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My proposal for Pr2Ir2O7-delta 

Pr local moments are close to a “magnetic” monopole condensation transition from 
quantum spin ice quantum spin liquid to an AFM long-range ordered state. 

The Ir conduction electrons may drive the transition, but do not influence the nature 
of the phase transition. 
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Pyrochlore iridates and pyrochlore ices are two families of materials where novel quantum phe-
nomena are intertwined with strong spin-orbit coupling, substantial electron correlation and geo-
metrical frustration. Motivated by the puzzling experiments on two pyrochlore systems Pr2Ir2O7

and Yb2Ti2O7, we study the proximate Ising orders and the quantum phase transition out of quan-
tum spin ice U(1) quantum spin liquid (QSL). We apply the electromagnetic duality of the compact
quantum electrodynamics to analyze the “magnetic monopoles” condensation for U(1) QSL. The
monopole condensation transition represents a unconventional quantum criticality with unusual scal-
ing laws. It naturally leads to the Ising orders that belong to the “2-in 2-out” spin ice manifold and
generically have an enlarged magnetic unit cell. We demonstrate that the antiferormagnetic Ising
state with the ordering wavevector Q = 2⇡(001) is proximate to U(1) QSL while the ferromagnetic
Ising state with Q = (000) is not proximate to U(1) QSL. This implies that if there exists a direct
transition from U(1) QSL to the ferromagnetic Ising state, the transition must be strongly first
order. We apply the theory to Pr2Ir2O7 and Yb2Ti2O7.

Pyrochlore iridates (R2Ir2O7)1,2 have stimulated a wide
interest in recent years, and many interesting results,
including topological Mott insulator3, quadratic band
touching4, Weyl semimetal5–7, non-Fermi liquid8,9 and
so on, have been proposed. Among these materials,
Pr2Ir2O7 is of particular interest. In Pr2Ir2O7, the Ir
system remains metallic at low temperatures10. More in-
triguingly, no magnetic order was found except a partial
spin freezing of the Pr moments due to disorder at very
low temperatures in the early experiments10–12. A re-
cent experiment on di↵erent Pr2Ir2O7 samples, however,
discovered an antiferromagnetic long-range order for the
Pr moments13. While most theory works on pyrochlore
iridates focused on the Ir pyrochlores and explored the
interplay between the electron correlation and the strong
spin-orbit coupling of the Ir 5d electrons3,14,15, very few
works considered the influence and the physics of the lo-
cal moments from the rare-earth sites that also form a
pyrochlore lattice7,16–18. In this paper, we address the
local moment physics in Pr2Ir2O7 and propose that the
disordered state of the Pr moments is likely to be in the
quantum spin ice (QSI) U(1) quantum spin liquid state.
We explore the proximate Ising order and the confine-
ment transition of QSI and argue that Pr2Ir2O7 could be
located near such a confinement transition.

The QSI U(1) QSL is an exotic quantum phase of mat-
ter and is described by emergent compact quantum elec-
trodynamics, or equivalently, by the compact U(1) lattice
gauge theory (LGT) with a gapless U(1) gauge photon
and deconfined spinon excitations19–21. Recently several
rare-earth pyrochlores with 4f electron local moments are
proposed as candidates for QSI U(1) QSLs22–32. In these
systems, the predominant antiferromagnetic exchange in-
teraction between the Ising components of the local mo-
ments favors an extensively degenerate “2-in 2-out” spin
ice manifold on the pyrochlore lattice20,22,33–37. The

FIG. 1. The monopole condensation transition from the QSI
U(1) QSL to the proximate antiferromagnetic Ising state.
The dashed (solid) line represents a thermal crossover (tran-
sition). “g” is a tuning parameter that corresponds to the
mass of “magnetic monopole” (see the discussion in the main
text). The inset Ising order has an ordering wavevector
Q = 2⇡(001). The Pr moment of Pr2Ir2O7 is likely to be
close to this quantum critical point (QCP).

transverse spin interaction allows the system to tunnel
quantum mechanically within the ice manifold, giving
rise to a U(1) QSL ground state36–41. Like Pr2Ir2O7, the
experimental results on these QSL candidate materials
depend sensitively on the stoichiometry and the sample
preparation22. In particular, for the pyrochlore ice sys-
tem Yb2Ti2O7, while some samples remain disordered
down to the lowest temperature and the neutron scatter-
ing shows a di↵usive scattering23,42, others develop a fer-
romagnetic order25,43–45. This suggests that both the Yb
moments in Yb2Ti2O7 and the Pr moments in Pr2Ir2O7

could be located near a phase transition between a dis-
ordered state (that might be a QSI U(1) QSL) and the
magnetic orders.

On the theoretical side, the instability of the QSI U(1)
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a featureless disordered state near an ordered state

frozen at Tf. The observed T-independent behavior sug-
gests that only a partial fraction of spins freezes, while the
majority remain liquid.

The h111i Ising-like anisotropy of the 4f moments is
confirmed by the field dependence of the magnetization
M!B" along #100$, #110$, and #111$ at 70 mK (Fig. 3). The
4f ground-state-doublet contribution (thick curves) is esti-
mated by subtracting the sum of the Van Vleck and Pauli
paramagnetic contributions, which is estimated from !0B
(Fig. 3). At 13 T, M tends to saturate and approaches a
Brillouin function (thin curves) for noninteracting, local
h111i Ising spins with gJJz % 2:69, consistent with the
CEF analysis [11]. This slow saturation at the field scale,
B& ' kBjT&j=!gJ"BJz" ( 11 T, confirms an AF coupling
with an energy scale of jT&j % 20 K. At low fields, M
becomes isotropic (Fig. 3), as expected for h111i Ising
spins on a pyrochlore lattice [17]. Below 0.3 T, M changes
displaying a nearly constant derivative dM=dB (inset of
Fig. 3). This departure from a Brillouin function also
suggests liquidlike short-range correlations.

When such h111i Ising spins on a pyrochlore lattice
interact only through a nearest-neighbor AF coupling J,
mean-field theory predicts an ‘‘all-in and all-out’’ type of
LRO to appear at T ( J [18]. This indicates that in
Pr2Ir2O7, effects beyond the mean-field theory of nearest-
neighbor AF interaction, such as quantum fluctuations and
longer-range couplings, are crucial to suppress the LRO
down to T ) jT&j. Observed indications of such effects are
(1) the Kondo coupling between the 4f moments and the
5d-conduction electrons, and (2) the RKKY long-range
interactions between the 4f moments.

Although rare, the Kondo effect in Pr-based compounds
[19,20] and low carrier systems [14] has been reported. The
first evidence of Kondo effect in Pr2Ir2O7 is the lnT de-
pendence of the resistivity [Fig. 4(a)]. For such a depen-
dence in a stoichiometric high-quality metal, two mecha-
nisms can be considered: (i) CEF effect and (ii) Kondo

effect. Since the gap to the first excited level is (160 K,
the lnT dependence below 50 K cannot be due to a CEF
effect. Thus, the observed lnT dependence is likely due to
the Kondo effect, and in fact, over a decade in T between
3 K and 35 K, #!T" can be fit to the Hamann’s expression
(solid line) with TK % 25 K [21]. Interestingly, TK is close
to jT&j, and suggests that it is not the single-ion screening,
but the intersite screening that leads to the Kondo effect, as
discussed for low carrier-density and AF correlated Kondo
lattices [14,22]. In addition, the field dependence of the
resistivity is consistent with the Kondo effect [13]; the
negative magnetoresistance is proportional to M2 for all
axes under fields up to 2 T<B& [inset of Fig. 4(a)].

Second, the Kondo effect is also seen in the low T
decrease of the effective Curie constant C!T" ' T!!T";
see Fig. 4(b). The rapid decrease in C!T" below 10 K
suggests that the moment size diminishes owing to
Kondo screening. Correspondingly, !*1!T" follows the
CW law over a decade in T from 1.5 to 16 K [solid line
in the inset of Fig. 4(b)], yielding a slightly smaller effec-
tive moment 2:69"B, and a reduced Weiss temperature,
j$Wj % 1:7 K, in comparison with the high T values
(3:06"B, 20 K). These results and the crossover to lnT de-
pendence below j$Wj indicate partial screening of 4f mo-
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FIG. 3 (color online). Field dependence of the magnetization
M (thick curves) and the Brillouin function of h111i Ising spins
(thin curves) for fields along #100$, #110$, and #111$. Inset: low
field M and its derivative dM=dB along #111$.
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FIG. 4 (color online). (a) Low T resistivity #!T" vs lnT. Inset:
transverse magnetoresistance vs the square of the magnetization
M2 along various axes. (b) Effective Curie constant C!T" '
T!!T" vs lnT. Inset: inverse susceptibility !*1!T". (c) Mag-
netic part of the specific heat divided by temperature CM=T (left
axis) and the entropy !SM!T" ' S!T" * S!0:35 K" (right axis)
as a function of lnT. The horizontal broken line indicates
!SM!T" % R ln2. Inset: CM as a function of T1=2.
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Strongly frustrated magnetism of the metallic pyrochlore oxide Pr2Ir2O7 has been revealed by single
crystal study. While Pr 4f moments have an antiferromagnetic RKKY interaction energy scale of jT!j "
20 K mediated by Ir 5d-conduction electrons, no magnetic long-range order is found except for partial
spin freezing at 120 mK. Instead, the Kondo effect, including a lnT dependence in the resistivity, emerges
and leads to a partial screening of the moments below jT!j. Our results indicate that the underscreened
moments show spin-liquid behavior below a renormalized correlation scale of 1.7 K.

DOI: 10.1103/PhysRevLett.96.087204 PACS numbers: 75.20.Hr, 75.40.Cx, 75.50.Ee

Geometrically frustrated magnets have attracted great
interest because of the possible emergence of novel mag-
netic phases at low temperatures resulting from the sup-
pression of conventional order. Among them, the three-
dimensional pyrochlore lattice of corner sharing tetrahedra
has been studied extensively [1]. It is predicted theoreti-
cally that Heisenberg spins on a pyrochlore lattice with
nearest-neighbor antiferromagnetic (AF) coupling form a
spin-liquid state at T " 0 K [2]. However, only a few
compounds are believed to display a spin-liquid phase,
such as the insulator Tb2Ti2O7 [3].

In metallic systems, the frustration inherent to the pyro-
chlore lattice might also lead to new types of electronic
behavior. One remarkable possibility is the predominance
of the Kondo effect, and concomitant heavy-fermion be-
havior, in nearly localized d- and f-electron systems where
the Kondo temperature is generally too small to overcome
magnetic order without the frustration. Prominent ex-
amples are the heavy-fermion behavior in LiV2O4 and
Y#Sc$Mn2 with itinerant d-electron spins on a pyrochlore
lattice [4,5].

Connecting the two exotic states of frustrated magnets,
insulating spin-liquid and itinerant heavy fermions, there is
another exciting yet unprecedented possibility of metallic
spin liquid [6,7]. Ground states in f-electron based Kondo
lattices are generally classified into Fermi liquid and mag-
netic regimes as the result of the competition between the
Kondo effect and RKKY interactions. If the lattice has
geometrical frustration and the transition temperature is
depressed, the underscreened moments may stay disor-
dered even in the magnetic regime, and form a metallic
spin liquid on the geometrically frustrated Kondo lattice.
(See the inset of Fig. 1.)

There has been a number of reports on metallic systems
among the A2B2O7 pyrochlore oxides possessing localized
moments [1]. Yet, none is known to remain magnetically

disordered down to the lowest temperatures except for the
newly developed pyrochlore iridates [8]. In particular, the
AF correlated Pr 4f moments of Pr2Ir2O7 remain para-
magnetic down to at least 0.3 K in the metallic state due to
the Ir 5d-conduction bands [8]. This places Pr2Ir2O7 as a
candidate for a geometrically frustrated Kondo lattice.

Here we report on strongly frustrated magnetism in
single crystals of Pr2Ir2O7. We find that the h111i Ising-
like Pr3% moments have an AF RKKY interaction energy
scale jT!j " 20 K. However, the dc magnetization down to
70 mK does not exhibit any trace of long-range order
(LRO), except for an indication of partial freezing at
120 mK. Instead, the Kondo effect emerges below jT!j
and leads to a partial screening of the 4f moments, re-

T
em

pe
ra

tu
re

Fermi 
Liquid

AF 
Order 

Spin 
Liquid

Control Parameter

0

1

2

0

200

400

600

0 100 200 300

[100] 
[110] 
[111]  

1/( χ 
 χ

−
0 ) (m

ole-P
r/em

u)

T (K)

ρ
 (m

Ω
cm

)

Pr
2
Ir

2
O

7

FIG. 1 (color online). Zero-field resistivity !#T$ (left axis), and
the inverse of susceptibility #"& "0$&1#T$ (right axis) measured
under a field of 100 mT along '100(, '110(, and '111(. The solid
line represents a fit to the Curie-Weiss law, while the broken line
indicates #"CEF & "vv$&1 based on the crystal electric field
analysis. Inset: the schematic phase diagram for geometrically
frustrated Kondo lattices.
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. When analyzing our results for , we added a constant term
to describe the effect of the spin freezing.

Macroscopically broken time reversal symmetry
The macroscopically broken time reversal symmetry means that the time-reversal operation,
which inverts the spin and orbital angular momenta and the wavevector, , ,
and , as well as the fictitious magnetic field , should not be compensated
by any other symmetry operations of the crystal, e.g., translation, spatial inversion, reflection,
rotation, and their combinations.

Hall and longitudinal resistivities
Figure S1 shows the temperature dependence of the Hall resistivity (left axis) and the longi-
tudinal resistivity (right axis) under a magnetic field of = 0.05 T along the [111] direction.

clearly exhibits a bifurcation between the zero-field cooled (ZFC) and field-cooled (FC) pro-
cesses below 1.5 K, while does not show any bifurcation. Correspondingly, a bifurcation is
visible in but not in as shown in Fig. 2a and in the inset of Fig. 2b within the main text
because of the small Hall angle 0.01.

Metamagnetic transition and “2-in, 2-out” correlation
Figure S2 shows the field dependence of the magnetization along the [100], [110], and [111]
directions at 0.1 K. The clear anisotropy observed at high fields is fully consistent with an Ising-
like anisotropy for Pr 4 moments [S3,S4]. As shown in the inset of Fig. S2 and in Fig. 3b within
the main text, our measurements at 0.03 and 0.06 K clearly reveal a first-order metamagnetic
transition at 2.3 T for fields along the [111] direction. The associated anomaly is observed
already at 0.1 K in the vs. curve for fields along the [111] direction (Fig. S2). No anomaly
is seen for fields applied along the other two crystallographic directions.

The fact that the metamagnetic transition is observed only for fields along the [111] direction
is a clear evidence for the “2-in, 2-out” spin-configuration of Pr 4 moments, and for a FM
coupling between the nearest neighbors. In general, four Ising moments on a tetrahedron form
two distinct configurations, depending on the sign of the nearest-neighbor interaction: an “all-
in, all-out” and the “2-in, 2-out” (Fig. 1b in the main text) spin-configuration, respectively for
antiferromagnetic (AF) and ferromagnetic (FM) interactions. Locally, the “all-in, all-out” state
has no net magnetization. Therefore, to induce a finite magnetization for fields applied along
each one of the crystallographic directions, a metamagnetic transition would have to occur.
However, this is not what is observed in our experiment. In contrast, for the “2-in, 2-out” spin-
configuration, a metamagnetic transition would occur only for fields along the [111] direction
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Figure S2 Field dependence of the magnetization for fields along the [100], [110], and
[111] directions at 0.1 K. Inset: Hysteresis in the magnetization at the metamagnetic
transition for fields along the [111] direction at 0.03 K.

Theoretical calculation
For the tight-binding calculation, we took into account four different angles of rotation of a IrO
octahedron and the associated triply degenerate orbitals in the local coordinate frames.
No significant effect was found from the small splitting of the Ir 5 levels due to the trigonal
crystal-field of the pyrochlore structure. The orbital-dependent electron transfer between
the nearest-neighbor Ir sites was estimated from the Slater-Koster table [S12]. The amplitude
was chosen so that the total bandwidth becomes of the order of 3 eV as obtained by the first-
principles band calculation [S7], which also uncovered a single electron-like Fermi surface with
a carrier concentration comparable to the experimental estimate of per Ir. The relativistic
spin-orbit interaction for the electrons is large, and it has finite matrix elements within the
manifold. We took the spin-orbit coupling strength of eV, which was also estimated

from band structure calculations. The effective AF Kondo coupling to the Pr 4 moments
was estimated to be 4 meV. The calculations have been performed with wavevector meshes
for the zero-field-magnetic configuration shown in Fig. 1d in the main text. An energy broad-
ening of eV has been introduced for practical calculations, which is comparable to the
relaxation rate obtained from the observed longitudinal conductivity .
The results are shown in Fig. S3 (left axis) as a function of the number of electrons per Ir
site. For the expected Ir configuration with 5 , it gives for the zero-field spin
configuration shown in Fig. 1d in the main text.

