field generated by a magnetic
ordering due to 5d electrons interacts with the Nd moments,
the magnetic ordering of the Nd moment is considered to
be suppressed or destroyed. The suppression of the MIT by
the application of pressure leads to the magnetic ordering of
the Nd moment via the RKKY interaction in the metallic
state. Then, as Nd2Ir2O7 becomes more metallic due to
pressure application, the RKKY interaction becomes stronger.
Therefore, the appearance of the magnetic LRO phase at 3.5 K
and 10 GPa is probably due to the strengthening of the RKKY
interaction by pressure application. Furthermore, because the
magnetic LRO of the Nd moment at 3.5 K and 10 GPa makes
no opening of band gap, the MIT can occur below TO.

The localized Nd moments in the metallic phase interact
with itinerant 5d electrons via c-f hybridization. We may
consider that Nd2Ir2O7 in the metallic phase is a frustrated
Kondo lattice system, as pointed out about Pr2Ir2O7 in Ref. 23.
RKKY interaction stabilizes a magnetic LRO. On the other
hand, the Kondo effect screens localized moments by a spin
polarization cloud of conduction electrons. Consequently, a
Fermi liquid state is formed by perfect screening of the
magnetic moment. The magnetic phase diagram resulting from
their competition is usually described by a model proposed
by Doniach.27 The ground state depends on the strength of c-f
hybridization. In Nd2Ir2O7, the application of pressure induces
the magnetic LRO by the RKKY interaction. On the other
hand, the pressure dependence of TO was slightly negative at
pressures higher than 11 GPa. As one possible explanation
for the suppression of magnetic LRO, we may consider that
the Kondo effect becomes dominant by the application of
higher pressure. Then, a magnetic quantum critical point
(QCP) is expected to appear at pressures greater than 15 GPa.
Around the magnetic QCP, we have expected that the magnetic
moment reduced by the Kondo effect strongly fluctuates on the
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in which we do not explicitly include R-R exchange, whose
effect is assumed to generate the q = 0 magnetic ordering.

Phase diagram—We now analyze the phase diagram of the
minimal model in Eq. (4). We start with the Hamiltonian in
the absence of Kondo coupling. As shown in Fig. 2 and also
in Ref. 14, when �1.2t . t� . �0.5t, the metallic phase
(M) is obtained; for the rest regimes, strong topological band
insulator (STI) with topological class (1;000) is realized.

�0.5

�1.5

�1.2
t�/t

MSTI STI

0.3

FIG. 2. (Color online) The phase diagram without Kondo coupling.
M=metal, STI=strong topological insulator. In this one dimension
phase diagram, the circles (dark red) are phase boundaries; the dia-
monds (light blue) are two cases studied in this paper.

We now include the Kondo coupling with the Ising spins
at R sites. To find the ground state of this Hamiltonian, one
needs to consider all possible Pr spin configurations and find
the lowest energy one. As we have assumed q = 0 magnetic
ordering, we only need to consider the spin configurations on
a tetrahedral unit cell for R. Under time reversal and cubic
group transformation, the 16 spin configurations reduce to 3
inequivalent spin configurations—“4-in 4-out”, “3-in 1-out”
and “2-in 2-out”. By the same reasoning, for the Kondo coup-
ing in Eq. (2) we only have to look at the cases with c1 and c2
having the same sign or opposite sign. We plot the resulting
phase diagrams in Fig. 3 for the two reference points marked
in Fig. 2, where the parent ground state of the two points are
both STI. For the case of a metallic parent ground state, we
will postpone to another paper[27]. The general structures of
both phase diagrams in Fig. 3 are quite similar. With increas-
ing Kondo-coupling, the STI is first converted into AI, then
topological or non-topological semi-metals, and finally to nor-
mal insulator[32]. Note that the MIT in the phase diagrams is
purely driven by Kondo coupling. We note that, as the RKKY
interaction is a second order effect of the Kondo coupling of
Eq. (2), including exchange may just slightly alter the phase
boundary between different spin configurations.

Axion insulator—AI phase can be viewed as a derived
phase from STI. When time-reversal symmetry is broken but
the inversion symmetry is still preserved, the magnetoelectric
response parameter � is still quantized. As the system pre-
serves the inversion symmetry even in presence of q = 0
magnetic order, we use the formula introduced in Ref. 29 to
express � in terms of the number no(k) of filled odd parity
states at the time reversal invariant momenta (TRIMs),

�

⇥
=

1

2

�

k�TRIMs

no(k) (mod 2). (5)

As shown in Fig. 3, we find a broad region of AI phase with
� = ⇥ in the vicinity of the STI phase points.

Weyl semi-metal and Mixed Weyl semi-metal—As the
Kondo coupling increases further, we find the parity flips at
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FIG. 3. (Color online) Phase diagrams[30] for two reference points
in Fig. 2. Blank region corresponds to “4-in 4-out” state and green
region corresponds to “2-in 2-out” state. In the figure, “AI”=axion in-
sulator, WSM=Weyl semi-metal, M-WSM=mixed Weyl semi-metal,
CSM=conventional semi-metal, and NI=normal insulator. The pa-
rameters in the figures are: (a) t� = 0.3t[31], (b) t� = �1.5t. In
the “2-in 2-out” region of (b), M-WSM1 shares the same set of Weyl
points as WSM, while M-WSM1 and M-WSM2 have distinct Weyl
points at different energies and M-WSM3 have both Weyl points
from the M-WSM1 and M-WSM2. The dashed WSM phase bound-
ary for both plots and indicates the places where the Fermi energy
moves away from the Weyl points. Another dashed line in (b) indi-
cates the places where the second set of Weyl points are created.

TRIMs and the AI phase turns into WSM for both cases stud-
ied in Fig. 2. The fermi surface of WSM is composed of the
Weyl points, around which the spectrum is linear and gapless.
The effective Hamiltonian near the Weyl point is obtained by
expanding the full Hamiltonian at the Weyl point with only
two relevant bands involved[6],

HWSM = E0 + v0 · q+
�

i

(vi · q)⇤i, (6)

where E0 is the energy at Weyl points, q is measured relative
to the Weyl point, and ⇤i are three Pauli matrices. A chirality
c, which is defined as c = sgn[v1 · (v2⇤ v3)], can be assigned
to each Weyl point. As pointed out in Ref. 6, the Weyl points
can only be created or annihilated in pairs with the opposite
chiralities.

The WSM phase appears for both “4-in 4-out” and “3-in
1-out” spin configurations. We locate the Weyl points explic-
itly by looking at the spectrum and density of states, which
shows a characteristic (E �E0)2 scaling. For both two phase
diagrams, the 8 Weyl points of the “4-in 4-out” state are cre-
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the free fermion result:

σ0(ω) = N
e2

12h

|ω|

vF
(2)

We consider how this is modified in two cases separately,
(i) clean systems in the presence of Coulomb interactions
and (ii) non-interacting fermions in the presence of dis-
order.

(i) In the first case, when the chemical potential is
tuned to the Weyl node, current is carried equally by
electrons and holes moving in opposite direction. This
can be relaxed via interactions alone, leading to a finite
conductivity. The conductivity at finite temperature (T )
is shown to be finite and proportional to T (upto logarith-
mic factors), as expected of a quantum critical system12,
where scales are set by temperature.

σdc(T ) =
e2

h

kBT

!vF (T )

C

α2
T logα−1

T

(3)

where vF (T ) and αT are the renormalized Fermi velocity
and fine structure constant at temperature T :

vF (T ) = vF

!

α0

αT

"
2

N+2

αT =
α0

1 + (N+2)α0

3π ln
#

!Λ
kBT

$ (4)

where vF , α0 = e2/ε!vF are the bare Fermi velocity and
effective fine structure constant at scale Λ. The constant
C, obtained by solving the Quantum Boltzmann equation
(QBE) variationally in a leading-log approximation is:
C = 1.8. We compare our results to experimental data
on Y2Ir2O7.

Our calculation builds on related work12–15. To briefly
summarize points of similarity and differences, both
Refs. 14,15 consider D = 3, however, the former assumes
Lorentz invariance, that is broken in our case by the in-
stantaneous Coulomb interactions. Nevertheless we can
adapt the leading-log approximation technique suggested
there to solve the QBE. In Ref. 15, transport of a 3D
Dirac point was studied, which appears at a topologi-
cal phase transition between two insulators. Although
our work studies a stable phase, there is a close paral-
lel with that situation. Finally, Refs. 12,13 studied the
role of Coulomb interactions in the dc conductivity of
clean graphene, which is the D = 2 analog of the physics
described here. Besides obvious differences of dimension-
ality, the leading log approximation applied here fails12,13

in D = 2.
(ii) In the presence of impurities, power counting shows

that white-noise disorder is an irrelevant perturbation.
One might naively expect that the conductivity should
exhibit the simple form in (2). However, the result is
more interesting as indicated in Ref. 7 . On evaluating a
standard Kubo formula the finite-frequency conductivity
can be seen to exhibit distinct behaviors, depending on

whether ω ≪ T or ω ≫ T : in the former regime, as
pointed out by Burkov and Balents7 a finite Drude-like
response with a peak width vanishing as NT 2 is obtained;
in the latter regime, we recover by an explicit calculation
the universal result σ0 in (2) as the leading behavior,
independent of disorder. We also obtain numerically the
evolution of the conductivity between these two regimes.

II. PRELIMINARIES

The generic dispersion of a Weyl fermion, near the
Weyl point, is:

HWeyl = u · k 1 +
3

%

a=1

va · k σa (5)

where σa are the Pauli matrices. The velocities satisfy
v1 · (v2 × v3) ̸= 0, and the Chern number ±1 associated
with the Weyl node is Sign

&

v1 · (v2 × v3)
'

. For simplic-
ity we have dropped the term proportional to identity
and considered the isotropic dispersion (1). The Hamil-
tonian for a system of N Weyl nodes (N ‘flavors’) with
Coulomb interactions and disorder may written as (re-
peated indices are summed over)

H = H0 +HI +HD (6)

H0 =

ˆ

k

ψ†
k,a (vFχak · σ − µ)ψk,a (7)

HI =
1

2

ˆ

k1k2q

V (q)ψ†
k2−q,aσψk2,aσψ

†
k1+q,bσ′ψk1bσ′(8)

HD =

ˆ

r

%

a,b

ψ†
a(r)U(r)ψb(r) (9)

where ψk,a is a two-component spinor in the (pseudo)spin
indices σ,σ′, a, b = 1 . . .N index the flavors, vF is the
Fermi velocity, which we set to one while keeping in mind
that on reinstating it its renormalzed value from (4) must
be used, χa = ±1 is the chirality of the ath Weyl node,
µ is the chemical potential, V (q) = 4πe2

εq2 describes the
Coulomb interaction in a material with dielectric con-
stant ε, and U(r) is a random potential with white-noise
correlations ⟨⟨U(r)U(r′)⟩⟩ = nimpv20δ(r − r′) where v0
characterizes the strength of the individual impurities
and nimp their concentration, and

´

k
≡
´

d3k
(2π)3 . We have

assumed for simplicity an isotropic dispersion about the
nodal points; in practice this is not the case, but the
anisotropy effects serve mostly to complicate calculations
as they only produce small corrections to numerical fac-
tors. Below, we shall restrict ourselves to studying the
case of particle-hole symmetry, where µ = 0.

The eigenstates of the noninteracting Hamiltonian H0

are trivially also eigenstates of the helicity operator,
σ · k̂, and can therefore be labeled by helicity eigenvalues
±1. More explicitly, H0 can be diagonalized by a uni-
tary transformation that acts only on the spinor indices,

With interactions

• Coulomb interactions are marginal - 
characterized by dimensionless fine 
structure constant α=e2/εvF

• Leads to strong scattering

• Then expect

1/⇥ ⇠ �2
max(⇤, T ) � uimp⇤

2

power law 
insulator⇤dc ⇠ e2

✓
⇥2

v3F

◆
v2F ⌅ ⇠ kBT

�

With impurities

• Neutral impurities w/o interactions leads 
to non-zero DC conductivity

Re�(⇥, T ) / �0f(⇥/T
2)

3

surface, not normal to the z-axis. For more details on
this we refer the reader to Ref. [9].

In the rest of this section we will focus on diagonal
transport characteristics of the Weyl semimetal, namely
its optical conductivity. Some of the results, presented
here, were quoted in [9], but not derived in detail. As we
will demonstrate, the frequency dependence of the opti-
cal conductivity of the Weyl semimetal is very unusual,
and can be used for experimental characterization of this
phase of matter.

To calculate the optical conductivity, we assume a
model with short-range impurity scattering potential of
the form:

V (r) = u0

⌥

a

⇥(r� ra), (8)

where ra label the impurity positions. For simplicity we
will assume that the impurity potential is diagonal in
both the spin and the pseudospin indices. We will con-
sider a single Weyl fermion in the 3D BZ for simplicity:
generalization to any number of distinct Weyl fermions is
trivial, as they contribute additively to transport (we will
assume that the impurity potential does not mix Weyl
fermions at di�erent points in the BZ). In the first Born
approximation, the impurity scattering rate is given by:

1

�(⇤)
= �� Im

�
d3k

(2⌃)3

⌥

�

GR
� (⇤,k) = 2⌃�g(⇤), (9)

where

GR
� =

1

⇤� ⇧vF k + i⌅
, (10)

is the retarded Green’s function of the Weyl fermion,
⇧ = ± labels the helicity of the positive and negative
energy Dirac cones, � = u2

0ni, where ni is the impurity
concentration, and the density of states g(⇤) is given by:

g(⇤) =
⇤2

2⌃2v3F
. (11)

Thus 1/�(⇤) ⇤ ⇤2 ⇧ ⇤, which means that the conduc-
tivity can be calculated semiclassically, using Boltzmann
equation. Solving linearized Boltzmann equation with
the energy-dependent momentum relaxation rate (9) in
the standard way, we obtain:

Re ⌥xx( ) = �e2v2F
3

� ⇥

�⇥
g(⇤)

dnF (⇤)

d⇤

1/�(⇤)

 2 + 1/�(⇤)2
,

(12)
where nF is the Fermi distribution function at temper-
ature T . Introducing dimensionless integration variable
x = ⇤/2T and restoring explicit h̄, we obtain:

Re ⌥xx( ) =
e2v2F
6�h

� ⇥

�⇥
dx

x4 sech2(x)

x4 + (h3v3F /32⌃
2�T 2)2

,

(13)
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FIG. 1. (Color online). Optical conductivity of the Weyl
semimetal, in units of the DC conductivity ⇤DC . The ⌅/T 2

ratio on the horizontal axis is in units of 32⇥2�/h3v3F .