4

metamagnetic transition

B J Yang, Yong Baek Kim 2011 
E G Moon, CK Xu, Y B Kim, L Balents, 2013
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Quantum spin ice U(1) spin liquid

Senthil Motrunich, 2002 
Hermele, Fisher, Balents, 2003 
Moessner, Huse, Isakov, YB Kim…

H = Jzz
X

hiji

⌧zi ⌧
z
j �J±

X

hiji

(⌧+i ⌧�j + ⌧�i ⌧+j ) + · · ·

Spinon deconfinement

SpinonJzz

Energy

“Magnetic” monopoles
J3
±

J2
zz

gapless  
gauge photon

Consequence 2: monopoles and defects

X

i2tet

Sz
i = ⇢m

Gauss’ law for magnetic charge

Figs from Moessner&Schiffer,2009

QSI (U(1) QSL) is an example of Xiao-Gang Wen’s string net condensed state.  
The physics of QSI is described by compact quantum electrodynamics. 
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g
featureless disordered state  

= quantum spin ice spin liquid Ising order

Confinement transition out of U(1) quantum spin liquid

Let there be light: emergent photonExcitations

• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon

Hermele et al, 2004

Excitations

• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon

Hermele et al, 2004
Excitations

• Where spin ice realizes “emergent 
magnetostatics”, the QSL is “emergent 
compact quantum electrodynamics”

• coherent propagating monopoles = 
“spinons”

• dual (electric) monopoles 

• artificial photon

Hermele et al, 2004

Collective spin dynamics

Here, “monopole” is a spinon !

+
- +

-
+

-

+ -
+
-

+

-
gauge  
photonspinon spinon

Consequence 2: monopoles and defects

X

i2tet

Sz
i = ⇢m

Gauss’ law for magnetic charge

Spinons are deconfined. Spinons are confined !

More generally, for non-Kramers’ doublet, the magnetic transition out of QSI  
MUST be a confinement transition, this may apply to Tb2Ti2O7.

h⌧zi = 0 h⌧zi 6= 0
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Lattice gauge theory formalism: technical part

diamond lattice

3

phases.
If one experimentally finds a magnetic ordered state

bordering a disordered state that is fluctuating within
the “2-in 2-out” spin ice manifold, and if the structure of
the magnetic ordered states and the nature of the tran-
sition from QSI are compatible one may postulate the
disordered state is in the QSI phase.

such unconventional phase transition and the corre-
ponding ordered phase that are proximate to a disordered
phase,

order in the Ising direction, order in the direction nor-
mal the spin component along the ... experimental

II. A GENERIC RING EXCHANGE MODEL
AND COMPACT QED FOR QSI

Even though more complicated realistic Hamiltonians
are available for e↵ective spin-1/2 moments with both
Kramers’ and non-Kramers’ doublets on the pyrochlore
lattice, it is known that the spin-1/2 XXZ model on the
pyrochlore lattice,

H =
X

hiji

⇥
�J?(⌧

+
i

⌧�
j

+ ⌧�
i

⌧+
j

) + J
z

⌧z
i

⌧z
j

⇤
, (1)

in the perturbative regime already captures the universal
properties of QSI. Here ⌧±

i

⌘ ⌧x
i

± i⌧y
i

. A large and
positive J

z

favors an extensive degenerate “2-in 2-out”
spin ice configuration. With a transverse exchange J?,
the system can tunnel quantum mechanically within the
ice manifold. It is argued and shown numerically that
QSI is realized for |J?|/Jz less than a critical value. In
the limit with |J?|/Jz ⌧ 1, the 3rd order degenerate
perturbation theory yields a ring exchange model,

Hring = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.), (2)

where K = 24J3
?/J

2
z

and “1,· · · ,6” are 6 sites on the
perimeter of the elementary hexagons (“7

p

”) of the py-
rochlore lattice. In fact, the perturbative treatment of
all the realistic models in the Ising limit (with a domi-
nant J

z

) gives the same form of ring exchange model as
Eq. (2).

We now introduce the lattice vector gauge fields as

Err0 ⌘ ⌧z
i

+
1

2
, eiArr0 ⌘ ⌧+

i

, (3)

where the pyrochlore site i resides on the center of
the nearest-neighbor diamond link hrr0i, and r (r0) is
on the diamond I (II) sublattice (see Fig.X). Moreover,
Err0 = �Er0r, Arr0 = �Ar0r and [Err0 , Arr0 ] = i. With
this transformation, Hring is mapped to the compact U(1)
lattice gauge theory on the diamond lattice formed by the
centers of the tetrahedra,

HLGT =
X

hrr0i

U

2
(Err0 �

✏r
2
)2 �

X

7d

K cos(curl A), (4)

where we have added the electric field term with the sti↵-
ness U , ✏r = +1(�1) for r 2 I (II) sublattice, and the
lattice curl (curl A ⌘

P
rr027d

Arr0) defines the inter-
nal magnetic field B through the center of the diamond
hexagon. Here Err0 (Arr0) is integer valued (2⇡ periodic).
In the large U limit, the microscopic ⌧z = ±1/2 is recov-
ered.
Eq. (4) is the standard compact QED Hamiltonian on

the diamond lattice. Although actual values of U and
K in the low energy description of QSI are renormalized
from the perturbative results, Eq. (4) does describe the
universal properties of QSI and is the starting point of
our analysis in the following sections.

III. ELECTROMAGNETIC DUALITY

As we explain in Sec. I, the internal magnetic field in
the confinement phase of the compact QED is strongly
fluctuating and thus the magnetic monopole is con-
densed. Magnetic monopoles are topological defects of
the U(1) gauge field A and carry the magnetic charge.
To describe the confinement transition from QSI via the
monopole condensation, it is not so convenient to work
with the field variables in Eq. (4) because the magnetic
monopoles are not even explicit. In the following, we
use the electromagnetic duality, that is analogous to the
boson-vortex duality in describing superfluid-Mott tran-
sition, to reformulate the compact QED Hamiltonian on
the diamond lattice in Eq. (4) and make the monopole
degrees of freedom explicit.
To carry out the duality transformation, we first in-

troduce an integer-valued dual U(1) gauge field arr0 that
lives on the link of the dual diamond lattice (see Fig.X)
such that

curl a ⌘
X

rr027⇤
d

arr0 ⌘ Err0 � E0
rr0 , (5)

where “7⇤
d

” refers to the elementary hexagon on the dual
honeycomb lattice and the electric field vector Err0 pene-
trates through the center of “7⇤

d

”. We have introduced a
background electric field distribution E0

rr0 that takes care
of the background charge distribution due to the “2-in 2-
out” spin ice rule. Each state in the spin ice manifold
corresponds to an background electric field distribution.
For our convenience, we choose a simple electric field con-
figuration that corresponds to a uniform “2-in 2-out” spin
ice state (see Fig.X) and satisfies

E0
r,r+✏re0

= E0
r,r+✏re1

= ✏r, (6)

E0
r,r+✏re2

= E0
r,r+✏re3

= 0, (7)

where e
µ

(µ = 0, 1, 2, 3) are the four vectors that connect
the I sublattice sites to their nearest neighbors.

In terms of the dual gauge variables, the lattice gauge
theory in Eq. (4) is transformed to

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0 , (8)

H LGT  captures the universal properties of QSI.   

• In an ordered state, <tau_z>!=0, <tau^+> is strongly fluctuating. 

• In the gauge language, “E field” is static, “B magnetic field” is 
strongly fluctuating, the magnetic monopole (carrying magnetic 
charge) is condensed, which confines the electric charge carriers 
(spinons).

r
r’i

Hermele, Fisher, Balents, 2004Err0 ⇠ ⌧zi , e
iArr0 ⇠ ⌧+i

2

works based on the gauge mean-field approach studied
the instability of QSI by condensing the spinons. The
spinon condensation transition, known as “Anderson-
Higgs transition” in the lattice gauge language, gener-
ically leads to the transverse spin order that is not in
the spin ice manifold [35]. Instead, we here study the
proximate magnetic order and transition out of QSI by
condensing the magnetic monopoles that are topological
excitations of the compact U(1) LGT for the QSI [43].
The monopole condensation transition is the confinement

transition of the compact U(1) LGT [44, 45], and the re-
sulting proximate magnetic ordered state is in the spin
ice manifold and generically breaks the lattice translation
symmetry. We determine the structure of the proximate
magnetic orders of QSI and further predict the nature
of the phase transition from QSI to the nearby magnetic
orders.

Compact QED and electromagnetic duality.—
Even though more complicated realistic Hamiltonians
are available for e↵ective spin-1/2 moments on the py-
rochlore lattice [36–38], it is known that the spin-1/2
XXZ model [19], H =

P
hiji

⇥
�J?(⌧

+
i

⌧�
j

+ ⌧�
i

⌧+
j

) +

J
z

⌧z
i

⌧z
j

⇤
, in the perturbative regime (|J?|/Jz ⌧ 1) al-

ready captures the universal properties of QSI. Here
J
z

> 0, ⌧±
i

⌘ ⌧x
i

± i⌧y
i

, and ⌧z
i

is defined along the local
h111i direction of each pyrochlore site. In the perturba-
tive regime, the 3rd order degenerate perturbation yields
a ring exchange model,

Hring = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.), (1)

where K = 24J3
?/J

2
z

and “1,· · · ,6” are 6 sites on the
perimeter of the elementary hexagons (“7

p

”) of the py-
rochlore lattice.

To map the ring exchange model to the compact U(1)
LGT, one introduces the lattice vector gauge fields as
Err0 ⌘ ⌧z

i

+ 1
2 , e

iArr0 ⌘ ⌧+
i

, where the pyrochlore site
i resides on the center of the nearest-neighbor diamond
link hrr0i, and r (r0) is on the I (II) sublattice of the
diamond lattice that is formed by the centers of the
tetrahedra. Moreover, Err0 = �Er0r, Arr0 = �Ar0r

and [Err0 , Arr0 ] = i. Here Err0 (Arr0) is integer valued
(2⇡ periodic). With this transformation, Hring is trans-
formed into the compact U(1) LGT on the diamond lat-
tice formed by the centers of the tetrahedra,

HLGT =
X

hrr0i

U

2
(Err0 �

✏r
2
)2 �

X

7d

K cos(curl A), (2)

where we have added the electric field term with the
sti↵ness U , ✏r = +1(�1) for r 2 I (II) sublattice, and
the lattice curl (curl A ⌘

P
rr027d

Arr0) defines the in-
ternal magnetic field B through the center of the dia-
mond hexagon (7

d

). In the large U limit, the micro-
scopic ⌧z = ±1/2 is recovered. Although the actual val-
ues of U and K in the low energy description of QSI are

renormalized from the perturbative results, HLGT does
capture the universal properties of QSI [19] and is the
starting point of our analysis below.
Magnetic monopoles are topological defects of the U(1)

gauge field and carry the magnetic charge. To describe
the magnetic transition from QSI via the monopole con-
densation, it is not so convenient to work with the field
variables in Eq. (2) because the monopoles are not ex-
plicit [19]. Instead, we use the electromagnetic dual-
ity [19, 45–50] to reformulate the compact U(1) LGT
Hamiltonian and make the monopole explicit. We first
introduce an integer-valued dual U(1) gauge field arr0 that
lives on the link of the dual diamond lattice (see Fig. 2)
such that

curl a ⌘
X

rr027⇤
d

arr0 ⌘ Err0 � E0
rr0 , (3)

where “7⇤
d

” refers to the elementary hexagon on the dual
honeycomb lattice and the electric field vector Err0 pene-
trates through the center of “7⇤

d

”. Here the serif symbols
r, r0 label the dual diamond lattice sites. We have intro-
duced a background electric field distribution E0

rr0 that
takes care of the background charge distribution due to
the “2-in 2-out” ice rule. Each state in the spin ice man-
ifold corresponds to a background electric field distribu-
tion. For our convenience, we choose a simple electric
field configuration that corresponds to a uniform “2-in
2-out” spin ice state (see Fig. 2) with

E0
r,r+✏re0

= E0
r,r+✏re1

= ✏r, (4)

E0
r,r+✏re2

= E0
r,r+✏re3

= 0, (5)

where e
µ

(µ = 0, 1, 2, 3) are the four vectors that connect
the I sublattice sites to their nearest neighbors. In terms
of the dual gauge variables, HLGT is transformed into

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0 , (6)

where we have explicitly replaced curl A with the mag-
netic field vector Brr0 that lives on the link hrr0i of the
dual diamond lattice and is conjugate to the dual gauge
field a with [Brr0 , arr0 ] = i. In Eq. (6), we have introduced
the electric field Ē that combines both the background
electric field distribution E0 and the o↵set in Eq. (2) with
Ēr,r+✏reµ = E0

r,r+✏reµ
� ✏r/2.

Because the dual gauge field a is integer valued, the
dual Hamiltonian Hdual is di�cult to work with. More-
over, the magnetic monopole is implicit in the gauge field
configuration. To make the monopole explicit, we fol-
low the standard procedure, first relax the integer valued
constraint of the dual gauge field by introducing cos 2⇡a
and then insert the monopole operators. The resulting
dual theory is described by the magnetic monopoles min-
imally coupled with the dual U(1) gauge field on the dual
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Electromagnetic duality 

Monopole lives on dual diamond lattice, carry magnetic charge or dual U(1) gauge charge. 

4

where we have explicitly replaced curl A with the mag-
netic field vector Brr0 that lives on the link hrr0i of the
dual diamond lattice. In Eq. (8), we have introduced the
electric field vector Ē that combines both the background
electric field distribution E0 and the o↵set in the electric
field term of Eq. (4). We have

Ēr,r+✏re0 = Ēr,r+✏re1 = �✏r
2
, (9)

Ēr,r+✏re2 = Ēr,r+✏re3 = +
✏r
2
. (10)

Just like the conjugation relation between the electric
field E and the gauge field A, the magnetic field B is
conjugate to the dual gauge field a with

[Brr0 , arr0 ] = i. (11)

Because the dual gauge field a is integer valued, the dual
Hamiltonian Hdual is di�cult to work with. Moreover,
the magnetic monopole excitation are also implicit in
the gauge field configuration. To make the magnetic
monopole explicit, we follow the standard procedure and
first relax the integer valued constraint of the dual gauge
field by inserting a cos 2⇡a such that

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0

�
X

r,r0

t cos(2⇡arr0). (12)

Now both the B field and the a field are real valued, and
the newly-introduced “cos 2⇡a” term simply pins the a
field to integer values. Such a manipulation preserves all
the symmetries of the system and does not change the
universal physics and the generic structure of the phase
diagram.

In QSI, the magnetic monopole is a gapped excitation,
and the gap is of the order of the magnetic field sti↵ness
K. The gapped magnetic monopole is implicit in the
configurations of gauge fields in the dual Hamiltonian.
We now insert the magnetic monopole variable into the
dual Hamiltonian and have

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0

�
X

r,r0

t cos(✓r � ✓r0 + 2⇡arr0). (13)

The resulting dual theory is described by magnetic
monopoles minimally coupled with the dual U(1) gauge
field on the dual diamond lattice. Here e�i✓r (ei✓r) creates
(annihilates) the magnetic monopole at the dual lattice
site r.