This gives a DC conductivity:

⌥DC =
e2v2F
3�h

, (14)

and a Drude-like peak in the optical conductivity, but
with a temperature-dependent width, scaling as T 2. This
is a very unusual property of the optical conductivity
in a metal and can be used to characterize the Weyl
semimetal phase experimentally.
The Drude peak also has a highly unusual shape, with

a divergent first derivative, as can be seen from Fig. 1.
This can be obtained explicitly from Eq. (13). The first
derivative of the optical conductivity with respect to the
frequency is given by:

dRe ⌥xx( )

d 
= �e2v2F 

3�h

�
h3v3F

32⌃2�T 2

⇥2

⇥
� ⇥

�⇥
dx

x4 sech2(x)

[x4 + (h3v3F /32⌃
2�T 2)2]2

. (15)

The integral above diverges when  ⌃ 0 and at small
frequencies is dominated by the contribution near x = 0.
Then we can set sech(x) ⌅ 1 and obtain:

Re ⌥xx( ) ⌅
e2v2F
3�h

⇤

⇧1� 1

8

 
 v3Fh

3

2 �T 2

⌅

⌃ . (16)

At high frequencies, on the other hand:

Re ⌥xx( ) ⌅
7⌃4e2v2F
720�h

�
32⌃2�T 2

h3v3F 

⇥2

. (17)

III. LINE NODE SEMIMETALS

In this section we will describe a realization, in the
same physical system of a TI multilayer, of a line-node
semimetal: a distinct topological semimetal phase, with
zeros in the spectrum, forming continuous lines in mo-
mentum space.
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FIG. 3: (Color online) Magnetic structure modelling. (a) Comparison between experimental and best-fit calculated magnetic
reflection intensities given in Table I. (b) All-in all-out magnetic structure. The filled circles represent Nd3+ ions, and the
arrows represent the Nd moments. (c) Trigonally distorted O2− ligand around Ir4+ ion. All the Ir-O bonds are of the same
length (2.01 Å). (d) Relation between magnetic moments (blue arrows) of Ir4+ ions (blue balls) and magnetic moments (red
arrows) of Nd3+ ions (red balls). Both the Ir and the Nd moments form the all-in all-out structures. Alternative directions
of Nd moments in the case of a ferromagnetic Nd-Ir interaction are depicted: when the moments are antiferromagnetic, the
directions of all the red arrows are reversed, and the all-in all-out type structure is retained.

We can confirm that the all-in all-out type of Ir struc-
ture generates the all-in all-out type of Nd structure,
when only nearest-neighbor Nd-Ir exchange interactions
are taken into account. Figure 3(d) shows the relation of
Ir and Nd crystallographic sites and magnetic moments
with the all-in all-out structures. The single Nd site is
positioned at the centre of the hexagon on the kagome
plane in the Ir sublattice. At the Nd site, the surrounding
six nearest-neighbor Ir moments generate the exchange
field, which is perpendicular to the (111) kagome plane.
The alternative upward or downward direction depends
on whether the Nd-Ir interaction is ferromagnetic or an-
tiferromagnetic.

B. Relation between frustration and MI transition

The present experiments revealed that the antiferro-
magnetic long-range structure with q0 exists below TMI

in Nd2Ir2O7. This fact strongly suggests that the frus-
tration is released below TMI. That is, the system is ex-
pected to change from the magnetically frustrated metal-
lic phase to the antiferromagnetic insulating phase at
TMI. The metallic phase will gain orbital hybridization
energy (band formation energy), whereas the insulating
phase will gain magnetic ordering energy.
Then, the following question arises: how is the frus-

tration released without lattice distortion at TMI? In
a pyrochlore lattice, antiferromagnetic nearest-neighbor
interactions with isotropic moments induce strong frus-
tration, as is the case in the highly frustrated spinel
MgCr2O4 (Cr3+: 3d3)30, whereas those with anisotropic
moments induce the all-in all-out type long-range order
without frustration31,32. The anisotropy is based on the

spin-orbit-coupled Jeff states. The spin-orbit coupling is
normally suppressed in a metallic phase (unlike in an in-
sulating phase), since the coupling constant λ is roughly
proportional to 1/r3, where r is the size of an unpaired
electron cloud. Thus, in Nd2Ir2O7, above TMI, an anti-
ferromagnetic interaction with relatively isotropic Ir mo-
ments is considered to hamper magnetic ordering owing
to frustration. Below TMI, the spin-orbit coupling will
become relatively active and the Ir moments will restore
the in/out-type anisotropy; therefore, the all-in all-out
type of order will emerge without frustration.
It is open how the electron/hole bands change below

and above TMI. We remark that the Mott-type antifer-
romagnetic insulator with Jeff = 1/2 half-filled bands
was recently established in Sr2IrO4

19,33. The Jeff = 1/2
Mott insulator might be related to the insulating phase
in Nd2Ir2O7.

VI. CONCLUSIONS

In summary, to study a relation among magnetic frus-
tration, the absence of structural phase transition, and
the MI transition in Nd2Ir2O7, we conducted neutron ex-
periments of this material in powder form. As the results,
magnetic Bragg reflections with q0 = (0, 0, 0) were found
by diffraction. The propagation vector is consistent with
the absence of structural transition. The reflection inten-
sity of Nd2Ir2O7 increases with decreasing temperature
below TNd = 15±5 K. The magnetic structure of this sys-
tem can be described by the all-in all-out type of model
for Nd moments with a magnitude of about 2.4 ± 0.4µB

at 0.7 K. The magnitude of moments is consistent with
the results of a previous crystalline field analysis.

Nd2Ir2O7  AI and Pressure induced WSM?
3

FIG. 1: (Color online) Measured neutron diffraction data for
powder Nd2Ir2O7. (a) Diffraction data measured at 9 K. (b)
Diffraction data obtained by subtracting the 40 K data from
the 9 K data (a). (c) Bragg reflection lines measured around
the (220) reciprocal lattice point at 9 K, 40 K, and 102 K.
(d) Temperature dependence of summation of the integrated
intensities 113 and 222. In (a), (c), and (d), all the lines are
a guide to the eye.

shown by the solid arrows; in the previous study, it was
not important for us to know at what temperature the
peak began sharpening21. The emergence of the sharp
inelastic peak can be attributed to the splitting of the
ground doublet of Nd 4f electrons21. The agreement be-
tween the data in figures 1(d) and 2(a) strongly suggests

TABLE I: Integrated intensities of magnetic components of
several fundamental reflections in barn/unit cell. Here, a
unit cell refers to a crystallographic unit cell denoted by
2(Nd2Ir2O7). The intensities were evaluated by subtracting
the integrated intensities at 40 K from those at 9 K. The
best-fit calculated intensities were obtained for the all-in all-
out structure shown in figure 3(b). The experimental and
calculated intensities are compared in figure 3(a) as well.

hkl Experimental Calculated
111 −5.9± 5.4 0
200 0± 2.5 0
220 13.6 ± 3.5 16.8

113 + 222 23.3 ± 13.7 17.4
400 −2.4± 3.9 0
331 5.0 ± 5.8 5.5
420 9.3 ± 6.7 9.8
422 0.9 ± 4.5 3.3
135 4.9 ± 2.9 8.6

FIG. 2: (Color online) Measured inelastic neutron scattering
data for powder Nd2Ir2O7. (a) Scan data measured at con-
stant Q of 0.8 Å−1 at different temperatures21. The vertical
origins shift to the height indicated by the horizontal dotted
lines. (b) Inelastic scattering intensity distributions in (Q,E)
space at 3 K. (c) Comparison results of Constant-E scans
measured at E = 1.2 and 1.4 meV in (b). In (a) and (c), the
solid curves are a guide to the eye.

that the q0 structure mainly originates from Nd3+ mag-
netic moments.
Figure 2(b) shows the inelastic scattering intensity dis-

tributions in (Q,E) space measured below TMI. The hor-
izontally spreading excitation mode is observed at around
1.3 meV; it corresponds to the splitting of the Nd3+

ground doublet. The scattering intensity decreases with
increasing Q, confirming that the excitations are mag-
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thermocouples (chromel/Auþ 7 at.% Fe) from 4.2 to
310K. Specific heat measurements were performed by a
thermal relaxation method (PPMS, Quantum Design). DC
magnetizations were measured using the SQUID magne-
tometer (MPMS, Quantum Design).

Figure 1 shows the temperature dependence of the
electrical resistivities !ðTÞ and the thermoelectric powers
SðTÞ of Ln2Ir2O7 for Ln = Pr, Nd, Sm, and Eu (sample #1).
In Fig. 1(a), !ðTÞ is normalized using its value at 300K
[!ðTÞ=!ð300KÞ]. The values of !ðTÞ at room temperature are
in relatively good agreement with those stated in a previous
report.16) Changing from Ln = Pr to Eu, the gradient of
!ðTÞ=!ð300KÞ at room temperature gradually changes from
a positive value to a small negative value. SðTÞ is negative
for Ln = Pr and Nd and positive for Ln = Sm and Eu. As
the ionic radius of Ln becomes smaller, SðTÞ tends to
become more positive. Figure 1(a) shows that Nd2Ir2O7,
Sm2Ir2O7, and Eu2Ir2O7 exhibit MITs at 36, 117, and 120K,
respectively, while Pr2Ir2O7 exhibits no anomaly down to
at least 4.2 K. The values of !ð4:2KÞ=!ðTMIÞ for Ln = Nd,
Sm, and Eu are 25, 1000, and 230, respectively. These
values tend to increase for temperatures below 4.2K.
Below TMI, !ðTÞ for Ln = Nd, Sm, and Eu cannot be
described by the equation !ðTÞ ¼ !0 expðEg=TÞ, where Eg is
the energy gap; in addition, !ðTÞ cannot be expressed in
terms of variable range hopping. A strong temperature
dependence of Eg is suggested. Instead, by using the
equation Eg ¼ T lnð!=!ðTMIÞÞ, the maximum values of Eg

for Ln = Nd, Sm, and Eu are found to be 20, 95, and 77K

at %0:4TMI, respectively. Figure 1(b) shows that SðTÞ for
Ln = Sm and Eu exhibits a clear upturn just below the MIT
temperature TMI. In contrast, SðTÞ for Ln = Nd exhibits a
small kink at TMI. Discontinuities and thermal hysteresis
were not observed around TMI, thus indicating that these
MITs are second-order transitions.

As the ionic radius of Ln becomes smaller, TMI tends to
increase. It is suggested that TMI depends on the t2g
bandwidth. For Ln = Pr, it is reported that no MIT is
observed down to 0.3K.12) Instead, a Kondo effect with
TK ¼ 25K due to a strong c– f hybridization effect is
observed. It is conjectured that the ionic radius boundary
for MITs in Ln2Ir2O7 lies between Ln = Pr and Nd.

Remarkably, the TMI for Sm2Ir2O7 and Eu2Ir2O7 are in
good agreement with TO in the "ðTÞ reported in ref. 15.
Interestingly, no MIT was observed in the previous report
on the electrical resistivities of pyrochlore iridates.16) We
conjecture that this discrepancy between these findings is
caused by the sample dependence of these iridates. In order
to test this hypothesis, we investigated the sample depen-
dence of the resistivity of Sm2Ir2O7 using many samples
prepared under different reaction conditions. In the latter
section of this letter, we focus on the MIT of Sm2Ir2O7.

We prepared another polycrystalline sample Sm2Ir2O7

under a different set of synthesis conditions. Mixtures of
Sm2O3 and IrO2 in the molar ratio of 1 : 2:2 were pressed
into pellets. The pellets were then inserted into a Pt tube and
heated at 1423K for 8 days in a vacuum silica tube with
several intermediate grindings. After adding 10% of IrO2 in
a molar ratio, the process was continued for four days with
several intermediate grindings. The abovementioned process
was repeated once. This sample is denoted by #2. Figure 2
shows the XRD patterns of Sm2Ir2O7 (samples #1 and #2).
The peaks observed for sample #2 are sharper than those for
sample #1.21) The inset shows the peaks for the 662 and 840
reflections in samples #1 and #2. Peak splitting caused by a
slight difference in the wavelengths of K#1 and K#2 is
observed in sample #2. We thus conclude that sample #2 has
better crystallinity than sample #1. The XRD data for sample
#2 was analyzed by using the Rietveld method and the

Fig. 1. (Color online) (a) Electrical resistivities of Ln2Ir2O7 for Ln = Pr,
Nd, Sm, and Eu (sample #1) that have been normalized by the value at
300K. Inset shows an enlarged view around TMI. (b) Thermoelectric
powers of Ln2Ir2O7 for Ln = Pr, Nd, Sm, and Eu (sample #1).

Fig. 2. (Color online) Powder X-ray diffraction patterns of Sm2Ir2O7

(samples #1 and #2). The solid line at the bottom shows the deviation
between the experimental result and the calculation. The inset shows the
peaks from 662 and 840 reflections.
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program RIETAN2000.22) The experimental result is well
reproduced by the calculation. We obtained the lattice
parameters (space group Fd !33m, a ¼ 10:3063 Å, and x ¼
0:339) and the reliability factors (RWP ¼ 12:50% and RI ¼
1:61%). This analysis showed no evidence of any deviation
from the stoichiometry.