IV. MONOPOLE CONDENSATE AND
MAGNETIC ORDER

In this section, we use the theoretical framework of the
previous sections and discuss the monopole condensate

in the confinement phase of the compact QED. In the
dual gauge Hamiltonian of Eq. (13), as the monopole
hopping increases, the monopole gap decreases. When
the monopole gap is closed, the the monopole band will
touch zero energy and the monopole is condensed. In
the confinement phase, as the E field develops a static
distribution, the B field is strongly fluctuating and the a
field is weakly fluctuating. Therefore, it is legitimate to
first ignore the fluctuation of the dual gauge field a and
study the monopole spectrum to uncover the monopole
band mininum and the condensate for the confinement
phase. In such a gauge mean-field-like treatment, the
“U” term in the Hamiltonian enforces that

curl ā = Ē, (14)

which is solved to fix the gauge for the dual gauge field.
Here we have set the dual gauge field to its static com-
ponent ā. Through Eq. (14), the background electric
field distribution in the dual formulation turns into the
dual gauge flux experienced by the magnetic monopoles.
Because the background electric field takes either ✏r/2
or �✏r/2, this gives rise to ⇡ flux of dual gauge field
through each elementary hexagon on the dual diamond
lattice. We fix the gauge by choosing

ār,r+eµ = ⇠
µ

(q · r), (15)

where r 2 I sublattice of the dual diamond lattice, e
µ

(µ = 0, 1, 2, 3) refer to the 4 nearest-neighbor vectors
of the dual diamond lattice, (⇠0, ⇠1, ⇠2, ⇠3) = (0110) and
q = 2⇡(100).
In the presence of the background flux, the monopole

hopping Hamiltonian on the dual diamond lattice is given
as

H
m

= �
X

r,r0

t e�i2⇡ā
rr0�†

r�r0 , (16)

where we have introduced a unimodular field �r ⌘ ei✓r

with |�r| ⌘ 1. It is straightforward to work out the
dispersion of the lowest monopole band that is

⌦k = �t
q
4 + 2

p
3 + c

x

c
y

� c
x

c
z

+ c
y

c
z

, (17)

where c
x

= cos k
x

, c
y

= cos k
y

, c
z

= cos k
z

. The mini-
mum of this band occurs at several lines of momentum
points in the Brioullin zone. One such degenerate line of
momentum points is

(k
x

, k
y

, k
z

) = (0, 0, arbitrary), (18)

and the minimum energy is �2
p
2t (see Fig.X). Other

degenerate lines are readily obtained by the symmetry
operations.
The line degeneracy of the band minima is a conse-

quence of the background flux that frustrates the hop-
ping of the monopoles. These degeneracies are acciden-
tical and are not protected by symmetry. It is expected

Insert monopole variables

Motrunich, Senthil 2005, 
Bergman, Fiete, Balents 2006

Monopole loop current defines the 
magnetic order
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Fig. 2) [48, 49]. Therefore, we have

⌧z
i

⇠ Err0 ⇠
X

rr027⇤
d

Jrr0 , (12)

where the pyrochlore site i is the center of the elemen-
tary honeycomb 7⇤

d

on the dual diamond lattice, and

Jrr0 ⌘ i(h�†
r ih�r0ie�iārr0 � h.c.) defines the monopole cur-

rent. Here h�ri is the expectation value of the monopole
field that is taken with respect to one of the twelve equiv-
alent solutions. In Fig. 1, we depict the spin density
distribution of the monopole condensate at k1. The
resulting magnetic state in the confinement phase is
an antiferromagnetic state with the ordering wavevec-
tor Q = 2⇡(001), and the four spins on each tetrahedron
obey the “2-in 2-out” spin ice rule. This ordered spin
ice state breaks the lattice translational symmetry by
doubling the crystal unit cell. Monopole condensation
from other monopole minima gives equivalent magnetic
ordered structures. Although the magnetic order prox-
imate to QSI could involve the monopole condensation
from several monopone minima, since the magnetic order
necessarily involves the component from the monopole
condensate out of the monopole minimum, the proximate
magnetic order out of QSI necessarily breaks the lattice
translation symmetry. To obtain all possible translation
symmetry breaking magnetic orders proximate to QSI
requires a careful study of the Ginzburg-Landau-Wilson
free energy (see below) near the criticality and is left for
future work.

Critical theory.—The monopole interaction in the
confinement phase selects twelve equivalent monopole
condensates which correspond to twelve symmetry equiv-
alent magnetic ordering structures. Near the confinement
transition, the fluctuations of the monopole condensate
and the gauge fields are strong. One can then obtain a
standard Landau-Ginzburg-Wilson expansion of the ac-
tion in terms of the monopole condensate in the vincinity
of the phase transition. We introduce the slowly-varying
monopole fields �

a

via the expansion

�r =
12X

a=1

'
a

(r)�
a

, (13)

where '
a

(r) (a = 1, · · · , 12) are the twelve discrete
monopole modes that span the ground state manifold
of the monopole condensate. With the monopole PSG,
we generate the symmetry allowed e↵ective action for the
monopole condensation transition,

L =
X

a

⇥
|(@

µ

� iã
µ

)�
a

|2 +m2|�
a

|2
⇤
+

F
µ⌫

2

2

+u0(
X

a

|�
a

|2)2 + u1

X

a 6=b

|�
a

|2|�
b

|2 + · · · , (14)

where we have restored the gauge field fluctuation by
coupling the �

a

fields to the fluctuating part of the

dual U(1) gauge field ã
µ

, 1
2Fµ⌫

2 is the Maxwell term
with F

µ⌫

⌘ @
µ

ã
⌫

� @
⌫

ã
µ

, and “· · · ” contains further
anisotropic terms. This is a multi-component Ginzburg-
Landau theory in 3+1D that is the upper critical dimen-
sion of the theory. One expects the phase transition
of this theory to be either a Gaussian fixed point or a
weakly first order transition driven by fluctuations [48–
50, 52, 53]. Both possibilities suggest that the mean-field
treatment of the phase transition should be su�cient
for a very wide range of length scales. In a mean-field
description, the monopole field correlator at the critical
point is h�†

a

(k,!)�
b

(k,!)i ⇠ �
ab

/(k2+!2). According to
Eq. (12), the spin susceptibility at the ordering wavevec-
tor is simply given by the bubble of monopole fields and is
thus logarithmically divergent at low temperatures with
�(Q) ⇠ log T . Such a weak divergence is a key property
of this monopole condensation transition. For a conven-
tional magnetic ordering transition, one should have a
power-law divergence. Here, the magnetic order is a con-
sequence of the monopole condensation. The condensed
magnetic monopole is the primary order, and the mag-
netic order is secondary and is an example of the sub-
sidiary order [54, 55].
Discussion.—Here we relate the monopole conden-

sation transition to the experiments in Pr2Ir2O7 and
Yb2Ti2O7. In Pr2Ir2O7, the Pr3+ ion has a 4f2 electron
configuration and form a non-Kramers’ doublet, which
is represented by a pseudospin-1/2 operator ⌧ with ⌧z

(⌧x, ⌧y) odd (even) under time reversal. In the disor-
dered regime of Pr2Ir2O7, a metamagnetic transition is
observed only for magnetic fields along the h111i lattice
direction. This is a clear evidence that the disordered
state of the Pr moments is fluctuating within the “2-in
2-out” ice manifold [12] and the metamagnetic transi-
tion is a transition from the “2-in 2-out” manifold to the
“3-in 1-out” manifold. Since the local moments in QSI
are fluctuating quantum mechanically within the “2-in 2-
out” manifold, this metamagnetic transition in Pr2Ir2O7

is consistent with our proposal that the disordered state
of the Pr moments is QSI.
Given the non-Kramers’ nature of the Pr moment, only

⌧z is odd under time reversal. Therefore, the magnetic
order of the Pr moment must be signalled as h⌧zi 6= 0.
If a non-Kramers doublet local moment system has a
QSI ground state, the magnetic transition from this QSI
must be the confinement transition of the compact U(1)
LGT because a nonzero ⌧z corresponds to the static elec-
tric field distribution. Remarkably, the magnetic order
that is observed in the recent neutron di↵raction mea-
surement for the ordered Pr2Ir2O7 samples has an or-
dered wavevector Q = 2⇡(001) [13] and is the magnetic
ordered state that we predict from the confinemet transi-
tion! This experimental result further supports our pro-
posal that the disordered state of the Pr moments in
Pr2Ir2O7 is QSI.
In di↵erent samples, di↵erent oxygen and iridium con-

Proximate magnetic order generically  
breaks translation symmetry.
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where e

µ

(µ = 0, 1, 2, 3) are the four vectors that con-
nect the I sublattice sites of the diamond lattice to their
nearest neighbors. In terms of the dual gauge variables,
HLGT is transformed into

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

hr,r0i

K cosBrr0 , (9)

where we have explicitly replaced curl A with the mag-
netic field vector Brr0 that lives on the link hrr0i of the
dual diamond lattice and is conjugate to the dual gauge
field a with [Brr0 , arr0 ] = i. In Eq. (9), we have introduced
the electric field Ē that combines both the background
electric field distribution E0 and the o↵set in Eq. (5) with

Ēr,r+✏reµ = E0
r,r+✏reµ

� ✏r
2
. (10)

Since the dual gauge field a is integer valued, the
dual Hamiltonian Hdual is di�cult to work with. More-
over, the “magnetic monopole” is implicit in the dual
gauge field configuration. To make the monopole ex-
plicit, we follow the standard procedure19, first relax the
integer valued constraint of the dual gauge field by intro-
ducing cos 2⇡a and then insert the monopole operators.
The resulting dual theory is described by the magnetic
monopoles minimally coupled with the dual U(1) gauge
field on the dual diamond lattice,

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0

�
X

hr,r0i

t cos(✓r � ✓r0 + 2⇡arr0), (11)

where e�i✓r (ei✓r) creates (annihilates) the “magnetic
monopole” at the dual lattice site r.

Monopole condensation and proximate Ising order. In
the dual gauge Hamiltonian of Eq. (11), as the monopole
hopping increases, the monopole gap decreases. When
the monopole gap is closed, the monopole is condensed.
In the confinement phase, the E field develops a static
distribution, the B field (the a field) is strongly (weakly)
fluctuating. Therefore, it is legitimate to first ignore the
a field fluctuation, then study the monopole band struc-
ture, and condense the monopoles at the minimum of the
monopole band for the confinement phase51,52. In such
a dual gauge mean-field-like treatment, the “U” term in
the Hamiltonian enforces curl ā = Ē, which is solved to
fix the gauge for the dual gauge field. Here we set the
dual gauge field to its static component ā. The elec-
tric field distribution Ē turns into the dual gauge flux
experienced by the “magnetic monopoles” in the dual
formulation. As Ē takes ±✏r/2, it leads to ⇡ flux of the
dual gauge field through each elementary hexagon on the
dual diamond lattice. As it is shown in Fig. 3, we fix the
gauge by setting ār,r+eµ = ⇠

µ

(q · r), where r 2 I sublat-
tice of the dual diamond lattice, e

µ

(µ = 0, 1, 2, 3) refer
to the four nearest-neighbor vectors of the dual diamond
lattice, (⇠0, ⇠1, ⇠2, ⇠3) = (0110) and q = 2⇡(100).

FIG. 3. The dual diamond lattice and the assignment of the
gauge potential e�i2⇡ārr0 on the nearest neighbor links.

In the presence of the background flux, the monopole
nearest-neighbor hopping model on the dual diamond lat-
tice is given by

H
m

= �
X

hr,r0i

t e�i2⇡ā
rr0�†

r�r0 , (12)

where we have introduced �r ⌘ ei✓r (with |�r| ⌘ 1). The
dispersion of the lowest monopole band is given by

⌦k = �|t|[4 + 2(3 + cxcy � cxcz + cycz)
1/2]1/2, (13)

where c
µ

= cos k
µ

(µ = x, y, z). The degenerate minima
of the lowest band form several lines of momentum points
in the Brioullin zone. One such degenerate line is along
the [001] direction of the Brioullin zone and the minimum
energy is �2

p
2|t|. Other degenerate lines are readily ob-

tained by the symmetry operations. The line degeneracy
of the band minima is a consequence of the background
flux that frustrates the monopole hopping. These contin-
uous degeneracies are accidentical and are not protected
by symmetry. It is expected that the further neighbor
monopole hopping or monopole interactions should lift
these degeneracies.
Because of the background flux, the lattice symmetry

in H
m

is realized projectively, known as projective sym-
metry group (PSG)54. We use PSG to generate the fur-
ther neighbor monopole hoppings55, but do not find ob-
vious degeneracy breaking. Instead, the line degeneracy
immediately gets lifted if we impose the unimodular con-
straint of the monopole field (|�r| = 1). This unimodular
constraint, that originates from the repulsive interaction
between monopoles, suppresses the magnitude fluctua-
tion of the monopole fields. For the degenerate minima
along the [001] direction, the unimodular requirement se-
lects the monopole configurations at two equivalent mo-
menta

k1 = (0, 0,⇡), k2 = (0, 0,�⇡), (14)

and the corresponding monopole configurations are
⇢

r 2 I, '1(r) = ( 1+i

2 + 1�i

2 ei2⇡x)ei⇡z,
r 2 II, '1(r) = ei⇡z,

(15)

⇢
r 2 I, '2(r) = ( i+1

2 + i�1
2 ei2⇡x)e�i⇡z,

r 2 II, '2(r) = ie�i⇡z,
(16)

monopole hopping on  
dual lattice
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QSL and the proximate magnetic orders have not been
fully explored. The early works based on the gauge mean-
field approach studied the instability by spinon con-
densation. The spinon condensation transition, known
as “Anderson-Higgs transition”, generically leads to the
transverse spin order that is not in the spin ice mani-
fold38. Instead, we here study the proximate Ising spin
order and transition out of QSI U(1) QSL by condens-
ing the “magnetic monopoles” that are topological ex-
citations of the compact U(1) LGT for the U(1) QSL46.
The monopole condensation transition is the confinement

transition of the compact U(1) LGT47,48, and the re-
sulting proximate Ising order is in the ice manifold and
generically breaks the translation symmetry. We deter-
mine the structure of the proximate Ising orders of the
QSI U(1) QSL and explain the nature of the phase tran-
sition from the QSI U(1) QSL to the Ising orders.

Results.

Compact QED and electromagnetic duality. Even
though more complicated realistic Hamiltonians are
available for e↵ective spin-1/2 moments on the py-
rochlore lattice39–41, it is known that the spin-1/2 XXZ
model19,

H =
X

hiji

⇥
J
z

⌧z
i

⌧z
j

�J?(⌧
+
i

⌧�
j

+ ⌧�
i

⌧+
j

)
⇤
, (1)

in the perturbative regime (|J?|/Jz ⌧ 1) already cap-
tures the universal properties of the QSI U(1) QSL. Here
J
z

> 0, ⌧±
i

⌘ ⌧x
i

± i⌧y
i

, and ⌧z
i

is defined along the local
h111i direction of each pyrochlore site. In the pertur-
bative regime, the third order degenerate perturbation
yields a ring exchange model19,

Hring = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.), (2)

where K = 24J3
?/J

2
z

and “1,· · · ,6” are 6 sites on the
perimeter of the elementary hexagons (“7

p

”) of the py-
rochlore lattice.

To map the ring exchange model to the compact U(1)
LGT, one introduces the lattice vector gauge fields as19

Err0 ⌘ ⌧z
i

+
1

2
, (3)

e±iArr0 ⌘ ⌧±
i

, (4)

where the pyrochlore site i resides on the center of the
nearest-neighbor diamond link hrr0i, and r (r0) is on the
I (II) sublattice of the diamond lattice that is formed
by the centers of the tetrahedra. Moreover, Err0 =
�Er0r, Arr0 = �Ar0r and [Err0 , Arr0 ] = i. Here Err0

(Arr0) is integer valued (2⇡ periodic). With this trans-
formation, Hring is transformed into the compact U(1)
LGT on the diamond lattice formed by the centers of the
tetrahedra,

HLGT =
X

hrr0i

U

2
(Err0 �

✏r
2
)2 �

X

7d

K cos(curl A), (5)

FIG. 2. (a) The Q = (000) ferromagnetic state. (b) The
diamond lattice (in thin black) and the dual diamond lattice

(in thick blue). The monopole loop current (~J) on the hexagon

of the dual diamond lattice gives rise to the electric field ( ~E)
on the link of the diamond lattice via the right hand’s rule.

where we have added the electric field term with the
sti↵ness U , ✏r = +1(�1) for r 2 I (II) sublattice, and
the lattice curl (curl A ⌘

P
rr027d

Arr0) defines the in-
ternal magnetic field B through the center of the dia-
mond hexagon (7

d

). In the large U limit, the microscopic
⌧z = ±1/2 is recovered. Although the actual values of
U and K in the low energy description of U(1) QSL are
renormalized from the perturbative results, HLGT, that
captures the universal properties of U(1) QSI QSL19, is
the starting point of our analysis below.
“Magnetic monopoles” are topological defects of the

U(1) gauge field and carry the magnetic charge. To de-
scribe the magnetic transition from U(1) QSL via the
monopole condensation, it is inconvenient to work with
the field variables in Eq. (5) because the monopole vari-
able is not explicit19. Instead, we apply the electro-
magnetic duality19,48–53 to reformulate the compact U(1)
LGT Hamiltonian and make the monopole explicit. We
first introduce an integer-valued dual U(1) gauge field
arr0 that lives on the link of the dual diamond lattice (see
Fig. 2b) such that

curl a ⌘
X

rr027⇤
d

arr0 ⌘ Err0 � E0
rr0 , (6)

where “7⇤
d

” refers to the elementary hexagon on the dual
honeycomb lattice and the electric field vector Err0 pene-
trates through the center of “7⇤

d

”. Here the serif symbols
r, r0 label the dual diamond lattice sites. We have intro-
duced a background electric field distribution E0

rr0 that
takes care of the background charge distribution due to
the “2-in 2-out” ice rule. Each state in the spin ice man-
ifold corresponds to a background electric field distribu-
tion. For our convenience, we choose a simple electric
field configuration that corresponds to a uniform “2-in
2-out” spin ice state (see Fig. 2a) with

E0
r,r+✏re0

= E0
r,r+✏re1

= ✏r, (7)

E0
r,r+✏re2

= E0
r,r+✏re3

= 0, (8)
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FIG. 2. (color online) Temperature dependence of elastic neu-
tron scattering intensity of Pr2+xIr2−xO7−δ at the position of
the qm = (100) reflection. The intensity measured at T = 2 K
was subtracted as a background. Curve: Ising mean-field the-
ory fit to the data, which yields a transition temperature of
TM = 0.93(1) K. Inset: sketch of the 2-in/2-out magnetic
structure.