We will now discuss the quality of the samples used in
previous reports. The samples were essentially prepared by a
solid-state reaction in air over a long period.15,16) Unfortu-
nately, it is not possible to evaluate the quality of these
samples since no XRD patterns are available. Hence, we
attempted to prepare samples by a solid-state reaction in air.
As a result, we found that we were unable to prepare samples
free from impurity phases by this method. In addition, the
reflection peaks were much broader than that of sample #1.
It is suggested that samples prepared in air have poorer
crystallinity or a slight deviation from the stoichiometry.
For example, the product prepared at 1273K over one week
was indeed mainly composed of the pyrochlore phase of
Sm2Ir2O7. However, the presence of the impurity phases of
Sm2O3 and IrO2 was confirmed. As the reaction temperature
rises, the impurity phases of Sm2O3 and IrO2 disappear.
However, another impurity phase of Sm3IrO7 began to
appear because of the volatility of IrO2.23) For these samples
containing small amounts of impurity phases, we observed a
signature of MIT around TMI. We were not able to confirm
that a sample prepared in air did not have a MIT as reported
in ref. 16.

Figure 3 shows the sample dependence of !ðTÞ for
Sm2Ir2O7. The upturn for sample #2 at TMI is sharper than
that for sample #1. Furthermore, the value of !ð5KÞ=!ðTMIÞ
for sample #2 reaches 7700. We found that sample #2 with
higher quality exhibited a clearer MIT. Therefore, we can
conclude that the MIT is intrinsic. As was seen in sample #1,
the Eg shows a strong temperature dependence. Using the
equation Eg ¼ T lnð!=!ðTMIÞÞ, the maximum value of Eg is
estimated to be 127K at 0:38TMI, which is 30% larger than
that for sample #1. The temperature dependence of Eg

exhibits a behavior similar to a BCS gap function suggesting
a correlation between Eg and the unknown order parameter
of this MIT.

Figure 4(a) shows the CðTÞ of Sm2Ir2O7 (sample #2). A
sharp anomaly is observed at TMI, which strongly indicates
a bulk transition. Figure 4(b) shows "ðTÞ for Sm2Ir2O7

(sample #2) measured by applying a magnetic field of 1 kOe.
Above TMI, "ðTÞ exhibits a very weak temperature depen-
dence. "ðTÞ measured under the ZFC condition shows a
small sharp peak at TMI, suggesting AFM ordering; the
present ZFC result is sharper than that given in ref. 15. "ðTÞ
measured under the FC condition shows a step-like increase
at TMI. It is speculated that a complex magnetic ordering
influenced by geometrical frustration in the pyrochlore
lattice occurs below TMI.

Both the ZFC and FC results indicate that "ðTÞ increases
below 40K. It is conjectured that this increase is caused by
the free moment of the Sm3þ ion. The crystalline electric
field (CEF) with D3d symmetry splits the ground state J ¼
5=2 multiplet in Sm3þ into three Kramers doublets. A slight
upturn in CðTÞ is observed below 5K [inset in Fig. 4(a)],
this is considered to be attributed to a tail of a Schottky
anomaly due to the CEF ground state doublet that is almost
degenerate. Magnetic ordering between Sm moments is
expected at lower temperatures.

We will now discuss the MIT in Sm2Ir2O7. In pyrochlore
oxides, MITs have thus far been observed in Cd2Os2O7

(TMI ¼ 226K) and Tl2Ru2O7 (TMI ¼ 120K).24–28) For
Tl2Ru2O7, the 6s electrons from Tl3þ contribute to its
conductivity. This MIT is a first-order transition since
thermal hysteresis, a jump in !ðTÞ, and a discontinuity in the
lattice parameter are all observed at TMI.26,27) On the other
hand, for Cd2Os2O7, the (5d)3 electrons from Os5þ form
the t2g band close to half-filling and contribute to its
conductivity. This MIT is a second-order transition since no
thermal hysteresis in !ðTÞ is observed at TMI.25) This MIT is

Fig. 3. (Color online) Electrical resistivities of Sm2Ir2O7 (samples #1 and
#2) normalized using their values at 300K.

Fig. 4. (Color online) (a) Specific heat of Sm2Ir2O7 (sample #2). The
inset shows an enlarged view below 15K. (b) Magnetic susceptibility of
Sm2Ir2O7 (sample #2). The inset shows an enlarged view around TMI.
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FIG. 5. (Color online) The electron bands for a slab that is finite
along (110) plane. The inset is the surface BZ with Fermi arcs
connecting the points with different colors (chiralities). Red/green
(dark/light) points correpond to the projection of Weyl points with
opposite chirality (�1/+1). The points with larger size have projec-
tions from two Weyl points. In the plot, t� = 0.3t and c1 = 0, c2 =
0.4t with “4-in 4-out” spin configuration. Dashed (red) line is the
Fermi energy.

Prediction—In Tab. II, we list the magnetic and transport
properties of various R2Ir2O7. Most materials in the Tab. II
exhibit MIT. Very little is known about the magnetic proper-
ties. The most studied compound in this series is Pr2Ir2O7,
which exhibit a metal ground state and anomalous Hall effect.
As the parent state for Pr2Ir2O7 is expected to be metallic (see
Fig. 2), we will discuss it in a forthcoming work[26]. LRO
has been suggested for Nd2Ir2O7[39–41] and Sm2Ir2O7[35].
Recent neutron diffraction and scattering experiments[41] on
Nd2Ir2O7 suggest a q = 0 “4-in 4-out” spin configuration for
both Nd and Ir systems. Another experiment[40] applies pres-
sure to Nd2Ir2O7 and finds that the pressure suppresses MIT
and leads to a FM metal state. Ref. 40 further conjectures the
magnetic ground state of Nd be an “ordered spin ice” with “2-
in 2-out” spin configuration and q = 0 or 2�(001). Based
on these experimental findings, it is very likely for Nd2Ir2O7

to develop the topological phases proposed in Fig. 3. For an
insulating Nd2Ir2O7 with q = 0 “4-in 4-out” spin state, one
may measure the magnetoelectric response to confirm if the
system is in the AI phase. Applying pressure changes the
Kondo coupling, which may drive a successive transition from
AI with “4-in 4-out” spin state to WSM then to M-WSM and
CSM with “2-in 2-out” state. Anomalous Hall effect and non-
trivial surface state may be detected for Nd2Ir2O7 at interme-
diate pressures. Ref. 11 and 13 have predicted the bahaviors
of dc/ac conductivitites in different limits. It will be interest-
ing to check if the available resitivity data for Nd2Ir2O7 and
also for Sm2Ir2O7 agree with their predictions. Further exper-
iments are needed to elucidate the nature of magnetic ground
state of other R2Ir2O7.

To summarize, we have constructed and analyze a minimal
and realistic model with Kondo coupling for rare-earth based
pyrochlore iridates R2Ir2O7. In constrast to the work on the
pyrochlore irdiates A2Ir2O7 with nonmagnetic A’s, we find
much broader regions of Axion insulator, topological semi-
metal phases and Kondo coupling driven metal-insulator tran-

sition.
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the free fermion result:

σ0(ω) = N
e2

12h

|ω|

vF
(2)

We consider how this is modified in two cases separately,
(i) clean systems in the presence of Coulomb interactions
and (ii) non-interacting fermions in the presence of dis-
order.

(i) In the first case, when the chemical potential is
tuned to the Weyl node, current is carried equally by
electrons and holes moving in opposite direction. This
can be relaxed via interactions alone, leading to a finite
conductivity. The conductivity at finite temperature (T )
is shown to be finite and proportional to T (upto logarith-
mic factors), as expected of a quantum critical system12,
where scales are set by temperature.

σdc(T ) =
e2

h

kBT
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α2
T logα−1

T
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where vF (T ) and αT are the renormalized Fermi velocity
and fine structure constant at temperature T :

vF (T ) = vF

!

α0

αT

"
2
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α0

1 + (N+2)α0

3π ln
#

!Λ
kBT
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where vF , α0 = e2/ε!vF are the bare Fermi velocity and
effective fine structure constant at scale Λ. The constant
C, obtained by solving the Quantum Boltzmann equation
(QBE) variationally in a leading-log approximation is:
C = 1.8. We compare our results to experimental data
on Y2Ir2O7.

Our calculation builds on related work12–15. To briefly
summarize points of similarity and differences, both
Refs. 14,15 consider D = 3, however, the former assumes
Lorentz invariance, that is broken in our case by the in-
stantaneous Coulomb interactions. Nevertheless we can
adapt the leading-log approximation technique suggested
there to solve the QBE. In Ref. 15, transport of a 3D
Dirac point was studied, which appears at a topologi-
cal phase transition between two insulators. Although
our work studies a stable phase, there is a close paral-
lel with that situation. Finally, Refs. 12,13 studied the
role of Coulomb interactions in the dc conductivity of
clean graphene, which is the D = 2 analog of the physics
described here. Besides obvious differences of dimension-
ality, the leading log approximation applied here fails12,13

in D = 2.
(ii) In the presence of impurities, power counting shows

that white-noise disorder is an irrelevant perturbation.
One might naively expect that the conductivity should
exhibit the simple form in (2). However, the result is
more interesting as indicated in Ref. 7 . On evaluating a
standard Kubo formula the finite-frequency conductivity
can be seen to exhibit distinct behaviors, depending on

whether ω ≪ T or ω ≫ T : in the former regime, as
pointed out by Burkov and Balents7 a finite Drude-like
response with a peak width vanishing as NT 2 is obtained;
in the latter regime, we recover by an explicit calculation
the universal result σ0 in (2) as the leading behavior,
independent of disorder. We also obtain numerically the
evolution of the conductivity between these two regimes.

II. PRELIMINARIES

The generic dispersion of a Weyl fermion, near the
Weyl point, is:

HWeyl = u · k 1 +
3

%

a=1

va · k σa (5)

where σa are the Pauli matrices. The velocities satisfy
v1 · (v2 × v3) ̸= 0, and the Chern number ±1 associated
with the Weyl node is Sign

&

v1 · (v2 × v3)
'

. For simplic-
ity we have dropped the term proportional to identity
and considered the isotropic dispersion (1). The Hamil-
tonian for a system of N Weyl nodes (N ‘flavors’) with
Coulomb interactions and disorder may written as (re-
peated indices are summed over)

H = H0 +HI +HD (6)

H0 =

ˆ

k

ψ†
k,a (vFχak · σ − µ)ψk,a (7)

HI =
1

2

ˆ

k1k2q

V (q)ψ†
k2−q,aσψk2,aσψ

†
k1+q,bσ′ψk1bσ′(8)
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ˆ

r
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ψ†
a(r)U(r)ψb(r) (9)

where ψk,a is a two-component spinor in the (pseudo)spin
indices σ,σ′, a, b = 1 . . .N index the flavors, vF is the
Fermi velocity, which we set to one while keeping in mind
that on reinstating it its renormalzed value from (4) must
be used, χa = ±1 is the chirality of the ath Weyl node,
µ is the chemical potential, V (q) = 4πe2

εq2 describes the
Coulomb interaction in a material with dielectric con-
stant ε, and U(r) is a random potential with white-noise
correlations ⟨⟨U(r)U(r′)⟩⟩ = nimpv20δ(r − r′) where v0
characterizes the strength of the individual impurities
and nimp their concentration, and

´

k
≡
´

d3k
(2π)3 . We have

assumed for simplicity an isotropic dispersion about the
nodal points; in practice this is not the case, but the
anisotropy effects serve mostly to complicate calculations
as they only produce small corrections to numerical fac-
tors. Below, we shall restrict ourselves to studying the
case of particle-hole symmetry, where µ = 0.

The eigenstates of the noninteracting Hamiltonian H0

are trivially also eigenstates of the helicity operator,
σ · k̂, and can therefore be labeled by helicity eigenvalues
±1. More explicitly, H0 can be diagonalized by a uni-
tary transformation that acts only on the spinor indices,

With interactions

• Coulomb interactions are marginal - 
characterized by dimensionless fine 
structure constant α=e2/εvF

• Leads to strong scattering

• Then expect
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surface, not normal to the z-axis. For more details on
this we refer the reader to Ref. [9].

In the rest of this section we will focus on diagonal
transport characteristics of the Weyl semimetal, namely
its optical conductivity. Some of the results, presented
here, were quoted in [9], but not derived in detail. As we
will demonstrate, the frequency dependence of the opti-
cal conductivity of the Weyl semimetal is very unusual,
and can be used for experimental characterization of this
phase of matter.

To calculate the optical conductivity, we assume a
model with short-range impurity scattering potential of
the form:

V (r) = u0

⌥

a

⇥(r� ra), (8)

where ra label the impurity positions. For simplicity we
will assume that the impurity potential is diagonal in
both the spin and the pseudospin indices. We will con-
sider a single Weyl fermion in the 3D BZ for simplicity:
generalization to any number of distinct Weyl fermions is
trivial, as they contribute additively to transport (we will
assume that the impurity potential does not mix Weyl
fermions at di�erent points in the BZ). In the first Born
approximation, the impurity scattering rate is given by:

1

�(⇤)
= �� Im

�
d3k

(2⌃)3

⌥

�

GR
� (⇤,k) = 2⌃�g(⇤), (9)

where

GR
� =

1

⇤� ⇧vF k + i⌅
, (10)

is the retarded Green’s function of the Weyl fermion,
⇧ = ± labels the helicity of the positive and negative
energy Dirac cones, � = u2

0ni, where ni is the impurity
concentration, and the density of states g(⇤) is given by:

g(⇤) =
⇤2

2⌃2v3F
. (11)

Thus 1/�(⇤) ⇤ ⇤2 ⇧ ⇤, which means that the conduc-
tivity can be calculated semiclassically, using Boltzmann
equation. Solving linearized Boltzmann equation with
the energy-dependent momentum relaxation rate (9) in
the standard way, we obtain:
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(12)
where nF is the Fermi distribution function at temper-
ature T . Introducing dimensionless integration variable
x = ⇤/2T and restoring explicit h̄, we obtain:

Re ⌥xx( ) =
e2v2F
6�h
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FIG. 1. (Color online). Optical conductivity of the Weyl
semimetal, in units of the DC conductivity ⇤DC . The ⌅/T 2

ratio on the horizontal axis is in units of 32⇥2�/h3v3F .