Refinement of the magnetic structure using the
propagation vector qm was carried out on the high-
temperature-subtracted T = 0.5 K data collected on
SPINS. Assuming an Ising anisotropy in the [111] di-
rection for Pr3+ moments, as is well established for
Pr2Ir2O7 [5], the best refinement was obtained using an
ordered spin-ice 2-in/2-out structure for moments on a
unit tetrahedron (inset of Fig. 2), yielding an on-site mo-
ment µneu = 1.7(1)µB per Pr3+ ion [32]. The ordered
spin-ice structure is predicted for long-range ordering of
Heisenberg spins on the pyrochlore lattice due to dipole-
dipole interactions [33], although in Pr2Ir2O7 the Ising
nature of the Pr3+ moments and the strong dependence
of the ordering on stoichiometry suggest RKKY interac-
tions also play an important role.
To better understand the spatial and temporal coher-

ence of magnetism below the critical temperature TM , we
now turn to high-resolution magnetic neutron scattering.
The momentum dependence of the high-temperature-
subtracted scattering data [Fig. 3(a)] reveals four mag-
netic Bragg peaks, indexed by (100), (110), (102) and
(112), that appear sharp in both momentum and energy.
A fit to the 0.3 K data integrated over |E| < 0.03 meV
[Fig. 3(b)] yields a Gaussian momentum resolution of
FWHM 0.023(1) Å−1 at the (111) nuclear Bragg peak.
Using a phenomenological expression for the momentum
dependence of the momentum resolution, we fit the data
to a set of Gaussian-convoluted Lorentzian profiles. This
yields the intrinsic half-width-half-maximum (HWHM)
widths κ for each magnetic Bragg peak in Fig. 3(b). From
this analysis we obtain a lower bound ξmin = 1/κmax ≈
170 Å for the spatial correlation length.
The energy dependence of the two lowest-angle mag-

netic Bragg peaks, measured with λ = 9.04 Å, is com-
pared to that of the resolution-limited nuclear Bragg

I(Q,E) (barn/meV/sr/Pr)
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FIG. 3. (color online) Elastic and quasielastic neutron scat-
tering intensity of Pr2+xIr2−xO7−δ measured at 0.3 K on
CNCS, T = 1.7 K data subtracted. See text for defini-
tions. (a) Scattering intensity as a function of momentum
and energy, λ = 7.26 Å. (b) Momentum dependence of the
energy-integrated (|E| < 0.03 meV) intensity at T = 0.3 K.
Curve: fit to set of Voigt profiles plus a polynomial back-
ground. (c) Energy dependence at three Bragg positions,
λ = 9.04 Å. Solid curves: fits to Voigt profiles. Dashed
curves: associated Lorentzian broadening.

peak (111) in Fig. 3(c). A fit of the (100) and (110)
magnetic Bragg peaks to a quasielastic Lorentzian pro-
file convoluted with a fixed Gaussian energy resolution
(FWHM γ = 17(1) µeV) yields intrinsic HWHM widths
Γ = 0.9(2) µeV and 0.5(2) µeV, respectively. From this
analysis we obtain an upper bound of ≈ 1 µeV on any
intrinsic broadening, indicating that the observed order
is static on a time scale that exceeds !/Γ ≈ 0.7 ns.
Overall our elastic and quasielastic neutron results re-

veal that our Pr2+xIr2−xO7−δ sample experiences a tran-
sition at TM = 0.93(1) K from a paramagnetic state
to long-range spin-ice order characterized by spatial and
temporal correlations that span at least 170 Å and 0.7 ns,
respectively.

D. Muon spin relaxation

The present µSR studies of Pr2Ir2O7, like those re-
ported previously [9, 12], were carried out using the di-
lution refrigerator at the M15 muon beam channel at

Ising order is discovered in 
some samples. (MacLaughlin, etc, 2015)
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Pyrochlore iridates and pyrochlore ices are two families of materials where novel quantum phe-
nomena are intertwined with strong spin-orbit coupling, substantial electron correlation and geo-
metrical frustration. Motivated by the puzzling experiments on two pyrochlore systems Pr2Ir2O7

and Yb2Ti2O7, we study the proximate Ising orders and the quantum phase transition out of quan-
tum spin ice U(1) quantum spin liquid (QSL). We apply the electromagnetic duality of the compact
quantum electrodynamics to analyze the “magnetic monopoles” condensation for U(1) QSL. The
monopole condensation transition represents a unconventional quantum criticality with unusual scal-
ing laws. It naturally leads to the Ising orders that belong to the “2-in 2-out” spin ice manifold and
generically have an enlarged magnetic unit cell. We demonstrate that the antiferormagnetic Ising
state with the ordering wavevector Q = 2⇡(001) is proximate to U(1) QSL while the ferromagnetic
Ising state with Q = (000) is not proximate to U(1) QSL. This implies that if there exists a direct
transition from U(1) QSL to the ferromagnetic Ising state, the transition must be strongly first
order. We apply the theory to Pr2Ir2O7 and Yb2Ti2O7.

Pyrochlore iridates (R2Ir2O7)1,2 have stimulated a wide
interest in recent years, and many interesting results,
including topological Mott insulator3, quadratic band
touching4, Weyl semimetal5–7, non-Fermi liquid8,9 and
so on, have been proposed. Among these materials,
Pr2Ir2O7 is of particular interest. In Pr2Ir2O7, the Ir
system remains metallic at low temperatures10. More in-
triguingly, no magnetic order was found except a partial
spin freezing of the Pr moments due to disorder at very
low temperatures in the early experiments10–12. A re-
cent experiment on di↵erent Pr2Ir2O7 samples, however,
discovered an antiferromagnetic long-range order for the
Pr moments13. While most theory works on pyrochlore
iridates focused on the Ir pyrochlores and explored the
interplay between the electron correlation and the strong
spin-orbit coupling of the Ir 5d electrons3,14,15, very few
works considered the influence and the physics of the lo-
cal moments from the rare-earth sites that also form a
pyrochlore lattice7,16–18. In this paper, we address the
local moment physics in Pr2Ir2O7 and propose that the
disordered state of the Pr moments is likely to be in the
quantum spin ice (QSI) U(1) quantum spin liquid state.
We explore the proximate Ising order and the confine-
ment transition of QSI and argue that Pr2Ir2O7 could be
located near such a confinement transition.

The QSI U(1) QSL is an exotic quantum phase of mat-
ter and is described by emergent compact quantum elec-
trodynamics, or equivalently, by the compact U(1) lattice
gauge theory (LGT) with a gapless U(1) gauge photon
and deconfined spinon excitations19–21. Recently several
rare-earth pyrochlores with 4f electron local moments are
proposed as candidates for QSI U(1) QSLs22–32. In these
systems, the predominant antiferromagnetic exchange in-
teraction between the Ising components of the local mo-
ments favors an extensively degenerate “2-in 2-out” spin
ice manifold on the pyrochlore lattice20,22,33–37. The

FIG. 1. The monopole condensation transition from the QSI
U(1) QSL to the proximate antiferromagnetic Ising state.
The dashed (solid) line represents a thermal crossover (tran-
sition). “g” is a tuning parameter that corresponds to the
mass of “magnetic monopole” (see the discussion in the main
text). The inset Ising order has an ordering wavevector
Q = 2⇡(001). The Pr moment of Pr2Ir2O7 is likely to be
close to this quantum critical point (QCP).

transverse spin interaction allows the system to tunnel
quantum mechanically within the ice manifold, giving
rise to a U(1) QSL ground state36–41. Like Pr2Ir2O7, the
experimental results on these QSL candidate materials
depend sensitively on the stoichiometry and the sample
preparation22. In particular, for the pyrochlore ice sys-
tem Yb2Ti2O7, while some samples remain disordered
down to the lowest temperature and the neutron scatter-
ing shows a di↵usive scattering23,42, others develop a fer-
romagnetic order25,43–45. This suggests that both the Yb
moments in Yb2Ti2O7 and the Pr moments in Pr2Ir2O7

could be located near a phase transition between a dis-
ordered state (that might be a QSI U(1) QSL) and the
magnetic orders.

On the theoretical side, the instability of the QSI U(1)

Subsidiary order and weak divergence

g is the mass of the monopole

The critical theory is described by gapless monopoles coupled with a fluctuating U(1) gauge field in 3+1D. 

�(Q) ⇠ � lnTa unusual weak divergence “subsidiary order” (Kivelson) !
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that the further neighbor monopole hopping or monopole
interactions should lift these degeneracies.

Because of the background flux, the space group sym-
metry is realized projectively, which is known as projec-
tive symmetry group (PSG) (see XXX). Under PSG, each
symmetry operation (S) of the Fd3̄m space group on the
monopole field is associated with a gauge transformation
⇤
S

(r),

S : �r ! �
Sr e

�i⇤S(r). (19)

We use PSG to generate monopole hoppings up to 5th
neighbors, but do not find obvious degeneracy break-
ing. On the other hand, the line degeneracy immedi-
ately gets lifted if we impose the unimodular constraint
of the monopole field. The unimodular constraint of
the monopole field is like the interaction between the
monopoles and forces the magnitude of the monopole
fields to be uniform. Among the degenerate momenta
of Eq. (18), the unimodular requirement picks up two
equivalent solutions with

k1 = (0, 0,⇡), k2 = (0, 0,�⇡), (20)

and the corresponding eigenvectors are
⇢

r 2 I, '1(r) = ( 1+i

2 + 1�i

2 ei2⇡x)ei⇡z,
r 2 II, '1(r) = ei⇡z,

(21)

⇢
r 2 I, '2(r) = ( i+1

2 + i�1
2 ei2⇡x)e�i⇡z,

r 2 II, '2(r) = ie�i⇡z.
(22)

Using the PSG transformations, we generate 10 other
equivalent solutions from the above results. In total,
there are 12 symmetry equivalent solutions.

When the monopole is bose condensed, the spinons are
confined and the system develops magnetic order. Al-
though the magnetic ordering transition is induced by
monopole condensation, as monopoles are emergent de-
grees of freedom that are not gauge invariant, the physi-
cal information of the monopole condensate is encoded in
the gauge invariant monopole bilinears. Again, symme-
try is a powerful tool to establish the relation between
the relevant physical observables and the monopole bi-
linears. We want to find the monopole bilinears that are
related to the spin density ⌧z. The candidate monopole
bilinears are the monopole density and the monopole cur-
rent. Although the monopole density (�†�) transforms
in the same way as the spin density (⌧z) under the space
group transformation, they behave oppositely under the
time reversal transformation. So we turn out attention
to the monopole current. As the loop integral of mag-
netic monopole current is the electric flux through the
plaquette enclosed by that loop, we have

⌧z
i

⇠ Err0 ⇠
X

rr027⇤
d

Jrr0 , (23)

where the pyrochlore site i is the center of the elemen-
tary honeycomb 7⇤

d

on the dual diamond lattice, and

Jrr0 ⌘ i(h�†
r ih�r0ie�iārr0 � h.c.) defines the monopole cur-

rent. Here h�ri is the expectation value of the monopole
field that is taken with respect to one of the twelve equiv-
alent solutions. In Fig.X, we depict the spin density dis-
tribution of the monopole condensate at k1. The result-
ing magnetic state is an antiferromagnetic state with the
ordering wavevector 2⇡(001), although the four spins on
each tetrahedron still obey the “2-in 2-out” spin ice rule.

V. CRITICAL THEORY

In the previous section, we have established that the
monopole interaction in the confinement phase selects 12
equivalent monopole condensates which leads to 12 sym-
metry equivalent magnetic ordering structures. Near the
confinement transition, the fluctuations of the monopole
condensate and the gauge fields are strong. One can
then obtain a standard Landau-Ginzburg-Wilson expan-
sion of the action in terms of the monopole condensate in
the vincinity of the phase transition. We introduce the
slowly-varying monopole fields �

a

via the expansion

�r =
12X

a=1

'
a

(r)�
a

, (24)

where '
a

(r) (a = 1, · · · , 12) are the 12 discrete monopole
modes that span the ground state manifold of the
monopole condensate. Again, we use PSG transforma-
tion of the monopole field � to generate the PSG for
the slowly-varying fields �

a

. With monopole PSG, we
generate the symmetry allowed e↵ective action for the
monopole condensation transition,

L =
X

a

⇥
|(@

µ

� iã
µ

)�
a

|2 +m2|�
a

|2
⇤
+

F
µ⌫

2

2

+u0(
X

a

|�
a

|2)2 + · · · , (25)

where we have restored the gauge field fluctuation by cou-
pling the �

a

fields to the fluctuating dual U(1) gauge field
ã
µ

, 1
2Fµ⌫

2 is the Maxwell term with F
µ⌫

⌘ @
µ

ã
⌫

� @
⌫

ã
µ

,
and “· · · ” contains the anisotropic quartic terms that
break the U(12) symmetry. This is a multi-component
Ginzburg-Landau theory in 3+1D which is the upper
critical dimension of the theory. One expects the phase
transition of this theory is either a Gaussian fixed point
or a weakly first order transition driven by fluctua-
tions. Both possibilities suggest that the mean-field
treatment of the phase transition should be valid for a
very wide range of length scales. In a mean-field descrip-
tion, the monopole field correlator at the critcal point is
h�†

a

(k,!)�
b

(k,!)i ⇠ �
ab

/(k2 + !2)
Insert Figure of pyrochlore lattice, diamond lattice.

From pyrochlore lattice diamond lattice and diamond lat-
tice and its dual diamond lattice.
what may modify the e↵ective interaction between lo-

cal moment: 1. oxygen context shift chemical potential
2. other minor structural di↵erence in di↵erent samples

4

where '
a

refers to the monopole configuration at the mo-
mentum k

a

. From the above results, we use the PSG
transformations and generate in total twelve symmetry
equivalent solutions.

After the unimodular constraint is enforced, the
monopoles are condensed at only one of the equivalent
solutions, the spinons are confined and the system devel-
ops an Ising order. Although the Ising order is induced
by the monopole condensation, as monopoles are emer-
gent particles and are not gauge invariant, the physical
property of the monopole condensate is encoded in the
gauge invariant monopole bilinears. Again, symmetry
is a powerful tool to establish the relation between the
spin density ⌧z and the monopole bilinears. The can-
didate monopole bilinears are the monopole density and
the monopole current. Although the monopole density
(�†�) transforms in the same way as the spin density
(⌧z) under the space group symmetry, they behave op-
positely under the time reversal.

As for the monopole current, from the Maxwell’s equa-
tions, the loop integral of monopole current is the elec-
tric flux through the plaquette enclosed by the loop (see
Fig. 2b)51,52. We have

⌧z
i

⇠ Err0 ⇠
X

rr027⇤
d

Jrr0 , (17)

where the pyrochlore site i is the center of the elemen-
tary honeycomb 7⇤

d

on the dual diamond lattice, and

Jrr0 ⌘ i(h�†
r ih�r0ie�iārr0 � h.c.) defines the monopole cur-

rent. Here h�ri is the expectation value of the monopole
field that is taken with respect to one of the equivalent
solutions. In the inset of Fig. 1, we depict the spin
density distribution of the monopole condensate at k1.
The resulting Ising order in the confinement phase is
an antiferromagnetic state with an ordering wavevector
Q = 2⇡(001), and the four spins on each tetrahedron
obey the “2-in 2-out” ice rule. This Ising state breaks
the translation symmetry by doubling the crystal unit
cell.