This gives a DC conductivity:

⌥DC =
e2v2F
3�h

, (14)

and a Drude-like peak in the optical conductivity, but
with a temperature-dependent width, scaling as T 2. This
is a very unusual property of the optical conductivity
in a metal and can be used to characterize the Weyl
semimetal phase experimentally.
The Drude peak also has a highly unusual shape, with

a divergent first derivative, as can be seen from Fig. 1.
This can be obtained explicitly from Eq. (13). The first
derivative of the optical conductivity with respect to the
frequency is given by:
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The integral above diverges when  ⌃ 0 and at small
frequencies is dominated by the contribution near x = 0.
Then we can set sech(x) ⌅ 1 and obtain:
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At high frequencies, on the other hand:
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720�h
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. (17)

III. LINE NODE SEMIMETALS

In this section we will describe a realization, in the
same physical system of a TI multilayer, of a line-node
semimetal: a distinct topological semimetal phase, with
zeros in the spectrum, forming continuous lines in mo-
mentum space.
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between
frequenciesm and

⇣
m2+b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ⌥ = c⌃k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic
field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(�SiA� + �SiB�), the
antiferromagnetic order parameter M� = 1/2(�SiA� � �SiB�) and
the charge-density-wave order parameter ⌃ = 1/2(�niA� � �niB�).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M�

0 ẑ
if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z and axion field ⌅ ⌥=0,�.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ⌅ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +⇥Mz(x,t ))ẑ+⇥Mx(x,t )x̂+⇥My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
⇥Mz , because ⌅ is a pseudo-scalar. In other words, we have
⇥⌅(x, t ) = ⇥m5(x, t )/g = �(2/3)U ⇥Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode ⇥Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field ⇥⌅(x, t ).
Considering the coupling term ⌅E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8�

⌅
d3xdt

�
⇤E2 � 1

µ
B2

⇥
+ �

4�2

⌅
d3xdt (⌅0 +⇥⌅)E ·B

+ g 2J
⌅

d3xdt [(⌦t⇥⌅)2 � (vi⌦i⇥⌅)2 �m2⇥⌅ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode ⇥Mz , E andB are the electric field and themagnetic
field respectively and ⇤ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with � ⇧ e2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
⌅

d3k
(2�)3

di(k)di(k)
16|d|5 , Jm2 =

�
2
3
UM�

z

⇥2⌅ d3k
(2�)3

1
4|d|3

where |d| =
⇣⇤5

a=1dada and the repeated index indicates summa-
tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ⌅ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ⌅ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16
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where c ⌃ is the speed of light in the media and ⇤ is the dielectric
constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

⌥2
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with b2 = �2B0
2/8�3⇤g 2J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

⇣
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

⇣
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = �⌅B0/�+ ⇤E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency ⌥p = ⇣

4�ne⇤2/m⇤. The
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between
frequenciesm and

⇣
m2+b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ⌥ = c⌃k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic
field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(�SiA� + �SiB�), the
antiferromagnetic order parameter M� = 1/2(�SiA� � �SiB�) and
the charge-density-wave order parameter ⌃ = 1/2(�niA� � �niB�).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M�
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To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
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applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ⌅ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
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same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency ⌥p = ⇣

4�ne⇤2/m⇤. The
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Kerr effect and Faraday rotation will also be useful tools
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Pr2Ir2O7 :Chern semimetal?

frozen at Tf. The observed T-independent behavior sug-
gests that only a partial fraction of spins freezes, while the
majority remain liquid.

The h111i Ising-like anisotropy of the 4f moments is
confirmed by the field dependence of the magnetization
M!B" along #100$, #110$, and #111$ at 70 mK (Fig. 3). The
4f ground-state-doublet contribution (thick curves) is esti-
mated by subtracting the sum of the Van Vleck and Pauli
paramagnetic contributions, which is estimated from !0B
(Fig. 3). At 13 T, M tends to saturate and approaches a
Brillouin function (thin curves) for noninteracting, local
h111i Ising spins with gJJz % 2:69, consistent with the
CEF analysis [11]. This slow saturation at the field scale,
B& ' kBjT&j=!gJ"BJz" ( 11 T, confirms an AF coupling
with an energy scale of jT&j % 20 K. At low fields, M
becomes isotropic (Fig. 3), as expected for h111i Ising
spins on a pyrochlore lattice [17]. Below 0.3 T, M changes
displaying a nearly constant derivative dM=dB (inset of
Fig. 3). This departure from a Brillouin function also
suggests liquidlike short-range correlations.

When such h111i Ising spins on a pyrochlore lattice
interact only through a nearest-neighbor AF coupling J,
mean-field theory predicts an ‘‘all-in and all-out’’ type of
LRO to appear at T ( J [18]. This indicates that in
Pr2Ir2O7, effects beyond the mean-field theory of nearest-
neighbor AF interaction, such as quantum fluctuations and
longer-range couplings, are crucial to suppress the LRO
down to T ) jT&j. Observed indications of such effects are
(1) the Kondo coupling between the 4f moments and the
5d-conduction electrons, and (2) the RKKY long-range
interactions between the 4f moments.

Although rare, the Kondo effect in Pr-based compounds
[19,20] and low carrier systems [14] has been reported. The
first evidence of Kondo effect in Pr2Ir2O7 is the lnT de-
pendence of the resistivity [Fig. 4(a)]. For such a depen-
dence in a stoichiometric high-quality metal, two mecha-
nisms can be considered: (i) CEF effect and (ii) Kondo

effect. Since the gap to the first excited level is (160 K,
the lnT dependence below 50 K cannot be due to a CEF
effect. Thus, the observed lnT dependence is likely due to
the Kondo effect, and in fact, over a decade in T between
3 K and 35 K, #!T" can be fit to the Hamann’s expression
(solid line) with TK % 25 K [21]. Interestingly, TK is close
to jT&j, and suggests that it is not the single-ion screening,
but the intersite screening that leads to the Kondo effect, as
discussed for low carrier-density and AF correlated Kondo
lattices [14,22]. In addition, the field dependence of the
resistivity is consistent with the Kondo effect [13]; the
negative magnetoresistance is proportional to M2 for all
axes under fields up to 2 T<B& [inset of Fig. 4(a)].

Second, the Kondo effect is also seen in the low T
decrease of the effective Curie constant C!T" ' T!!T";
see Fig. 4(b). The rapid decrease in C!T" below 10 K
suggests that the moment size diminishes owing to
Kondo screening. Correspondingly, !*1!T" follows the
CW law over a decade in T from 1.5 to 16 K [solid line
in the inset of Fig. 4(b)], yielding a slightly smaller effec-
tive moment 2:69"B, and a reduced Weiss temperature,
j$Wj % 1:7 K, in comparison with the high T values
(3:06"B, 20 K). These results and the crossover to lnT de-
pendence below j$Wj indicate partial screening of 4f mo-
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Usually, the AHE arises in ferromagnets because the spontaneous
magnetization breaks the TRS macroscopically even in the absence of
applied magnetic field. The dominant part of the AHE in moderately
dirty ferromagneticmetals can be captured by the band-intrinsicmech-
anism4,16. The adiabatic motion of electrons under an electric field E
(ref. 17) acquires the Berry phase18 because of the relativistic spin-orbit
interaction and the net spin polarization. This phase acts as a mac-
roscopic fictitious magnetic field b that bends the orbital motion of
electrons like the Lorentz force does due to a realmagnetic fieldB. Thus,
it causes theAHEcharacterizedby a finiteHall conductivitysHatB5 0.

In general, however, the source of the fictitious magnetic field b,
namely, the condition for observing the AHE at B5 0, is not
restricted to the magnetization, but to the macroscopically broken
TRS19, which means that the time-reversal operation cannot be com-
pensated by any other symmetry operations of the crystal (Sup-
plementary Information). In particular, the scalar spin chirality in
non-coplanar ferromagnets or canonical spin glasses can also pro-
duce the fictitious field and thus the AHE4,5,12,13,20, as indeed has been
observed in Nd2Mo2O7 (ref. 5), AuMn (refs 6, 7), and MnSi (refs 9,
10). In these pioneering works, however, the spin chirality is not the
primary order parameter, but only accompanies a chiral spin texture
of a magnetic dipole LRO or is induced by the applied magnetic field.
Thus, it has remained an important open issue to find a possible
chiral spin-liquid phase3 by probing the macroscopically broken
TRS through the AHE at zero magnetic field.

Here, we report the discovery of a TRS-broken phase in the absence
of bothmagnetic dipole order and spin freezing in the thermodynamic
measurements, suggesting a chiral spin-liquid state. In particular, we
observed a spontaneous Hall effect in the absence of uniform mag-
netization within experimental accuracy in the metallic cooperative
paramagnet Pr2Ir2O7 above its spin freezing temperature, as indicated
by the bifurcation of the susceptibility. Both the experiment and the
theory suggest that a chiral spin-liquid phase is inducedbymelting of a
spin ice, because the quantum fluctuations of the Pr 4f magnetic
moments21 were stronger than in dipolar spin-ice systems14,15.

The pyrochlore iridate Pr2Ir2O7 has an antiferromagnetic Curie–
Weiss temperature HW<220K, mainly due to the correlations
among,111. 4f Isingmagneticmoments of Pr31 ions, which point
either inwards to or outwards from the centre of the Pr tetrahedron
(Fig. 1b and c)22,23. Ir 5d conduction electrons are weakly correlated
and remain in a Pauli paramagnetic state22. They mediate the RKKY
interaction between Pr 4f moments via the Kondo coupling. The
absence of any sharp anomalies indicating conventional magnetic
LRO in the measurements of specific heat, magnetic susceptibility,
and muon spin relaxation (mSR)22,24 signals strong geometrical frus-
tration15. Only a spin freezing is observed in the magnetic suscepti-
bility below Tf< 0.3 K, which is two orders of magnitude lower than
jHWj< 20K (ref. 22) (Fig. 2a). Therefore, below jHWj, the 4f
moments probably remain in a cooperative paramagnetic state down
to at least Tf< 0.3 K (refs 22, 24).

First, we show our main experimental evidence for the broken TRS
found in the states where neither magnetic dipole LRO nor spin freez-
ing is observed in thermodynamic measurements. Figure 2a presents
the temperature dependence of the Hall conductivity sH(T) (defined
in the figure caption)measuredat a low field of 0.05Tapplied along the
[111] direction. The zero-field-cooled and the field-cooled data of
sH(T) and thus the Hall resistivity rH(T) (Supplementary Fig. 1)
bifurcate at TH< 1.5K, a temperature which is nearly an order of
magnitude higher than Tf< 0.3K, although the longitudinal conduc-
tivity s(T) (Fig. 2b, inset) and resistivity r(T) (Supplementary Fig. 1)
does not exhibit any detectable bifurcation. The bifurcation in sH(T)
suggests the emergence of a spontaneous component. To avoid a
(partial) cancellation of sH due to a domain formation, we have per-
formed field sweep measurements up to 7T at various temperatures.
Corresponding to the above bifurcation found in sH(T), the field
dependence of sH(B) forBjj[111] atT,TH< 1.5K shows a hysteresis
between field up and down sweeps, which is accompanied by a finite

remnant Hall conductivity at B5 0 (Fig. 3a, inset). In sharp contrast,
the field dependence of the magnetization M(B) shows no hysteresis
within our experimental accuracy (,1023mB) at T,TH, and only a
small hysteresis at T,Tf (Fig. 3b, inset). Our observations on
sH(B5 0,T) andM(B5 0,T) at various temperatures are summarized
in Fig. 2b. This is evidence of a remarkable separation between the two
temperature scales TH and Tf. Upon cooling, the TRS is broken spon-
taneously and macroscopically at TH without any apparent LRO of
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Figure 2 | Temperature dependence of the magnetic and transport
properties of Pr2Ir2O2. a, Temperature dependence of the Hall conductivity
sH (left axis) and the direct-current susceptibility x5M/H (right axis)
under a magnetic field of B5 0.05 T along the [111] direction. e.m.u.,
electromagnetic unit. Here, Hall conductivity is given by sH52rH/
(rH

21 r2), where rH is the Hall resistivity and r is the longitudinal
resistivity. Both the zero-field-cooled (ZFC) and field-cooled (FC) results are
plotted. Vertical dashed lines denoteTH< 1.5 K andTf< 0.3 K, respectively.
b, Temperature dependence of the remnant Hall conductivity sH(B5 0)
(left axis) and remnant magnetization M(B5 0) (right axis) at zero field,
obtained after a field sweep down from 7T in the hysteresis loop
measurements (Supplementary Information). The inset shows the
temperature dependence of the longitudinal conductivity s5 1/r under
B5 0.05 T along the [111] direction. No hysteresis is found between the
results obtained in the ZFC and FC sequences. c, Temperature dependence of
the nonlinear susceptibility x3 (Supplementary Information) (left axis), and
magnetic specific heat Cm (right axis) under zero field, adapted from ref. 22.
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Future directions

• Understand transport in M-WSM: dominated by 
normal electron/hole pockets?

• Influence of monopole events in spin ice on the 
axion dynamics

• Orbital effect of magnetic field in Chern semimetal

• The transport of Chern semimetal

• Correlation effects: fractionalized phase, nontrivial 
gauge dynamics
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