The translation symmetry breaking of the proximate
magnetic state is a generic phenomenon. The background
gauge flux, due to the “2-in 2-out” rule, shifts the min-
imum of the monopole band to finite momenta. Once
the monopole is condensed at the finite momentum, the
resulting proximate Ising order necessarily breaks the
translation symmetry. If, however, the ferromagnetic
Ising order with Q = (000) in Fig. 2a, preserves the
translation symmetry and borders with the QSI U(1)
QSL, the transition beween this ferromagnetic Ising or-
der and U(1) QSL must be strongly first order. In the
Method, we write down simple models that do not have a
sign problem for quantum Monte Carlo simulation. The
models can realize both the ferromagnetic and antifer-
romagnetic Ising orders and allow the careful numerical
study of the phase transitons out of the QSI U(1) QSL.

Critical theory of monopole condensation. The
monopole interaction in the confinement phase selects

FIG. 4. The bubble diagram of the “magnetic monopole”.

twelve equivalent monopole condensates that correspond
to twelve symmetry equivalent Ising orders. In the
vicinity of the monopole condensation transition, the
monopole condensate and the gauge fields fluctuate
strongly. We thereby carry out a Landau-Ginzburg-
Wilson expansion of the action in terms of the monopole
condensate and gauge field in the vincinity of the phase
transition. We introduce the slowly-varying monopole
fields �

a

via the expansion

�r =
12X

a=1

'
a

(r)�
a

, (18)

where '
a

(r) (a = 1, · · · , 12) are the twelve discrete
monopole modes that span the ground state manifold
of the monopole condensate. With the monopole PSG,
we generate the symmetry allowed e↵ective action for the
monopole condensation transition,

L =
X

a

⇥
|(@

µ

� iã
µ

)�
a

|2 +m2|�
a

|2
⇤
+

F
µ⌫

2

2

+u0(
X

a

|�
a

|2)2 + u1

X

a 6=b

|�
a

|2|�
b

|2 + · · · , (19)

where we have restored the gauge field fluctuation by
coupling the �

a

fields to the fluctuating part of the dual
U(1) gauge field ã

µ

, 1
2Fµ⌫

2 is the Maxwell term with
F
µ⌫

⌘ @
µ

ã
⌫

� @
⌫

ã
µ

, “· · · ” contains further anisotropic
terms that are marginal for the critical properties, m is
the mass of the monopole and is set by the band gap
of the monopole band structure. The e↵ective action
in Eq. (19) is a standard multi-component Ginzburg-
Landau theory in 3+1D that is the upper critical di-
mension of the theory. One expects the phase transi-
tion of this theory to be governed by a Gaussian fixed
point or belong to a weakly first order transition driven
by fluctuations51–53,56,57. Both possibilities suggest that
the mean-field treatment of the phase transition should
be su�cient for a rather wide range of length scales. In
a mean-field description, the monopole field correlator at
the critical point (with the monopole mass m = 0) is

h�†
a

(k,!)�
b

(k,!)i ⇠ �
ab

k2 + !2
. (20)

According to Eq. (17), the spin susceptibility at the or-
dering wavevector Q is simply given by the bubble dia-
gram of monopole fields (see Fig. 3) and is thus logarith-
mically divergent at low temperatures with

�(Q) ⇠ ln
1

T
. (21)
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More experimental prediction for Pr2Ir2O7-delta

EF

Particle-hole excitations are  
centered at Gamma point

SEEING THE LIGHT: EXPERIMENTAL SIGNATURES OF . . . PHYSICAL REVIEW B 86, 075154 (2012)

FIG. 12. (Color online) Relationship between the dispersion of
the magnetic photon excitation ω(k) [see Eq. (67)], and the equal
time structure factor S

yy
spin(k,t = 0) [see Eq. (90)] in a quantum spin

ice. The photon dispersion ω(k) in the (h,h,l) plane is plotted above
the corresponding equal-time structure factor, demonstrating how the
photon disperses out of the (suppressed) pinch points at reciprocal
lattice vectors. Note that the intensity of the scattering S

yy
spin(k,t =

0) → 0 where ω(k) → 0 [see Eq. (105)]. Results were calculated
within the lattice field theory [see Eq. (40)] for W = 0, with energy
measured in units such that h̄ = 1.

We can use the spectral representation of Z(k) [see Eq. (80)]
to write

sin (k · hml) sin (k · hnl) = 1
4

4∑

λ=1

ωλ(k)2

KU
ηmλ(k)η∗

λn(k).

(103)

Since the only contributions to the RHS of Eq. (103) come from
the two dispersing modes λ = 1, 2, [see Eq. (78)], Eq. (101)

simplifies to

S
αβ

0 (k) = 1
4

ω(k)2

KU

2∑

λ=1

∑

mn

ηmλ(k)η∗
λn(k)(êm · α̂)(ên · β̂).

(104)

Expanding in the first Brillouin zone, for k ≈ 0, we find
∑

mn

ηmλ(k)η∗
λn(k)(êm · α̂)(ên · β̂) ≈ 1

3

for α = β = y,z and zero otherwise. It follows that

S
yy
spin(k ≈ 0,ω ≈ 0) = Szz

spin(k ≈ 0,ω ≈ 0)

∝ ω(k) δ[ω − ω(k)]. (105)

Therefore at low energies, in the first Brillouin zone,
inelastic neutron scattering experiments will resolve the
magnetic photon excitation as a ghostly, linearly dispersing
peak, with intensity vanishing as I ∝ ω(k), as noted in Ref. 70.
However, at higher energies and in other Brillouin zones, the
momentum dependence of ηmλ(k)η∗

λn(k) in Eq. (104) will
lead to a significant variation in the intensity of the signal
at fixed ω. This behavior is illustrated in Fig. 13, where we
have plotted the intensity of scattering I (k,ω) [see Eq. (91)]
for an experiment performed using unpolarised neutrons. The
corresponding quasielastic scattering, and the path within the
[h,h,l] plane, are shown in Fig. 14.

The phenomenology of this photon excitation stands in
stark contrast to conventional antiferromagnets, whose linearly
dispersing spin-wave excitations have the greatest intensity
approaching the zero-energy magnetic Bragg peak associated
with magnetic order. The difference between these two
problems stems from the fact that the photon is a quantized
excitation ofA, while neutron scattering measures correlations
of B. The lattice curl needed to relate one to the other
introduces additional factors of ζλ(k) in S

αβ
spin(k,ω) [see

Eq. (87)], which leads to the suppression of spectral weight at
low energies.

FIG. 13. (Color online) Ghostly magnetic “photon” excitation as it might appear in an inelastic neutron scattering experiment on a quantum
spin ice realising a quantum ice ground state, for a series of cuts along high symmetry directions in reciprocal space. The prediction of the lattice
field theory H′

U(1) [see Eq. (40)] for inelastic scattering by unpolarized neutrons, I (k,ω) [see Eq. (91)] has been convoluted with a Gaussian of
variance 0.3 c a−1

0 to represent the finite energy resolution of the instrument. The intensity of scattering vanishes as ω → 0 and is strongest at
high energies. Energy is measured in units such that h̄ = 1 and the photon dispersion calculated for W = 0.

075154-17

Fig from Benton, etc, PRB 2012

Emergent gauge photons are  
near the suppressed pinch points

The energy scales are different, maybe inelastic neutron scattering can work.  
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Sign problem free model for quantum Monte Carlo

8

neighbors,

d1[nx, ny, nz] = (�)ny+nzt2, (74)

d2[nx, ny, nz] = �(�)ny+nzt2, (75)

d3[nx, ny, nz] = t2, (76)

d4[nx, ny, nz] = (�)ny+nzt2, (77)

d5[nx, ny, nz] = (�)ny+nzt2, (78)

d6[nx, ny, nz] = �t2. (79)

With the above procedure, we proceed to generate the
further neighbor monopole hoppings up to the fifth neigh-
bors.

Monopole condensates. We consider the nearest neigh-
bor monopole hopping model. Due to the background
flux and the gauge choice, the unit cell is fictitiously dou-
bled. In Fig. 3, we specify the signs of the hopping pa-
rameters on the dual diamond lattice. The lowest energy
spectrum has line degeneracies in the momentum space.
Focusing on the [001] direction in the momentum space,
we have the following eigenstates for a given kz,

r 2 I, �(r) =
1p
2
(ei

kz
4 + e�i

kz
4 ei2⇡x)eikzz, (80)

r 2 II, �(r) = eikzz. (81)

The monopoles are condensed at these lowest energy mo-
menta. To satisfy the unimodular condition for the mon-
poles, we immediately require the monopoles to be con-
densed at kz = ±⇡.

A sign-problem free model for quantum Monte Carlo

simulation. Here we propose a simple exchange model
that does not have a sign problem for quantum Monte
Carlo (QMC) simulation. This model can realize both
the Q = 2⇡(001) order and the Q = (000) order. Al-
though both Ising orders belong to the spin ice manifold,
the former is proximate to the QSI U(1) QSL via a con-
finement transition and the latter is not (see the main
text for the detailed discussion). The model is given as

H1 =
X

hiji

J
z

⌧z
i

⌧z
j

� J?(⌧
+
i

⌧�
j

+ h.c.)

+
X

hhhijiii

J3z⌧
z

i

⌧z
j

, (82)

where J3z is the third neighbor Ising exchange.
We focus our discussion on the case when J? > 0. This

is precisely the parameter regime where the sign problem
for QMC is absent. To be in the spin ice regime, we keep

J
z

> 0. When J± ⌧ J
z

and J3z ⌧ J
z

, the ground
state is a QSI U(1) QSL. If we fix J±/Jz to make the
system in the QSI U(1) QSL phase, as we gradually in-
crease |J3z/Jz| from 0, the system will eventually become
ordered. Since J3z is the interaction between spins from
the same sublattice, a ferromagnetic J3z would simply
favor Q = (000), even though the four spins on each
tetrahedron of the pyrochlore lattice obey the “two-in
two-out” ice rule (see Fig. 2a of the main text). Since
this Q = (000) is not proximate to the U(1) QSL phase,
we expect a strongly first order transition as we increase
|J3z/Jz| for a ferromagnetic J3z.

For an antiferromagnetic J3z, although the Luttinger-
Tisza method gives a continuous line degeneracy for the
ordering wavevector, the Ising constraint immediately
select the collinear order with an ordering wavevector
Q = 2⇡(001). As we show in the main text, this Ising or-
der is proximate to the U(1) QSL via a monopole conden-
sation transition. Therefore, we expect either a continu-
ous transition or an extremeley weakly first order transi-
tion driven by fluctuations as we increase |J3z/Jz| for an
antiferromagnetic J3z.

In the future, it would be interesting to implement
a large scale QMC simulation of the model in Eq. (82)
to confirm the monopole condensation transition out the
QSI U(1) QSL.

Finally, we propose a perturbative version of the model
in Eq. (82). The new model includes the ring exchange
on the pyrochlore hexagons and the third neighbor Ising
exchange and is given as

H2 = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.)

+
X

hhhijiii

J3z⌧
z

i

⌧z
j

, (83)

and we further restrict the Hilbert space to be the “2-in 2-
out” ice manifold. Therefore, this new Hamiltonian will
only act on the states in the ice manifold. This pertur-
bative model was already proposed in one perturbative
limit of the realistic spin model for Yb2Ti2O7 in Ref. 39.
When |J3z| ⌧ K, the ground state of H2 is the QSI
U(1) QSL phase. When |J3z| � K, the system devel-
ops Q = 2⇡(001) antiferromagnetic order for a positive
J3z, and Q = (000) ferromagnetic order for a negative
J3z. Again, we expect the transition from the QSI U(1)
QSL to the ferromagnetic state is strongly first order,
while the transition to the antiferromagnetic state is ei-
ther continuous or extremeley weakly first order.

1 Daiki Yanagishima and Yoshiteru Maeno, “Metal-
nonmetal changeover in pyrochlore iridates,” Journal of
the Physical Society of Japan 70, 2880–2883 (2001).

2 Kazuyuki Matsuhira, Makoto Wakeshima, Ryo Nakan-

ishi, Takaaki Yamada, Akira Nakamura, Wataru Kawano,
Seishi Takagi, and Yukio Hinatsu, “Metalinsulator tran-
sition in pyrochlore iridates ln2ir2o7 (ln = nd, sm, and
eu),” Journal of the Physical Society of Japan 76, 043706
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Jz

J3z
Jz

U(1) QSL
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Transverse
spin order
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Summary
• I have studied the phase diagram near quantum spin ice quantum spin liquid. 

• Using field theoretic technique, I have obtained the structure of the magnetic 

states and the nature of the magnetic transition. 

• I use the theoretical results to explain the puzzling experiments in Pr2Ir2O7 and 

Yb2Ti2O7. It implies the disordered phase is a quantum spin ice U(1) quantum 

spin liquid.

Work in progress:  sign problem free model that demonstrates both 
proximate and unproximate magnetic transition out of QSI QSL.

Ref: Gang Chen, arXiv:1602.02230, longer talk can be found at KITP website last Sep.
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Thank you !  

Email: gchen_physics@fudan.edu.cn
Gang Chen’s theory group 
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First-order magnetic transition in Yb2Ti2O7
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The very nature of the ground state of the pyrochlore compound Yb2Ti2O7 is much debated, because
experimental results demonstrate evidence for either a disordered ground state or a long-range ordered ground
state. Indeed, the delicate balance of exchange interactions and anisotropy is believed to lead to competing
states, such as a quantum spin liquid state or a ferromagnetic state which may originate from an Anderson-Higgs
transition. We present a detailed magnetization study demonstrating a first-order ferromagnetic transition at 245
and 150 mK in a powder and a single-crystal sample, respectively. Its first-order character is preserved up to
applied fields of ∼200 Oe. The transition stabilizes a ferromagnetic component and involves slow dynamics in
the magnetization. Residual fluctuations are also evidenced, the presence of which might explain some of the
discrepancies between previously published data for Yb2Ti2O7.

DOI: 10.1103/PhysRevB.89.224419 PACS number(s): 75.40.Cx, 64.60.Ej, 75.30.Kz, 75.60.Ej

I. INTRODUCTION

Magnetism affected by geometrical frustration is an active
field due to the ability to generate new and unusual magnetic
phases [1]. In this context, the pyrochlore oxide materials
R2M2O7 (R = rare earth, M = metal) form a very rich family
in which a large diversity of new physics can be explored [2].
Specifically, the rare-earth ions lie on the vertices of corner
sharing tetrahedra, forming the highly frustrated pyrochlore
lattice. Depending on the rare-earth element, the anisotropy of
the spins as well as the exchange and dipolar interactions can
be varied so that different model Hamiltonians can be studied
within this structure. One of the most spectacular realizations
is the spin-ice phase (mainly studied with R = Dy and Ho;
M = Ti) [3,4] in which the local spin arrangement obeys
the ice rule (two spins point into and two spins point out
of every tetrahedron in the structure) and which possesses a
macroscopically degenerate ground state. This state is induced
by the strong uniaxial anisotropy along the local ⟨111⟩ axes
of the tetrahedra, combined with a resultant ferromagnetic
interaction. With these ingredients and in the presence of
strong transverse fluctuations, a new magnetic state is expected
to be stabilized, the quantum spin ice (QSI) in which exotic
excitations are predicted [5–7].

Yb2Ti2O7 has been proposed as a good candidate for
stabilizing the QSI state [8,9]. Indeed, the exchange in
Yb2Ti2O7 is highly anisotropic, with a strong ferromagnetic
component akin to the Ising exchange of spin ice [8,10,11],
despite an XY -like anisotropy perpendicular to the lo-
cal ⟨111⟩ directions [12,13]. At low temperature, using
a model Hamiltonian with anisotropic exchange parame-
ters deduced from experiments, a first-order phase transi-
tion towards a long-range ferromagnetic order is predicted
[9,14–16].

*elsa.lhotel@neel.cnrs.fr

Experimentally, the existence of a long-range magnetic
ordering in this compound is debated, suggesting a fragile
ground state with respect to perturbations. In an early study,
a peak was observed around 210 mK in the specific heat of a
polycrystalline sample [17]. It was later shown to be associated
with a first-order transition and an abrupt slowing down of the
fluctuations in the low-temperature phase [18].

Below the transition, depending on the nature of the
samples (single crystal or polycrystal) and the crystal growth
conditions, different results have been obtained. Some neutron
scattering measurements demonstrate ferromagnetic long-
range order (LRO) [14,19] while others do not [20–22].
A discrepancy is also observed in muon spin relaxation
measurements (µSR) where an anomaly at the transition
is present [18,23] or not [24]. In the meantime, it was
shown that the peak in specific heat strongly depends on the
samples [25,26] so that the presence of a transition towards a
long-range order might depend on the sample quality.

It has been suggested that the specific heat anomaly,
however, does not necessarily correspond to a magnetic
ordering [24,25]. It is therefore essential to probe another
thermodynamic quantity which should be more sensitive to
the magnetic nature of the transition: the magnetization. In
this article, we show that the magnetization of Yb2Ti2O7
presents a first-order transition in both a powder sample
and a single crystal which was shown to develop additional
magnetic intensity on structural peaks [14]. The first-order
nature of the transition invoked in previous studies [14,18,24]
is proved by the existence of a small thermal hysteresis (of a
few millikelvins in width). The transition is accompanied by
strong time-dependent effects. The magnetization value below
the transition temperature is consistent with the stabilization
of a ferromagnetic ordering with a reduced spontaneous
moment, suggesting a strongly fluctuating spin component.
Significantly the first-order behavior occurs below the peak in
the specific heat where only a deviation in the susceptibility is
observed.

1098-0121/2014/89(22)/224419(7) 224419-1 ©2014 American Physical Society
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possible temperature dependence of the spontaneous moment
must be considered, since an increase in the ordered moment
may be expected as the temperature is reduced further below
TC . For the single crystal, our analysis was carried out at 80 mK
which corresponds to TC/2. The same procedure was followed
at 110 mK and the results were found to be comparable. For
the powder sample, we performed the analysis between 80
(about TC/3) and 200 mK, and no significant dependence of the
spontaneous moment with temperature was observed. These
results suggest that the spontaneous moment will not increase
significantly at lower temperature and point out the first-order
nature of the transition.

C. First-order transition and time-dependent effects

A detailed study of the magnetization around the transition
has been performed. To ensure accurate results, measurements
had to be performed with well-controlled temperature
regulation and extremely slow cooling and warming rates. The
protocol was the following: (i) regulate at a given temperature,
(ii) take a large number of measurements (between 40 and 100)
so that the magnetization reaches equilibrium at this tempera-
ture, and (iii) change the temperature with a step of 5 or 2 mK
depending on the measurements. The temperature was ramped
between 80 and 400 mK, cooling and warming the sample.
The equivalent ramping rate is between 9 and 18 mK/h.
The obtained magnetization as a function of temperature for
the single crystal is shown in Fig. 5. It can be seen that at the
transition, at a fixed temperature, a strong relaxation occurs.
As shown in the inset of Fig. 5 where the magnetization is
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FIG. 5. (Color online) M/H vs T for the single crystal in an
applied field H = 5 Oe parallel to the [100] axis at the proximity
of the transition. The temperature was swept in steps of 5 mK and
100 extractions were made at each temperature (∼30 min at each
temperature). Inset: Isotherm as a function of time t at T = 155 mK
when warming (red circles) and when cooling (blue squares). The
lines are fitted to the exponential: M

H
(t) = Meq

H
− !M

H
exp(−t/τ ).

When warming τ = 207 s, Meq
H

= 0.260 emu cm−3, and !M
H

=
−6.58 × 10−3 emu cm−3. When cooling τ = 165 s, Meq

H
=

0.249 emu cm−3, and !M
H

= 1.08 × 10−2 emu cm−3.
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FIG. 6. (Color online) (a) M/H vs T for the single crystal in an
applied field H = 5 Oe parallel to the [100] axis, extracted from
Fig. 5 with only the equilibrium value of the magnetization plotted
compared to the specific heat data. (b) The equivalent data for the
crushed powder.

plotted as a function of time, at 155 mK, the equilibrium
magnetization is reached after times as long as 600 s.

Figure 6(a) shows the equilibrium values of the magneti-
zation at the transition (obtained from Fig. 5) as a function
of temperature for the single crystal. It can be seen that a
small hysteresis is present (which is much narrower than that
for a fast temperature sweep), indicating a first-order like
behavior. Also shown is the specific heat data on the same
crystal. A subtle change of slope occurs in the magnetization
at the peak in specific heat, while the first-order transition
develops below this peak. The bump observed at ≈180 mK
before the sharp increase is not present in the magnetization
of the powder sample as shown in Fig. 6(b) and might be due
to a sample inhomogeneity, a consequence of difficulties in
sample preparation [25,26].

From the magnetization, it appears, that the first-order
transition occurs around 150 mK in this single crystal. The
transition extends over about 20 mK and the hysteresis width
is about 3 mK. For the powder sample, the transition occurs
around 245 mK, but the width of the transition and the width
of the hysteresis are similar.

Zero-field-cooled–field-cooled (ZFC-FC) magnetization
shows an irreversibility below the temperature of the transition
(see Fig. 7) [34]. In ordered materials, such irreversibility is

224419-4

Yb2Ti2O7

YTO: First order transition to Q=0 FM state. 

Q = (000) state

Implication for Yb2Ti2O7

but with some spin reorientation 

Savary, Balents, PRL, PRB 2012 
Coldea, etc 2015, Gingras et al 2015
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Theoretical framework: compact QED and electromagnetic duality 
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Lattice gauge theory formalism: technical part

diamond lattice

3

phases.
If one experimentally finds a magnetic ordered state

bordering a disordered state that is fluctuating within
the “2-in 2-out” spin ice manifold, and if the structure of
the magnetic ordered states and the nature of the tran-
sition from QSI are compatible one may postulate the
disordered state is in the QSI phase.

such unconventional phase transition and the corre-
ponding ordered phase that are proximate to a disordered
phase,

order in the Ising direction, order in the direction nor-
mal the spin component along the ... experimental

II. A GENERIC RING EXCHANGE MODEL
AND COMPACT QED FOR QSI

Even though more complicated realistic Hamiltonians
are available for e↵ective spin-1/2 moments with both
Kramers’ and non-Kramers’ doublets on the pyrochlore
lattice, it is known that the spin-1/2 XXZ model on the
pyrochlore lattice,

H =
X

hiji

⇥
�J?(⌧

+
i

⌧�
j

+ ⌧�
i

⌧+
j

) + J
z

⌧z
i

⌧z
j

⇤
, (1)

in the perturbative regime already captures the universal
properties of QSI. Here ⌧±

i

⌘ ⌧x
i

± i⌧y
i

. A large and
positive J

z

favors an extensive degenerate “2-in 2-out”
spin ice configuration. With a transverse exchange J?,
the system can tunnel quantum mechanically within the
ice manifold. It is argued and shown numerically that
QSI is realized for |J?|/Jz less than a critical value. In
the limit with |J?|/Jz ⌧ 1, the 3rd order degenerate
perturbation theory yields a ring exchange model,

Hring = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.), (2)

where K = 24J3
?/J

2
z

and “1,· · · ,6” are 6 sites on the
perimeter of the elementary hexagons (“7

p

”) of the py-
rochlore lattice. In fact, the perturbative treatment of
all the realistic models in the Ising limit (with a domi-
nant J

z

) gives the same form of ring exchange model as
Eq. (2).

We now introduce the lattice vector gauge fields as

Err0 ⌘ ⌧z
i

+
1

2
, eiArr0 ⌘ ⌧+

i

, (3)

where the pyrochlore site i resides on the center of
the nearest-neighbor diamond link hrr0i, and r (r0) is
on the diamond I (II) sublattice (see Fig.X). Moreover,
Err0 = �Er0r, Arr0 = �Ar0r and [Err0 , Arr0 ] = i. With
this transformation, Hring is mapped to the compact U(1)
lattice gauge theory on the diamond lattice formed by the
centers of the tetrahedra,

HLGT =
X

hrr0i

U

2
(Err0 �

✏r
2
)2 �

X

7d

K cos(curl A), (4)

where we have added the electric field term with the sti↵-
ness U , ✏r = +1(�1) for r 2 I (II) sublattice, and the
lattice curl (curl A ⌘

P
rr027d

Arr0) defines the inter-
nal magnetic field B through the center of the diamond
hexagon. Here Err0 (Arr0) is integer valued (2⇡ periodic).
In the large U limit, the microscopic ⌧z = ±1/2 is recov-
ered.
Eq. (4) is the standard compact QED Hamiltonian on

the diamond lattice. Although actual values of U and
K in the low energy description of QSI are renormalized
from the perturbative results, Eq. (4) does describe the
universal properties of QSI and is the starting point of
our analysis in the following sections.

III. ELECTROMAGNETIC DUALITY

As we explain in Sec. I, the internal magnetic field in
the confinement phase of the compact QED is strongly
fluctuating and thus the magnetic monopole is con-
densed. Magnetic monopoles are topological defects of
the U(1) gauge field A and carry the magnetic charge.
To describe the confinement transition from QSI via the
monopole condensation, it is not so convenient to work
with the field variables in Eq. (4) because the magnetic
monopoles are not even explicit. In the following, we
use the electromagnetic duality, that is analogous to the
boson-vortex duality in describing superfluid-Mott tran-
sition, to reformulate the compact QED Hamiltonian on
the diamond lattice in Eq. (4) and make the monopole
degrees of freedom explicit.
To carry out the duality transformation, we first in-

troduce an integer-valued dual U(1) gauge field arr0 that
lives on the link of the dual diamond lattice (see Fig.X)
such that

curl a ⌘
X

rr027⇤
d

arr0 ⌘ Err0 � E0
rr0 , (5)

where “7⇤
d

” refers to the elementary hexagon on the dual
honeycomb lattice and the electric field vector Err0 pene-
trates through the center of “7⇤

d

”. We have introduced a
background electric field distribution E0

rr0 that takes care
of the background charge distribution due to the “2-in 2-
out” spin ice rule. Each state in the spin ice manifold
corresponds to an background electric field distribution.
For our convenience, we choose a simple electric field con-
figuration that corresponds to a uniform “2-in 2-out” spin
ice state (see Fig.X) and satisfies

E0
r,r+✏re0

= E0
r,r+✏re1

= ✏r, (6)

E0
r,r+✏re2

= E0
r,r+✏re3

= 0, (7)

where e
µ

(µ = 0, 1, 2, 3) are the four vectors that connect
the I sublattice sites to their nearest neighbors.

In terms of the dual gauge variables, the lattice gauge
theory in Eq. (4) is transformed to

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0 , (8)

H LGT  captures the universal properties of QSI.   

• In an ordered state, <tau_z>!=0, <tau^+> is strongly fluctuating. 

• In the gauge language, E field is static, B magnetic field is strongly 
fluctuating, the magnetic monopole (carrying magnetic charge) is 
condensed, which confines the electric charge carriers (spinons).

r
r’i

Hermele, Fisher, Balents, 2004Err0 ⇠ ⌧zi , e
iArr0 ⇠ ⌧+i
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works based on the gauge mean-field approach studied
the instability of QSI by condensing the spinons. The
spinon condensation transition, known as “Anderson-
Higgs transition” in the lattice gauge language, gener-
ically leads to the transverse spin order that is not in
the spin ice manifold [35]. Instead, we here study the
proximate magnetic order and transition out of QSI by
condensing the magnetic monopoles that are topological
excitations of the compact U(1) LGT for the QSI [43].
The monopole condensation transition is the confinement

transition of the compact U(1) LGT [44, 45], and the re-
sulting proximate magnetic ordered state is in the spin
ice manifold and generically breaks the lattice translation
symmetry. We determine the structure of the proximate
magnetic orders of QSI and further predict the nature
of the phase transition from QSI to the nearby magnetic
orders.

Compact QED and electromagnetic duality.—
Even though more complicated realistic Hamiltonians
are available for e↵ective spin-1/2 moments on the py-
rochlore lattice [36–38], it is known that the spin-1/2
XXZ model [19], H =

P
hiji

⇥
�J?(⌧

+
i

⌧�
j

+ ⌧�
i

⌧+
j

) +

J
z

⌧z
i

⌧z
j

⇤
, in the perturbative regime (|J?|/Jz ⌧ 1) al-

ready captures the universal properties of QSI. Here
J
z

> 0, ⌧±
i

⌘ ⌧x
i

± i⌧y
i

, and ⌧z
i

is defined along the local
h111i direction of each pyrochlore site. In the perturba-
tive regime, the 3rd order degenerate perturbation yields
a ring exchange model,

Hring = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.), (1)

where K = 24J3
?/J

2
z

and “1,· · · ,6” are 6 sites on the
perimeter of the elementary hexagons (“7

p

”) of the py-
rochlore lattice.

To map the ring exchange model to the compact U(1)
LGT, one introduces the lattice vector gauge fields as
Err0 ⌘ ⌧z

i

+ 1
2 , e

iArr0 ⌘ ⌧+
i

, where the pyrochlore site
i resides on the center of the nearest-neighbor diamond
link hrr0i, and r (r0) is on the I (II) sublattice of the
diamond lattice that is formed by the centers of the
tetrahedra. Moreover, Err0 = �Er0r, Arr0 = �Ar0r

and [Err0 , Arr0 ] = i. Here Err0 (Arr0) is integer valued
(2⇡ periodic). With this transformation, Hring is trans-
formed into the compact U(1) LGT on the diamond lat-
tice formed by the centers of the tetrahedra,

HLGT =
X

hrr0i

U

2
(Err0 �

✏r
2
)2 �

X

7d

K cos(curl A), (2)

where we have added the electric field term with the
sti↵ness U , ✏r = +1(�1) for r 2 I (II) sublattice, and
the lattice curl (curl A ⌘

P
rr027d

Arr0) defines the in-
ternal magnetic field B through the center of the dia-
mond hexagon (7

d

). In the large U limit, the micro-
scopic ⌧z = ±1/2 is recovered. Although the actual val-
ues of U and K in the low energy description of QSI are

renormalized from the perturbative results, HLGT does
capture the universal properties of QSI [19] and is the
starting point of our analysis below.
Magnetic monopoles are topological defects of the U(1)

gauge field and carry the magnetic charge. To describe
the magnetic transition from QSI via the monopole con-
densation, it is not so convenient to work with the field
variables in Eq. (2) because the monopoles are not ex-
plicit [19]. Instead, we use the electromagnetic dual-
ity [19, 45–50] to reformulate the compact U(1) LGT
Hamiltonian and make the monopole explicit. We first
introduce an integer-valued dual U(1) gauge field arr0 that
lives on the link of the dual diamond lattice (see Fig. 2)
such that

curl a ⌘
X

rr027⇤
d

arr0 ⌘ Err0 � E0
rr0 , (3)

where “7⇤
d

” refers to the elementary hexagon on the dual
honeycomb lattice and the electric field vector Err0 pene-
trates through the center of “7⇤

d

”. Here the serif symbols
r, r0 label the dual diamond lattice sites. We have intro-
duced a background electric field distribution E0

rr0 that
takes care of the background charge distribution due to
the “2-in 2-out” ice rule. Each state in the spin ice man-
ifold corresponds to a background electric field distribu-
tion. For our convenience, we choose a simple electric
field configuration that corresponds to a uniform “2-in
2-out” spin ice state (see Fig. 2) with

E0
r,r+✏re0

= E0
r,r+✏re1

= ✏r, (4)

E0
r,r+✏re2

= E0
r,r+✏re3

= 0, (5)

where e
µ

(µ = 0, 1, 2, 3) are the four vectors that connect
the I sublattice sites to their nearest neighbors. In terms
of the dual gauge variables, HLGT is transformed into

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0 , (6)

where we have explicitly replaced curl A with the mag-
netic field vector Brr0 that lives on the link hrr0i of the
dual diamond lattice and is conjugate to the dual gauge
field a with [Brr0 , arr0 ] = i. In Eq. (6), we have introduced
the electric field Ē that combines both the background
electric field distribution E0 and the o↵set in Eq. (2) with
Ēr,r+✏reµ = E0

r,r+✏reµ
� ✏r/2.

Because the dual gauge field a is integer valued, the
dual Hamiltonian Hdual is di�cult to work with. More-
over, the magnetic monopole is implicit in the gauge field
configuration. To make the monopole explicit, we fol-
low the standard procedure, first relax the integer valued
constraint of the dual gauge field by introducing cos 2⇡a
and then insert the monopole operators. The resulting
dual theory is described by the magnetic monopoles min-
imally coupled with the dual U(1) gauge field on the dual

Gang Chen’s theory group 

Gang Chen’s theory group



Electromagnetic duality 

Monopole lives on dual diamond lattice, carry magnetic charge or dual U(1) gauge charge. 

To study monopole physics, we need to use a technique called “duality” to make it explicit.
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where we have explicitly replaced curl A with the mag-
netic field vector Brr0 that lives on the link hrr0i of the
dual diamond lattice. In Eq. (8), we have introduced the
electric field vector Ē that combines both the background
electric field distribution E0 and the o↵set in the electric
field term of Eq. (4). We have

Ēr,r+✏re0 = Ēr,r+✏re1 = �✏r
2
, (9)

Ēr,r+✏re2 = Ēr,r+✏re3 = +
✏r
2
. (10)

Just like the conjugation relation between the electric
field E and the gauge field A, the magnetic field B is
conjugate to the dual gauge field a with

[Brr0 , arr0 ] = i. (11)

Because the dual gauge field a is integer valued, the dual
Hamiltonian Hdual is di�cult to work with. Moreover,
the magnetic monopole excitation are also implicit in
the gauge field configuration. To make the magnetic
monopole explicit, we follow the standard procedure and
first relax the integer valued constraint of the dual gauge
field by inserting a cos 2⇡a such that

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0

�
X

r,r0

t cos(2⇡arr0). (12)

Now both the B field and the a field are real valued, and
the newly-introduced “cos 2⇡a” term simply pins the a
field to integer values. Such a manipulation preserves all
the symmetries of the system and does not change the
universal physics and the generic structure of the phase
diagram.

In QSI, the magnetic monopole is a gapped excitation,
and the gap is of the order of the magnetic field sti↵ness
K. The gapped magnetic monopole is implicit in the
configurations of gauge fields in the dual Hamiltonian.
We now insert the magnetic monopole variable into the
dual Hamiltonian and have

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0

�
X

r,r0

t cos(✓r � ✓r0 + 2⇡arr0). (13)

The resulting dual theory is described by magnetic
monopoles minimally coupled with the dual U(1) gauge
field on the dual diamond lattice. Here e�i✓r (ei✓r) creates
(annihilates) the magnetic monopole at the dual lattice
site r.

IV. MONOPOLE CONDENSATE AND
MAGNETIC ORDER

In this section, we use the theoretical framework of the
previous sections and discuss the monopole condensate

in the confinement phase of the compact QED. In the
dual gauge Hamiltonian of Eq. (13), as the monopole
hopping increases, the monopole gap decreases. When
the monopole gap is closed, the the monopole band will
touch zero energy and the monopole is condensed. In
the confinement phase, as the E field develops a static
distribution, the B field is strongly fluctuating and the a
field is weakly fluctuating. Therefore, it is legitimate to
first ignore the fluctuation of the dual gauge field a and
study the monopole spectrum to uncover the monopole
band mininum and the condensate for the confinement
phase. In such a gauge mean-field-like treatment, the
“U” term in the Hamiltonian enforces that

curl ā = Ē, (14)

which is solved to fix the gauge for the dual gauge field.
Here we have set the dual gauge field to its static com-
ponent ā. Through Eq. (14), the background electric
field distribution in the dual formulation turns into the
dual gauge flux experienced by the magnetic monopoles.
Because the background electric field takes either ✏r/2
or �✏r/2, this gives rise to ⇡ flux of dual gauge field
through each elementary hexagon on the dual diamond
lattice. We fix the gauge by choosing

ār,r+eµ = ⇠
µ

(q · r), (15)

where r 2 I sublattice of the dual diamond lattice, e
µ

(µ = 0, 1, 2, 3) refer to the 4 nearest-neighbor vectors
of the dual diamond lattice, (⇠0, ⇠1, ⇠2, ⇠3) = (0110) and
q = 2⇡(100).
In the presence of the background flux, the monopole

hopping Hamiltonian on the dual diamond lattice is given
as

H
m

= �
X

r,r0

t e�i2⇡ā
rr0�†

r�r0 , (16)

where we have introduced a unimodular field �r ⌘ ei✓r

with |�r| ⌘ 1. It is straightforward to work out the
dispersion of the lowest monopole band that is

⌦k = �t
q
4 + 2

p
3 + c

x

c
y

� c
x

c
z

+ c
y

c
z

, (17)

where c
x

= cos k
x

, c
y

= cos k
y

, c
z

= cos k
z

. The mini-
mum of this band occurs at several lines of momentum
points in the Brioullin zone. One such degenerate line of
momentum points is

(k
x

, k
y

, k
z

) = (0, 0, arbitrary), (18)

and the minimum energy is �2
p
2t (see Fig.X). Other

degenerate lines are readily obtained by the symmetry
operations.
The line degeneracy of the band minima is a conse-

quence of the background flux that frustrates the hop-
ping of the monopoles. These degeneracies are acciden-
tical and are not protected by symmetry. It is expected

insert monopole variables

• B magnetic field is strongly fluctuating, the fluctuation of dual 
U(1) gauge field is weak. 
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J
z

> 0, ⌧±
i

⌘ ⌧x
i

± i⌧y
i

, and ⌧z is defined along the local
h111i direction of each pyrochlore sublattice. In the per-
turbative regime, the 3rd order degenerate perturbation
yields a ring exchange model,

Hring = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.), (1)

where K = 24J3
?/J

2
z

and “1,· · · ,6” are 6 sites on the
perimeter of the elementary hexagons (“7

p

”) of the py-
rochlore lattice.

To map the ring exchange model to the compact U(1)
LGT, one introduces the lattice vector gauge fields as
Err0 ⌘ ⌧z

i

+ 1
2 , e

iArr0 ⌘ ⌧+
i

, where the pyrochlore site
i resides on the center of the nearest-neighbor diamond
link hrr0i, and r (r0) is on the diamond I (II) sublat-
tice (see Fig.X). Moreover, Err0 = �Er0r, Arr0 = �Ar0r

and [Err0 , Arr0 ] = i. Here Err0 (Arr0) is integer valued
(2⇡ periodic). With this transformation, Hring is trans-
formed into the compact U(1) LGT on the diamond lat-
tice formed by the centers of the tetrahedra,

HLGT =
X

hrr0i

U

2
(Err0 �

✏r
2
)2 �

X

7d

K cos(curl A), (2)

where we have added the electric field term with the
sti↵ness U , ✏r = +1(�1) for r 2 I (II) sublattice, and
the lattice curl (curl A ⌘

P
rr027d

Arr0) defines the in-
ternal magnetic field B through the center of the dia-
mond hexagon (7

d

). In the large U limit, the microscopic
⌧z = ±1/2 is recovered. Although the actual values of U
and K in the low energy description of QSI are renormal-
ized from the perturbative results, HLGT does capture
the universal properties of QSI and is the starting point
of our analysis below.

Magnetic monopoles are topological defects of the U(1)
gauge field and carry the magnetic charge. To describe
the magnetic transition from QSI via the monopole con-
densation, it is not so convenient to work with the field
variables in Eq. (2) because the monopoles are not ex-
plicit. Instead, we use the electromagnetic duality to re-
formulate the compact U(1) LGT Hamiltonian and make
the monopole explicit. We first introduce an integer-
valued dual U(1) gauge field arr0 that lives on the link
of the dual diamond lattice (see Fig.X) such that

curl a ⌘
X

rr027⇤
d

arr0 ⌘ Err0 � E0
rr0 , (3)

where “7⇤
d

” refers to the elementary hexagon on the dual
honeycomb lattice and the electric field vector Err0 pene-
trates through the center of “7⇤

d

”. Here the serif symbols
r, r0 label the dual diamond lattice sites. We have intro-
duced a background electric field distribution E0

rr0 that
takes care of the background charge distribution due to
the “2-in 2-out” ice rule. Each state in the spin ice man-
ifold corresponds to a background electric field distribu-
tion. For our convenience, we choose a simple electric

FIG. 2. (a) The Q = (000) ferromagnetic state. (b) The
diamond lattice (in thin black) and the dual diamond lattice

(in thick blue). The loop monopole current (~J) on the hexagon

of the dual diamond lattice gives rise to the electric field ( ~E)
on the link of the diamond lattice via the right hand’s rule.

field configuration that corresponds to a uniform “2-in
2-out” spin ice state (see Fig.X) with

E0
r,r+✏re0

= E0
r,r+✏re1

= ✏r, (4)

E0
r,r+✏re2

= E0
r,r+✏re3

= 0, (5)

where e
µ

(µ = 0, 1, 2, 3) are the four vectors that connect
the I sublattice sites to their nearest neighbors. In terms
of the dual gauge variables, HLGT is transformed into

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0 , (6)

where we have explicitly replaced curl A with the mag-
netic field vector Brr0 that lives on the link hrr0i of the
dual diamond lattice and is conjugate to the dual gauge
field a with [Brr0 , arr0 ] = i. In Eq. (6), we have introduced
the electric field Ē that combines both the background
electric field distribution E0 and the o↵set in Eq. (2) with
Ēr,r+✏reµ = E0

r,r+✏reµ
� ✏r/2.

Because the dual gauge field a is integer valued, the
dual Hamiltonian Hdual is di�cult to work with. More-
over, the magnetic monopole is implicit in the gauge field
configuration. To make the monopole explicit, we fol-
low the standard procedure, first relax the integer valued
constraint of the dual gauge field by introducing cos 2⇡a
and then insert the monopole operators. The resulting
dual theory is described by magnetic monopoles mini-
mally coupled with the dual U(1) gauge field on the dual
diamond lattice,

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0

�
X

r,r0

t cos(✓r � ✓r0 + 2⇡arr0), (7)

where e�i✓r (ei✓r) creates (annihilates) the magnetic
monopole at the dual lattice site r.
Monopole condensation and proximate mag-

netic order.—In the dual gauge Hamiltonian of Eq. (7),
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Analogy with Boson-vortex duality

6 Balents et al

ensemble with fixed boson number (average filling f). We will typically do the
latter, except in Secs. 2.2,2.3, and the first part of Sec. 3, where we work at fixed
chemical potential.

2.2. Mott states at integral filling

"0" Mott

n

t/U
0

1

1/2

SF

2

3/2

"2" Mott

"1" Mott

Fig. 1. Schematic phase diagram of boson ro-
tor model, with on-site interactions only.
The shaded regions indicate where a there
is a large near-degeneracy of states with
different boson densities, and the system is
highly susceptible to off-site interactions.

Neglecting terms in H′, the zero
temperature phase diagram of H is well-
known.10) It takes the schematic form
in Fig. 1. For t/U ≪ 1, the system
is in a Mott insulating ground state,
with ⟨n̂i⟩ = N , the integer nearest to
n, on every site. This phase persists
inside the “lobes” drawn in the figure.
There is a gap to the lowest-lying ex-
cited states, which may be thought of as
single extra/missing bosons (which delo-
calize into plane-waves). For large t/U ,
the ground state is a superfluid (SF in

the figure), with ⟨eiφ̂i⟩ = Ψsf ̸= 0, and
the density f = ⟨n̂i⟩ varies smoothly
with parameters in an unquantized fash-
ion. There is no excitation gap, and the
lowest-lying excitations are acoustic “phonons” or “phasons”, the Goldstone modes
of the broken U(1) symmetry of the superfluid.

2.3. Mott states at non-integral filling

We now return to the shaded regions of the phase diagram in Fig. 1, where states
with different boson density are nearly degenerate. Indeed, in the simple model with
H′ = 0, for n = N+1/2, states with any average density between N and N+1 are de-
generate. For t/U = 0, the eigenvalue of n̂i = N or n̂i = N +1 can be independently
chosen on each site. The omitted terms in H′ will then clearly determine the nature
of the ground states appearing in the shaded region. Generally, Mott insulating
states appear at rational fractional fillings, f = p/q, with p, q relatively prime. For
q > 1, these are boson “crystals” or charge density waves. Mott states with increas-
ing q are expected to require longer-range interactions in H′ for their stabilization.

n

t/U
0

1

1/2

2

3/2

"2" Mott

"1" Mott

"0" Mott

SF

Fig. 2. Schematic phase diagram with off-site
interactions. Some representative Mott in-
sulating states with ⟨n̂i⟩ = N + 1/2 are
shown.

For example, in the vicinity of n =
N + 1/2, we can adopt a pseudo-spin
description, with Sz

i = n̂i − N − 1/2 =
±1/2. In the limit of U → ∞ (or t/U ≪
1), one can then replace

H → −t
∑

⟨ij⟩

(

S+
i S−

j + S−
i S+

j

)

, (2.3)

with ⟨ij⟩ indicating the sum is taken
Balents, et al, 2005
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Physical observables are gauge invariant

• Monopole loop current  
defines the magnetic order

2

J
z

> 0, ⌧±
i

⌘ ⌧x
i

± i⌧y
i

, and ⌧z is defined along the local
h111i direction of each pyrochlore sublattice. In the per-
turbative regime, the 3rd order degenerate perturbation
yields a ring exchange model,

Hring = �
X

7p

K

2
(⌧+1 ⌧�2 ⌧+3 ⌧�4 ⌧+5 ⌧�6 + h.c.), (1)

where K = 24J3
?/J

2
z

and “1,· · · ,6” are 6 sites on the
perimeter of the elementary hexagons (“7

p

”) of the py-
rochlore lattice.

To map the ring exchange model to the compact U(1)
LGT, one introduces the lattice vector gauge fields as
Err0 ⌘ ⌧z

i

+ 1
2 , e

iArr0 ⌘ ⌧+
i

, where the pyrochlore site
i resides on the center of the nearest-neighbor diamond
link hrr0i, and r (r0) is on the diamond I (II) sublat-
tice (see Fig.X). Moreover, Err0 = �Er0r, Arr0 = �Ar0r

and [Err0 , Arr0 ] = i. Here Err0 (Arr0) is integer valued
(2⇡ periodic). With this transformation, Hring is trans-
formed into the compact U(1) LGT on the diamond lat-
tice formed by the centers of the tetrahedra,

HLGT =
X

hrr0i

U

2
(Err0 �

✏r
2
)2 �

X

7d

K cos(curl A), (2)

where we have added the electric field term with the
sti↵ness U , ✏r = +1(�1) for r 2 I (II) sublattice, and
the lattice curl (curl A ⌘

P
rr027d

Arr0) defines the in-
ternal magnetic field B through the center of the dia-
mond hexagon (7

d

). In the large U limit, the microscopic
⌧z = ±1/2 is recovered. Although the actual values of U
and K in the low energy description of QSI are renormal-
ized from the perturbative results, HLGT does capture
the universal properties of QSI and is the starting point
of our analysis below.

Magnetic monopoles are topological defects of the U(1)
gauge field and carry the magnetic charge. To describe
the magnetic transition from QSI via the monopole con-
densation, it is not so convenient to work with the field
variables in Eq. (2) because the monopoles are not ex-
plicit. Instead, we use the electromagnetic duality to re-
formulate the compact U(1) LGT Hamiltonian and make
the monopole explicit. We first introduce an integer-
valued dual U(1) gauge field arr0 that lives on the link
of the dual diamond lattice (see Fig.X) such that

curl a ⌘
X

rr027⇤
d

arr0 ⌘ Err0 � E0
rr0 , (3)

where “7⇤
d

” refers to the elementary hexagon on the dual
honeycomb lattice and the electric field vector Err0 pene-
trates through the center of “7⇤

d

”. Here the serif symbols
r, r0 label the dual diamond lattice sites. We have intro-
duced a background electric field distribution E0

rr0 that
takes care of the background charge distribution due to
the “2-in 2-out” ice rule. Each state in the spin ice man-
ifold corresponds to a background electric field distribu-
tion. For our convenience, we choose a simple electric

FIG. 2. (a) The Q = (000) ferromagnetic state. (b) The
diamond lattice (in thin black) and the dual diamond lattice

(in thick blue). The loop monopole current (~J) on the hexagon

of the dual diamond lattice gives rise to the electric field ( ~E)
on the link of the diamond lattice via the right hand’s rule.

field configuration that corresponds to a uniform “2-in
2-out” spin ice state (see Fig.X) with

E0
r,r+✏re0

= E0
r,r+✏re1

= ✏r, (4)

E0
r,r+✏re2

= E0
r,r+✏re3

= 0, (5)

where e
µ

(µ = 0, 1, 2, 3) are the four vectors that connect
the I sublattice sites to their nearest neighbors. In terms
of the dual gauge variables, HLGT is transformed into

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0 , (6)

where we have explicitly replaced curl A with the mag-
netic field vector Brr0 that lives on the link hrr0i of the
dual diamond lattice and is conjugate to the dual gauge
field a with [Brr0 , arr0 ] = i. In Eq. (6), we have introduced
the electric field Ē that combines both the background
electric field distribution E0 and the o↵set in Eq. (2) with
Ēr,r+✏reµ = E0

r,r+✏reµ
� ✏r/2.

Because the dual gauge field a is integer valued, the
dual Hamiltonian Hdual is di�cult to work with. More-
over, the magnetic monopole is implicit in the gauge field
configuration. To make the monopole explicit, we fol-
low the standard procedure, first relax the integer valued
constraint of the dual gauge field by introducing cos 2⇡a
and then insert the monopole operators. The resulting
dual theory is described by magnetic monopoles mini-
mally coupled with the dual U(1) gauge field on the dual
diamond lattice,

Hdual =
X

7⇤
d

U

2
(curl a� Ē)2 �

X

r,r0

K cosBrr0

�
X

r,r0

t cos(✓r � ✓r0 + 2⇡arr0), (7)

where e�i✓r (ei✓r) creates (annihilates) the magnetic
monopole at the dual lattice site r.
Monopole condensation and proximate mag-

netic order.—In the dual gauge Hamiltonian of Eq. (7),

Q= 2Pi(001) 

4

Fig. 2) [48, 49]. Therefore, we have

⌧z
i

⇠ Err0 ⇠
X

rr027⇤
d

Jrr0 , (12)

where the pyrochlore site i is the center of the elemen-
tary honeycomb 7⇤

d

on the dual diamond lattice, and

Jrr0 ⌘ i(h�†
r ih�r0ie�iārr0 � h.c.) defines the monopole cur-

rent. Here h�ri is the expectation value of the monopole
field that is taken with respect to one of the twelve equiv-
alent solutions. In Fig. 1, we depict the spin density
distribution of the monopole condensate at k1. The
resulting magnetic state in the confinement phase is
an antiferromagnetic state with the ordering wavevec-
tor Q = 2⇡(001), and the four spins on each tetrahedron
obey the “2-in 2-out” spin ice rule. This ordered spin
ice state breaks the lattice translational symmetry by
doubling the crystal unit cell. Monopole condensation
from other monopole minima gives equivalent magnetic
ordered structures. Although the magnetic order prox-
imate to QSI could involve the monopole condensation
from several monopone minima, since the magnetic order
necessarily involves the component from the monopole
condensate out of the monopole minimum, the proximate
magnetic order out of QSI necessarily breaks the lattice
translation symmetry. To obtain all possible translation
symmetry breaking magnetic orders proximate to QSI
requires a careful study of the Ginzburg-Landau-Wilson
free energy (see below) near the criticality and is left for
future work.

Critical theory.—The monopole interaction in the
confinement phase selects twelve equivalent monopole
condensates which correspond to twelve symmetry equiv-
alent magnetic ordering structures. Near the confinement
transition, the fluctuations of the monopole condensate
and the gauge fields are strong. One can then obtain a
standard Landau-Ginzburg-Wilson expansion of the ac-
tion in terms of the monopole condensate in the vincinity
of the phase transition. We introduce the slowly-varying
monopole fields �

a

via the expansion

�r =
12X

a=1

'
a

(r)�
a

, (13)

where '
a

(r) (a = 1, · · · , 12) are the twelve discrete
monopole modes that span the ground state manifold
of the monopole condensate. With the monopole PSG,
we generate the symmetry allowed e↵ective action for the
monopole condensation transition,

L =
X

a

⇥
|(@

µ

� iã
µ

)�
a

|2 +m2|�
a

|2
⇤
+

F
µ⌫

2

2

+u0(
X

a

|�
a

|2)2 + u1

X

a 6=b

|�
a

|2|�
b

|2 + · · · , (14)

where we have restored the gauge field fluctuation by
coupling the �

a

fields to the fluctuating part of the

dual U(1) gauge field ã
µ

, 1
2Fµ⌫

2 is the Maxwell term
with F

µ⌫

⌘ @
µ

ã
⌫

� @
⌫

ã
µ

, and “· · · ” contains further
anisotropic terms. This is a multi-component Ginzburg-
Landau theory in 3+1D that is the upper critical dimen-
sion of the theory. One expects the phase transition
of this theory to be either a Gaussian fixed point or a
weakly first order transition driven by fluctuations [48–
50, 52, 53]. Both possibilities suggest that the mean-field
treatment of the phase transition should be su�cient
for a very wide range of length scales. In a mean-field
description, the monopole field correlator at the critical
point is h�†

a

(k,!)�
b

(k,!)i ⇠ �
ab

/(k2+!2). According to
Eq. (12), the spin susceptibility at the ordering wavevec-
tor is simply given by the bubble of monopole fields and is
thus logarithmically divergent at low temperatures with
�(Q) ⇠ log T . Such a weak divergence is a key property
of this monopole condensation transition. For a conven-
tional magnetic ordering transition, one should have a
power-law divergence. Here, the magnetic order is a con-
sequence of the monopole condensation. The condensed
magnetic monopole is the primary order, and the mag-
netic order is secondary and is an example of the sub-
sidiary order [54, 55].
Discussion.—Here we relate the monopole conden-

sation transition to the experiments in Pr2Ir2O7 and
Yb2Ti2O7. In Pr2Ir2O7, the Pr3+ ion has a 4f2 electron
configuration and form a non-Kramers’ doublet, which
is represented by a pseudospin-1/2 operator ⌧ with ⌧z

(⌧x, ⌧y) odd (even) under time reversal. In the disor-
dered regime of Pr2Ir2O7, a metamagnetic transition is
observed only for magnetic fields along the h111i lattice
direction. This is a clear evidence that the disordered
state of the Pr moments is fluctuating within the “2-in
2-out” ice manifold [12] and the metamagnetic transi-
tion is a transition from the “2-in 2-out” manifold to the
“3-in 1-out” manifold. Since the local moments in QSI
are fluctuating quantum mechanically within the “2-in 2-
out” manifold, this metamagnetic transition in Pr2Ir2O7

is consistent with our proposal that the disordered state
of the Pr moments is QSI.
Given the non-Kramers’ nature of the Pr moment, only

⌧z is odd under time reversal. Therefore, the magnetic
order of the Pr moment must be signalled as h⌧zi 6= 0.
If a non-Kramers doublet local moment system has a
QSI ground state, the magnetic transition from this QSI
must be the confinement transition of the compact U(1)
LGT because a nonzero ⌧z corresponds to the static elec-
tric field distribution. Remarkably, the magnetic order
that is observed in the recent neutron di↵raction mea-
surement for the ordered Pr2Ir2O7 samples has an or-
dered wavevector Q = 2⇡(001) [13] and is the magnetic
ordered state that we predict from the confinemet transi-
tion! This experimental result further supports our pro-
posal that the disordered state of the Pr moments in
Pr2Ir2O7 is QSI.
In di↵erent samples, di↵erent oxygen and iridium con-

Proximate magnetic order generically  
breaks translation symmetry.
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Critical theory for proximate ordering transition 

The critical theory is described by multicomponent bosons coupled with a fluctuating U(1) gauge 
field in 3+1D. 

�(Q) ⇠ � lnTa unusual weak divergence “subsidiary order”  !
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that the further neighbor monopole hopping or monopole
interactions should lift these degeneracies.

Because of the background flux, the space group sym-
metry is realized projectively, which is known as projec-
tive symmetry group (PSG) (see XXX). Under PSG, each
symmetry operation (S) of the Fd3̄m space group on the
monopole field is associated with a gauge transformation
⇤
S

(r),

S : �r ! �
Sr e

�i⇤S(r). (19)

We use PSG to generate monopole hoppings up to 5th
neighbors, but do not find obvious degeneracy break-
ing. On the other hand, the line degeneracy immedi-
ately gets lifted if we impose the unimodular constraint
of the monopole field. The unimodular constraint of
the monopole field is like the interaction between the
monopoles and forces the magnitude of the monopole
fields to be uniform. Among the degenerate momenta
of Eq. (18), the unimodular requirement picks up two
equivalent solutions with

k1 = (0, 0,⇡), k2 = (0, 0,�⇡), (20)

and the corresponding eigenvectors are
⇢

r 2 I, '1(r) = ( 1+i

2 + 1�i

2 ei2⇡x)ei⇡z,
r 2 II, '1(r) = ei⇡z,

(21)

⇢
r 2 I, '2(r) = ( i+1

2 + i�1
2 ei2⇡x)e�i⇡z,

r 2 II, '2(r) = ie�i⇡z.
(22)

Using the PSG transformations, we generate 10 other
equivalent solutions from the above results. In total,
there are 12 symmetry equivalent solutions.

When the monopole is bose condensed, the spinons are
confined and the system develops magnetic order. Al-
though the magnetic ordering transition is induced by
monopole condensation, as monopoles are emergent de-
grees of freedom that are not gauge invariant, the physi-
cal information of the monopole condensate is encoded in
the gauge invariant monopole bilinears. Again, symme-
try is a powerful tool to establish the relation between
the relevant physical observables and the monopole bi-
linears. We want to find the monopole bilinears that are
related to the spin density ⌧z. The candidate monopole
bilinears are the monopole density and the monopole cur-
rent. Although the monopole density (�†�) transforms
in the same way as the spin density (⌧z) under the space
group transformation, they behave oppositely under the
time reversal transformation. So we turn out attention
to the monopole current. As the loop integral of mag-
netic monopole current is the electric flux through the
plaquette enclosed by that loop, we have

⌧z
i

⇠ Err0 ⇠
X

rr027⇤
d

Jrr0 , (23)

where the pyrochlore site i is the center of the elemen-
tary honeycomb 7⇤

d

on the dual diamond lattice, and

Jrr0 ⌘ i(h�†
r ih�r0ie�iārr0 � h.c.) defines the monopole cur-

rent. Here h�ri is the expectation value of the monopole
field that is taken with respect to one of the twelve equiv-
alent solutions. In Fig.X, we depict the spin density dis-
tribution of the monopole condensate at k1. The result-
ing magnetic state is an antiferromagnetic state with the
ordering wavevector 2⇡(001), although the four spins on
each tetrahedron still obey the “2-in 2-out” spin ice rule.

V. CRITICAL THEORY

In the previous section, we have established that the
monopole interaction in the confinement phase selects 12
equivalent monopole condensates which leads to 12 sym-
metry equivalent magnetic ordering structures. Near the
confinement transition, the fluctuations of the monopole
condensate and the gauge fields are strong. One can
then obtain a standard Landau-Ginzburg-Wilson expan-
sion of the action in terms of the monopole condensate in
the vincinity of the phase transition. We introduce the
slowly-varying monopole fields �

a

via the expansion

�r =
12X

a=1

'
a

(r)�
a

, (24)

where '
a

(r) (a = 1, · · · , 12) are the 12 discrete monopole
modes that span the ground state manifold of the
monopole condensate. Again, we use PSG transforma-
tion of the monopole field � to generate the PSG for
the slowly-varying fields �

a

. With monopole PSG, we
generate the symmetry allowed e↵ective action for the
monopole condensation transition,

L =
X

a

⇥
|(@

µ

� iã
µ

)�
a

|2 +m2|�
a

|2
⇤
+

F
µ⌫

2

2

+u0(
X

a

|�
a

|2)2 + · · · , (25)

where we have restored the gauge field fluctuation by cou-
pling the �

a

fields to the fluctuating dual U(1) gauge field
ã
µ

, 1
2Fµ⌫

2 is the Maxwell term with F
µ⌫

⌘ @
µ

ã
⌫

� @
⌫

ã
µ

,
and “· · · ” contains the anisotropic quartic terms that
break the U(12) symmetry. This is a multi-component
Ginzburg-Landau theory in 3+1D which is the upper
critical dimension of the theory. One expects the phase
transition of this theory is either a Gaussian fixed point
or a weakly first order transition driven by fluctua-
tions. Both possibilities suggest that the mean-field
treatment of the phase transition should be valid for a
very wide range of length scales. In a mean-field descrip-
tion, the monopole field correlator at the critcal point is
h�†

a

(k,!)�
b

(k,!)i ⇠ �
ab

/(k2 + !2)
Insert Figure of pyrochlore lattice, diamond lattice.

From pyrochlore lattice diamond lattice and diamond lat-
tice and its dual diamond lattice.
what may modify the e↵ective interaction between lo-

cal moment: 1. oxygen context shift chemical potential
2. other minor structural di↵erence in di↵erent samples
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Motivated by the puzzling experiments on two pyrochlore systems Pr2Ir2O7 and Yb2Ti2O7, we
study the proximate magnetic orders and the related quantum phase transition out of quantum
spin ice (QSI). We apply the electromagnetic duality of the compact quantum electrodynamics to
analyze the condensation of the magnetic monopoles for QSI. The monopole condensation transition
represents a unconventional quantum criticality with unusual scaling laws. The magnetic monopole
condensation leads to the magnetic states that belong to the “2-in 2-out” spin ice manifold and
generically have an enlarged magnetic unit cell. We demonstrate that the antiferromagnetic state
with the ordering wavevector Q = 2⇡(001) is proximate to QSI while the ferromagnetic state with
the ordering wavevector Q = (000) is not proximate to QSI. This implies that if there exists a direct
transition from QSI to the ferromagnetic state, the transition must be strongly first order. We apply
the theory to explain the experiments on Pr2Ir2O7 and Yb2Ti2O7.

Since the first theoretical work by Pesin and Ba-
lents [1], pyrochlore iridates (R2Ir2O7) [2, 3] have stim-
ulated a wide interest, and many interesting results, in-
cluding topological Mott insulator [1], quadratic band
touching [4], Weyl semimetal [5–7], non-Fermi liquid [8, 9]
and so on, have been proposed. Among these compounds,
Pr2Ir2O7 is of particular interest. In Pr2Ir2O7, the Ir sys-
tem remains metallic at low temperatures [10]. More in-
triguingly, no magnetic order was found except a partial
spin freezing of the Pr moments due to disorder at very
low temperatures in the early experiments [10–12]. In
contrast, a recent experiment on di↵erent Pr2Ir2O7 sam-
ples finds an antiferromagnetic long-range order for the
Pr moments [13]. While most theory works on pyrochlore
iridates focused on the Ir pyrochlores and explored the
interplay between the electron correlation and the strong
spin-orbit coupling of the Ir 5d electrons [1, 14, 15], very
few works considered the influence and the physics of the
local moments from the rare-earth sites that also form a
pyrochlore lattice [7, 16–18]. In this paper, we address
the local moment physics in Pr2Ir2O7 and propose that
the disordered state of the Pr moments is in the quantum
spin ice (QSI) state. We explore the proximate magnetic
order and the confinement transition of QSI and argue
that Pr2Ir2O7 could be located near such a confinement
transition.

QSI is an exotic quantum phase of matter and is de-
scribed by emergent compact quantum electrodynamics,
or equivalently, by the compact U(1) lattice gauge theory
(LGT) with a gapless U(1) gauge photon and deconfined
spinon excitations [19]. Recently several rare-earth py-
rochlores with 4f electron local moments are proposed
as candidates for QSI [20–29]. In these systems, the
predominant antiferromagnetic exchange interaction be-
tween the Ising components of the local moments favors
an extensively degenerate “2-in 2-out” spin ice manifold

FIG. 1. The monopole condensation transition from QSI to
the proximate antiferromagnetic state. The dashed (solid)
line represents a thermal crossover (transition). “g” is a tun-
ing parameter (see the discussion in the main text). The inset
magnetic order has an ordering wavevector Q = 2⇡(001). The
Pr moment of Pr2Ir2O7 is likely to be close to this quantum
critical point (QCP).

on the pyrochlore lattice [20, 30–34]. The transverse spin
interaction allows the system to tunnel quantum mechan-
ically within the ice manifold, giving rise to a quantum
liquid ground state known as QSI [33–38]. Like Pr2Ir2O7,
the experimental results on these QSI candidate materi-
als depend sensitively on the stoichiometry and the sam-
ple preparation [20]. In particular, for the QSI candidate
material Yb2Ti2O7, while some samples remain disor-
dered down to the lowest temperature and the neutron
scattering shows a di↵usive scattering [21, 39], others de-
velop a ferromagnetic order [23, 40–42]. This suggests
that both the Yb moments in Yb2Ti2O7 and the Pr mo-
ments in Pr2Ir2O7 could be located near a phase transi-
tion between a disordered state (that might be QSI) and
the magnetic ordered phases.
Theoretically, the instability of QSI and the proximate

magnetic orders have not been fully explored. The early

g is the mass of the monopoleGang Chen’s theory group 

Gang Chen’s theory group



Ir conduction electrons

Ir conduction electron Fermi surface does not modify the critical property.

Yao-Dong Li, GC, in preparation, 2016

EF
~Q

Ordering wavevector |Q| >> KF, Yukawa coupling  
and Landau damping is suppressed. 

But deep in the ordered regime, magnetic order influences the  
conduction electron bands.
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